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ABSTRACT. In [9] W. E. Kaufman proved that the function I" defined by I'(A) =
A(I — A*A)~Y/2 maps the set Co(H) of all pure contractions one-to-one onto the set
C(H) of all closed and densely defined linear operators on Hilbert space H. In this
paper, we gives some further properties of I, we establish the semi-Fredholmness and
Fredholmness of unbounded operators in terms of bounded pure contractions, and
we apply this results to an 2 x 2 upper triangular operator matrices. An application
to linear delay differential equation is given.
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1. INTRODUCTION

Let H be a complex Hilbert space endowed with the scalar product < .;. > and the
associated norm ||.||. Denote by L£(H) the Banach space of all bounded linear operators
on H. For T densely, defined closed linear operator on H, the symbols D(T') C H, N(T')
and R(T) will denote the domain, null space and the range space of T', respectively,
and T™* is the adjoint of T. Let I denote the identity operator on H. In [9] W. E.
Kaufman showed that if T is a densely defined closed operator, then T is represented
as T = A(I — A*A)*l/2 using a unique pure contraction A, i.e., an operator such that
|Az| < ||z|| for all nonzero x in H. The function I defined by I'(A) = A(I — A*A)~1/?
maps the set Co(H) of all pure contractions one-to-one onto the set C(H) of all closed
and densely defined linear operators on H, is used to reformulate questions about
unbounded operators in terms of bounded ones:

e In [9, 11], Kaufman proved that the map I' preserves many properties of oper-
ators: self-adjontness, nonnegative conditions, normality and quasinormality.

e In [5] Hirasawa showed that a pure contraction A is hyponormal if and only
it T = A(l — A*A)_l/ 2 is formally hyponormal , and if A is quasinormal then
T" = A™(I — A*A)~"/? is quasinormal for all integers n > 2.

e In [2], Cordes and Labrousse prove that if a closed and densely defined operator
T is semi Fredholm then so is the bounded operator I'~1(T) = T'(I +T*T)~'/2.

In view of the works of Cordes and Labrousse and Kaufman’s representation, the fol-
lowing natural question arises:

If a pure contraction A is a semi-Fredholm operator, does the densely defined operator
I'(A) is a semi-Fredholm operator?
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In this paper, we give an affirmative answer of this question. Furthermore, we
establish some characterizations of Fredholm theory of unbounded operators in terms
of bounded pure contractions.

Our paper is organized as follows.

In section 2, we express the Fredholm character for unbounded operators by means of
that of pure contractions.

In section 3, we apply the previously obtained results to study the semi-Fredholmness
and Fredholmness of class of upper triangular operator matrices. Finally, a special case
of section 3 for a linear delay differential equation is discussed in section 4.

2. MAIN RESULTS

In this section we present some results concerning the essential spectrum of a un-
bounded operators in terms of bounded ones. We begin by introduce now some im-
portant classes of operators in Fredholm theory. In the sequel, for every closed and
densely-defined operator T, let a(T) and (T be the nullity and the deficiency of T'
defined as «(7T) := dim N(T'), and B(T") := codimR(T). If the range R(T) of T is
closed and a(T) < oo (resp. B(T) < oo), then T is called an upper (resp. a lower)
semi-Fredholm operator. If T is either upper or lower semi-Fredholm, then 7' is called
a semi-Fredholm operator, and the index of T is defined by ind(T) := «(T) — B(T).
If both «(T) and B(T) are finite, then T is a called a Fredholm operator. In the
following, A denotes a pure contraction, B and B, the associated defect operators
(I - A*A)l/ 2 and (I — AA*)Y2, respectively, and T' the closed and densely-defined
operator I'(A) = AB~!. Note that since A is a pure contraction, B and B* are one-to-
one and I'(4*) = A*B_!. Recall the following relations proved in [9]: R(B) = D(T),
T* =B 'A* B= (I +T*T) "2, and (thus) T*T = B2 — I.

The reduced minimum modulus of a non-zero operator 71" is defined by
[ Tz]]
zeN(T)L [|z||
If T'= 0 then we take y(T") = oo. Note that (see [3]):
v(T) >0 < R(T) is closed

Let M, N be two closed linear subspaces of the Hilbert space H. Denote by Py; and
Py the orthogonal projection onto M and N respectively. Set

O(M,N) = [|(I = Pn)Pu|

WT) =

Lemma 2.1. ([3])
(1) If 6(M,N) < 1 then dim M < dim N.
(2) 6(M,N) = §(N+, M+).
The main results of this paper read as follows:

Theorem 2.2. Let A € Co(H). If A is upper semi-Fredholm operator then \I — T'(A)

is upper semi-Fredholm operator for |\ < 1_7_(;&).
Proof. Let A € Co(H) and B denote the positive member (I — A*A)Y/? of Co(H). For
each nonzero z in H, ||z]|* — ||Az|* = || Bz|?; thus

[Bz|| < ||z]| + || Az]] (2.1)
Let A in C with |[A| < 1. We prove that if |A\| < 1]_(;?1)4) then 0 < y(AB — A) < o©

and hence R(AB — A) is closed. First if we use (2.1) with Az instead of z and the
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theorem 1la of [7], we obtain that y(AB — A) > 0 for |\| < 1+( (1)4) Now to prove that

v(AB — A) < oo, we proceed by contraposition. In fact y(AB — A) = oo implies that
(AB—A)z =0 for all z € H. Hence

[Az]| = [AI Bz < [Al([l«]| + [[Az])

and so A
(A ol < 142 < 2 el (2.2
for z € N(A)* with = # 0. Tt follows that |\| > T rA ‘?1)4) We next prove that
A
S(N(AB—A),N(A)) < —————. (2.3)
(1= 1Ay (4)
Let x € H,

) [ = Pray)Pyos-ayz|| < [APnas-ae]| -

Since Py p—a)r € N(AB — A) by the same calculation given before we have
A
1=l
Recalling the definition of §(N, M), this proves (2.3). The right side of (2.3) is smaller

than one if |\| < 17(‘?)) thus Lemma 2.1 shows that

A)|[(I = Py(ay) Pnopap—ayz|| < [l -

7(4)
1+~(A)

We then conclude that AB — A is upper semi-Fredholm operator for |\| <

a(AB—A) <a(A) for |\ < (2.4)

(A)
1+7(A)
Since A is a pure contraction, B is one-to-one with dense range, and the fact that

M —T(A) = (AB — A)B~1, it follows AB — A is upper semi-Fredholm operator then
A —T'(A) is upper semi-Fredholm operator for |A| < A This is the statement of

T (A
the theorem. O
Theorem 2.3. Let A € Co(H) is a lower semi-Fredholm operator. Then \I —T'(A) is
a lower semi-Fredholm operator for |\| < 11(;(‘1)4).

Proof. R(A) is closed and by the first part of the proof of Theorem 2.2 R(AB — A) is
closed and R(AB — A) = N(AB* — A*)* for all || < 2@ From (2.3) we deduce

1+~ (4)
that \
S(ROB = A, R(AY) = SN (B — A'),N(A") € =
because v(A) = v(A*). Now by Lemma 2.1 we have
7(4)
B—-A)<B(A) f —
BOB-4) < 5(4) o N < 200
Consequently AB — A is lower semi-Fredholm operator for all || < % and hence
Al —T'(A) is lower semi-Fredholm operator for all [A] < 5 _~_(j&) O
Corollary 2.4. If A € Co(H) is a semi-Fredholm operator (resp. Fredholm operator),
then \I —T'(A) is a semi-Fredholm operator (resp. Fredholm operator) for || < 1_7_5;(11)4).

By [2, Lemma 5.2, p. 708] and Corollary 2.4 we obtain the following results
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Theorem 2.5. Let A € Co(H) . Then A is a semi-Fredholm operator (resp. Fredholm
operator) if and only if T'(A) is a semi-Fredholm operator (resp. Fredholm operator).

Example. Let H = [? the space of complex square-summable sequences and the
linear operator 1" defined by [T'(z)]x = kxg, k € N. Then, T = I'(A) where [A(2)]; =
—E 21, A € Cy(I1?), (for more details see [3]).

V1+k?
From [1], for each scalar A\ we have
k 2
M—-A)= inf N— —
¥ ) ot T

where F) is the set of integers k for which A # \/ﬁ Again from [1], A is Fredholm
operator with 7(A) = 1/2, a(A) =1 and S(A) = 0. Then by Corollary 2.4, A\I — T is
Fredholm operator for all |\| < 1/3.

3. APPLICATION TO UPPER TRIANGULAR OPERATOR MATRICES

Throughout this section, let H and K be Hilbert spaces, ( L(H; K) denote the set
of bounded linear operators from H to K). When A € L(H) and B € L(K) are given
we denote by M¢ an operator acting on H & K of the form

A C
ve=(5 %)
where C' € L(K; H). Set

Co(H® K) ={Mc; Ae€Co(H),BeCo(K)},

CH®K)={Mc; Ac€C(H),BeC(K)}
where C(H) (resp. C(K)) is the space of closed densely defined linear operators on H
(resp. on K).

Lemma 3.1. For every C € L(K; H), the formula

P(Me) = < ”64) F(%) ) for all (A, B) € Co(H) x Co(K)

define a reversible function from Co(H @ K) onto C(H ® K) with inverse function defined
by

_ r-1(4 C
(Mg = < O( ) R ) for all (A, B) € C(H) x C(K)  (3.1)
A C .
Proof. Let M¢ = < 0 B >, with (A, B) € Co(H)xCo(K) and C € L(K; H). Observe
that
(I 0 I ¢\ /[T 0
F(MC)_<0 F(B)><O I)( 0 I)'

Since é ? is invertible for every C' € L(K; H), and since by Kaufman’s theorem

([9, Theorem 2])( é F(OB) ) and < F(64 ) ? > are tow invertible maps, it follows

that I'(M¢) maps the set Co(H @ K) one to one onto the set C(H @ K) with the inverse
given by (3.1). O
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Theorem 3.2. Let (A, B) € Co(H) x Co(K) are both semi-Fredholm operators (resp.

Fredholm operators). Then for every C € L(K;H), A —'(M¢) is a semi-Fredholm
A (B)

operator (resp. Fredholm operator) for |\ < min{m, W}.

Proof. For each A € C we have.

- M —T(A4) C
AL -T(Mc) = < 0 A —T'(B) )
_ 1 0 I C M-T(A) 0
- 0 M —T(B) 0 I 0 1)
. 1 0 AM—-T(A) 0 .
Since by Corollary 2.4 ( 0 A —T(B) ) and < 0 I > are both semi-
Fredholm operators (resp. Fredholm operators) for |A| < % and |\ < %
respectively, it follows that A\ — I'(M¢) is a semi-Fredholm operator (resp. Fredholm
operator) for |A] < min{%, %}. O
4. DELAY LINEAR DIFFERENTIAL EQUATIONS
In the following we consider the delay differential equations
l;t:Cl't—l-ASE(t), t>0
r0 =9 (4.1)

z(0) =y
where

e y € H, H is a Hilbert space,
e A:D(A) C H— H is a linear, closed and densely defined operator which
generates a strongly continuous semigroup,
e pc L*([-1,0,H) = K,
o C:WH2([~1,0], H) — H is alinear, bounded operator, where W12([—1,0], H) =
{IEt e K; %Cﬁt S K}
e z:[—1,00) — H and x; : [—1,0] — H is defined by z¢(s) = z(t + s).
The problem (4.1) is equivalent to the following abstract Cauchy problem in H x K
with the vector function z(t) = (i@):

2(t) = Moz, t>0
{ 2(0) = (g> (4.2)
where
Me = < 61 g ) P aclls

with domain
D(M¢) = {(g) such that ¢ € W2([~1,0], H),y € D(A) and $(0) = y}

Under these assumptions, the operator M¢ is already closed (see [!, Lemma 2.1.], ).
Following [1], we prove that the differential operator AI — B is Fredholm if and only if
Re A # 0. Then it follows from Theorem 3.2 the following result
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Theorem 4.1. If I"Y(A) = A(I + A*A)"'/2 € Cy(H) is a semi-Fredholm operator
(resp. Fredholm operator), then \XI —T'(M¢) is a semi-Fredholm operator (resp. Fred-

holm operator) for || < 0A) ind Re A #0.

10.
11.

I+ (T~1(4)
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