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The teaching of mathematics has become an integral part of
engineeiring studies in all across all disciplines. Therefore, special
attention should be paid to certain areas of mathematics.

To introduce students to basic mathematical tools, especially
linear algebra we have developed this manuscrit for first year
students of the common core in sciences and technology. We begin
with vector spaces and vector subspaces, followed by a section on
linear maps and their properties. Subsequently, we explore
matrices and determinants. Each lesson is accompanied by a
series of detailed and carefully corrected exercises.

We welcome any feedback or suggestions you may have and thank
you in advance for your remarks.
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Chapter 1

Vector space

1 Vector space

Definition1.1
We say that (E, +,.) is a vector space on the commutative field K (K — vector space) with
K =Ror C if (E,+) is a commutative group

Vx,yEE:x+y€EV(A4Lx) EKXE:Ax EE
Vx,yEE: x+y=y+x

Vx,y,Zz€EE: (x+y)+z=x+(y+2)
Vx€E: x+0;=0+x
Vx€E: x+(—x)=(—x)+x=0g
If there is an external composition law
KXE—->E
Ax)» Ax
verifying
A+w).x=Ax+ux
Alx+y)=2Ax+ 2Ly

(A).x = A x)
l.x=x

2 Product vector space

Let Ey, E5, E5, ..., E, be n vector spaces on K. We call the product vector space of
Ei, E; E;, ..., E,, the vector space
E = El X EZ X E3 X... X En = {X = (xl,xz,xg,...,xn):xi € El}

Such that

(1, %2, %3, .0, %) + V1, Y2, V300 V) = (X1 + Y1, X2 + Y2, X3 + V3,0, Xy + Vi)
A(xy, x5, X3, ..., X)) = (AXq, AXy, AX3, ..., AXy)
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Special cases
K™ is a K — vector space.
IfE, =E,=E;=...=E, =R, s0
R™ = {X = (x4, X2, X3,...,X,): X; € R}
Is a R — vector space.

Example 2.1
E = {x € R:x > 0} provided with the following two operations
x+y=xy
Ax=x*

Constitutes a vector space structure on R, since
V,yEE:(x>0)A(y>0)=2>x+y>0=>x+y€EE
Vx EE,VaER :(ax=x*>0)=>ax €E

On the other hand we have
Vx,yeEE:x+y=xy=yx=y+x

Vx,y,ZE€EE:(x+y)+z=xy+z=xyz=x+yz=x+ (y+2)

Vx EE:x+1=xX1=x

VxEE:x+x' =leoxx'=1ox"=

K| =

Vx € E,VA,u € R: (A + w)x = xM# = xA x# = x* + x# = Ax + ux
Vx,y EELVAER: Ax+y)=(x+ ) = () =x*y  =x* +y* = x + Ay
Vx € E,YA4, u € R: Ap)x = x™ = (x")* = Ax* = A(ux)
VxeEE:1Xx=x
So E provided with these two operations is a R — vector space.

Example 2.2 (particular case of product vector space)
Let E a K — vector space. We define the vector space E™ on K by

E™ ={X = (x1,x5,X3,...,%X,):X; € E}
Provided with the two operations

x+y=(x,%2,%3..,%) + V1, Y2, V30 ¥0) = (1 + Y1, %+ Y2, X3+ Y3000, X0 + V)
Ax =1 (x1,%5,%3,..0,%,) = (Axy, A x5, A X3,..., 4. %)



Theorem 2.1
Let E be a vector space on K, we have

Va € K,a.05 = 0g
Vx € E,O0x.x = 0g
Vx € E,Va € K: (—a)(—x) = ax
Vx € E,Va € K: —(ax) = (—a)x = a(—x)

3 Vector subspace

Let E be a space vector on K, any non-empty part F of E is called vector subspace of E, if it
is also a vector space with respect addition and multiplication on E

Theorem 3.1
Let F a non-empty part of the vector space E, then we say that F is a vector subspace of E, if
and only if

- Vx,y € F:x + yeF

2- VxeF,VaeK: a. xeF

We can summarize the two conditions into one as follows
Vx,y€F ,Va,FEK: ax+[.yEF

Remark 3.1
In any vector space E, there exist at least two vector subspaces :E and {0z}

Example 3.1
Let F c R3 such that

F={(xyx+y):xy€eR}
Show that F is a vector subspace of R3

Solution
First Ops € F

We take any two vectors X and Y of F and any scalar a of R

X =(xy,y,x+y)and Y = (X3, ¥2, %2 + ¥2); X1, %2, 1,2 ER
Hence
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X+Y = (% +x3,1+ 2 (1 + %) + (1 +32)) €F
and
aX = a(x,y,x +y1) = (@.x, @y, .5, +a.y,) EF

So F is a vector subspace of R3.

Example 3.2
Is F={(x,y,2) €:R3x?+y?+ 2% < 1} a vector subspace of R? ?

Solution

(1,0,0) € F because 12 + 02 + 0% < 1, but 2(1,0,0) = (2,0,0) &€ F because
2240%24+02=42>1.
So F is not a vector subspace of R3.

Theorem 3.2
If F; et F, are two vector subspaces of E,
F; N F, is then a vector subspace of E .

Remark 3.2
If F; et F, are two vector subspaces E, then F; U F, in general is not a subspace of E .

Example 3.3
Let F; and F, be two vector subspaces of R?, such that

Fi ={(x,0):x e R}and F, = {(0,y):y € R}

We have
(1,0) e FFcF,UF,and (0,1) € F, c F; UF,
But
(1,0)0+(0,1) =(1,1) € F;UF,

Thus F; U F, is not a vector subspace of R?.

4 Sum and direct sum

Definition 4.1
If E; and E, are two non-empty sets of the vector space E, we define the sum of F;and E, as
follows :

E1+E2 ={x+y(xEE1)/\(yEE2)}
Theorem 4.1
If E; and E, are two non-empty vector subspaces of the vector space E, then

E;, + E, is also a vector subspace of E.

Définition 4.2



Let F; and F, be two vector subspaces of the vector space E, we call direct sum of F; and F,,
and we write E = F; @ F,, if both conditions are verified

1- E = F+F,, .

2- FFNF, ={0g}.

Example 4.1
Let F;and F, be two vector subspaces of R3, such that

Fi, ={(0,y,2):y,z€ R}and F, = {(x,y,z):x =y = z}

Show that
R3 = Fl @ FZ

It is enough to show that
F1 n Fz = {OR3} and ]:RB c F1 + Fz

(x,y,z) EF,NF, > ((x, y,2) € Fl) A ((x, y,2) € Fz)
> {x _ ; _ 2 _ o= (6,2 =(0,0,0)
So F, N F, = {Ogs}
Let X =(x,y,z) ER3then X =0,y —x,z—x) + (x,x,x) € F; + F,
So R3 € F, + F, and consequently we have R® = F; @ F,

Theorem 4.2
Let F; and F, be two vector subspaces of E. If E = F; @ F,, then any element X € E can be
written in a unique way as follows

X:X1+X26F1+F2: X1€Flet XZEFZ

5 Linear combination

Definition 5.1
Let E be a K — vector space , B = {x1,%3,...,x,} € E and X € E. It is said that X is a
linear combination of the vectors of B, if itexist ¢; € K;i = 1,2,...,n such that

i=n
X = Z ;. X; = 0. %1 + Ay X+ . +a,. X,
i=1

Example 5.1
Show that the vector X = (3,8,5) is a linear comnination of the two vectors :

x; =(1,2,—-1) et x, =(0,1,4)

We have
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X = aq.Xq + ay. X, = (0(1, 2“1 + a,, —aq + 4‘“2) = (3,8,5)

a, =3 _3
@[2a1+a2=8 @{al:z
—ay +hay, =5 ‘2T
Then

X = 3.x1 +2.x2

6 Generating family

Definition 6.1

Let E a K — vector space and the family B = {x,, x,,...,x,} € E. We say that B is a
generating family of E, if every vector X € E is written in as a linear combination of the
vectors of B and we say that B generates E.

Example 6.1
Show that the family B = {(1,2,1); (1,0,2); (1,1,0)} generates R3.

Let the vector X = (x,y,z) € R3. It is necessary to show that there exist a;, a,, a3 € K such
that

a;.(1,2,1) + a,.(1,0,2) + a5.(1,1,0) = (x,y, 2).
We obtain

( 1
a, =§(—2x+2y+z)

A

1
a2=§(x—y+z)

1
ka3=§(2x—y—22)

7 Linear dependence and Independence

Definition 7.1
Let E be a K — vector space and the family B = {x, x,,...,x,} € E. We say that B is a
linearly independent, if they exist aq, a,, a3, ..., @, € K not all zero, such that

=n

Z ai. X = A1. X1 + az. Xo+... +ay.x, = 0
i=1

Définition 7.2

Let E be a K — vector space. It is said that family B = {x;, x5,...,x,,} € E is linearly

independent, if

(1.1 +az. x+...+ap.x, =0g) 2y =a, =...=a, =0
Example 7.1
Show that the following three vectors are linearly independent

x1 = (1,1,0);x2 = (1,0,1);x3 =
We have

11



a1%X1 + ax, + azxz = Ops = a4.(1,1,0) + a,.(1,0,1) + a5.(0,1,1) = (0,0,0)

0{1+0l2=0 a = —a; a = —a;

2>y taz3=0={; =~ a3 =] =03 s, =a,=a3=0
a, +az =0 Ay = —a3 a; = —az

Theorem 7.3

Let B = {x1,%3,...,x,} € E be a family of no-zero vectors of a K — vector space .
B is linearly dependent if and only if a vector x; of B is a linear combination of others.

8 Bases and dimensions

Definition 8.1
Let E be a K — vector space and B = {xy,x,,...,x,} S E. We say that B constitutes a basis
of E, if the following two conditions are verified :

1- B is linearly independent

2- B is a generating family.

Example 8.1
Show that family B = {x; = (1,—1,1);x, = (1,0,1); x3 = (0, —1,1)} is a basis of R3

We show that B is linearly independent.
aq + a, = 0 a, = 0
al.x1+a2.x2+a3.x3 :0R3 :>{ _al_a3 :0 =>{0(3 =0

a1+a2+a3=0 0(2=0

We show that B is a generating family. Let us consider any vector X = (a, b, ¢) and let us
show that this vector can be written as a linear combination of vectors of B

a+a; =a a;=b+c
(a,b,c)=a1.x1+a2.x2+a3.x3@[ —a;—a3=Db z{a2=a—b—c
a1+a2+a3:C a3=_2b_c

Then
X=0b+c)x;+(@a—b—c)xy,+ (—2b—c)x;
Therefore B constitute a basis of R3.
Theorem 8.1
Let E be a K — vector space and B = {x4,x,,...,x,} be abasis of E and let X € E. So X is

written in unique way as a linear combination of the vectors of B, that is

P X =X F Ay X . X, , @ EKEE{L,2,...,n].

9 Coordinates of a vector with respect to a basis

Definition9.1
Let E be a K — vector space and B = {x1,X5,...,Xx,} be a basis of E and let X € E such that
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X=a1.x1+ay.x+.. . +ay,.x,,a; EK,i € {1,2,...,n}
Then we write
X = (ay,ay,...,a,)p

a;are called the coordinates of the vector X with the respect to the basis B.

Example 9.1
Let B = {xq, x5, x5} such that

B ={x; =(1,1,-1);x, =(2,1,0); x3 = (0,1,2)}.

Find the coordinates of the vector X = (—3,0,5) with respect to the basis B.

We have X = (a;,a3,a3);] © a1.x1 + a3. %, + a3.x3 = X
a; +2a, = -3 a; =-—1
slagta,taz =0 {a, = -1
—0l1+2a3=5 (X3=2

So X = (—1,—1,2)[3].

Theorem 9.1

Let E be a K — vector space and B = {x1,x;,..., X, } be a basis of E. Then any family that
containts more than n vectors cannot be linearly independent and any linearly independent
family containts at most n vectors.

10 Dimension of a vector space

Every K — vector space is called a finite- dimensional space, if it containts a finite family of
vectors B = {x4,X,,...,x,} and which is a basis of E and its dimension is the numbers of
vectors of this basis and we denote it dim(E).

Example 10.1
dim(R3) = 3 and dim(R*) = 4

Example 10.2
Let F = {(x,y,2,t):y — 2z + t = 0}. Find a basis of F and dim(F) ?

We have
y—2z+t=0oy=2z—-1t

(x,v,2,t) EF & (x,2z — t,z,t) = x.(1,0,0,0) + z.(0,2,1,0) + t. (0,—1,0,1)

=x.u1 +Z.u2 +t.u3

13



We must prove that {uy, u,, us} is linearly independent

a; =0
200 —a3 =0
aq-Uq + ar. U, + a3. Uz = O]R4 =
a2=0
az; =0

So B = {u4,u,,us} is a basis and dim(F) = 3.

Theorem 10.1
Let E be a K — vector space of finite dimension n. Then

1- If B = {x4,x3,...,xy,} is linearly independent, then it is a basis of E.

2- If B = {x4,x,,...,x,} is a generating family of E, then it constitutes a basis of E.

11 Linear maps

Définition 11.1
Let (E, +,.) and (F,®, ®) be two K — vector spaces. We say that f is a linear map of E
into F, if

1- V(x,y) EE* f(x +y) = f()Df (¥)

2- Vx EE,VAEK:f(1.x) = A0f(x)
We denote by L(E, F) the set of all linear maps of E in F.
Theorem 11.1
If f is linear map from E in F and g is a linear map from F in G, then g o f is a linear map

from E in G.

Example 11.1
Show that the following map is linear.

f:R?® - R?
x,y,z2) » (x+y,2)

1- V(x,y,2);(x",y',z") e R?:
f((x, y,z) + (x’,y’,z’)) =flx+x,y+y,z+2z')= ((x +x)+(y+y)z+ Z’)
=(x+N+ & +y)z+2)=x+y,2)+ & +y',2)
=fuy.2)+f(x,y'z")
2- V(x,y,2);VAEK

f (A. (x,y, Z)) = f(Ax, Ay, Az) = (Ax + Ay, Az) = A(x,y,z) = Af (x,y,2)
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Theorem 11.2
Let (E,+,.) and (F,®, ®) be two K — vector spaces. We say that f is a linear map of E
into F, if and only if

V(x,y) € EX;VAu € K: f(Ax + py) = A0f (x)®uOf (y)

Theorem 11.3
If E and F are two K — vector spaces and f is a linear map from E into F, then

f(0g) = 0p

12 Kernel and image of a linear map

Definition 12.1
Let E and F be two K — vector spaces and f be a linear map of E into F. We call the kernel
of f and we denote Kerf :

Kerf ={x € E: f(x) = 0p}
Définition 12.2

Let E and F be two K — vector spaces and f be a linear map of E into F. We call the image
of f and we denote Im f

Imf ={f(x):x € E}
Theorem 12.1
Let E and F be two K — ev and f be a linear map of E into F. Then Kerf is a vector
subspace of E and Im f is a vector subspace of F.
Example 12.1
Let the linear map
fR3 > R3
(x,y,z) » (x,0,2)
Find Kerf and Im fand a basis for each as well as their dimensions.
Kerf = {(fofZ):f(foIZ) = OR3}
={(x,y,2):(x,0,2z) = (0,0,0)}
={(x,y,2):x =z =0} = {y(0,1,0):y € R}
So {(0,1,0)} is a basis for Kerf and dim(kerf) = 1
Imf ={f(x,y,2):(x,y,2) € R%}
={(x,0,2):x,z € R}
= {x(1,0,0) + z(0,0,1): x, z € R}

So {(1,0,0); (0,0,1)} is a basis for Im f and dim(Imf) = 2.
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13 Rank of a linear map

Définition 13.1
Let E and F be two K — vector spaces of finite dimensions and f be a linear map of E into
F. The rank of f is defined as follows :

rg(f) = dim(Imf)

Theorem 13.1
Let E and F be two K — vector spaces of finite dimensions and f be a linear map of E into
F. Then we have
dim(Kerf) + dim(Im f) = dim(E)
Property 13.1
Let E and F be two K — vector spaces of finite dimensions and f be a linear map of E into
F. Then we have
Kerf = {0g} © f is injective.
Example 13.1
f:R?® - R?
(x,y,2) = (x,y + 2)

Find Kerf and Im fand a basis for each as well as their dimensions.
Then check that

dim(Kerf) + dim(Im f) = dim(R3) = 3

We have
Kerf = {(x,y,z):f(x,y,z) = ORZ}

={(x,y,2):(x,y + 2) = (0,0)}
={(x,y,2):x=0,y+2z=0}
={(0,y,—y):y e R} = {y(0,1,-1):y € R}
S0 {(0,1,—1)} is a basis for Kerf and dim(kerf) = 1.
Imf ={f(x,y,2):(x,y + 2)}
={(x,y +2): (x,y,2) € R%}
={(x,y +2):x,,z € R}

={x(1,0)0+(y+2)(01):x,y,z € R}
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So {(1,0);(0,1)} is a basis for Im f and dim(Im f) = 2.
And we have

dim(Kerf) + dim(Im f) = dim(R3) = 3

EXERCISES

Exercisel
Which of the following subsets constitutes a vector subspace structure on R ?

1- F;, ={(x,y,z) e R®:x +3y — 4z = 0}
2- F, ={(x,y,z) ER3:x +y + z = a}, discuss ?
3- F3={(x,v,2z) € R3:x = 3y}
4- F, ={(x,v,z) € R®:x =y = 0}
5- Fs ={(x,y,z) e R3:x > 0}
Exercise2
Same questions as exercise2
1I- F;, ={(x,0):x € R}
2- B, ={(x,y):x*+y*=1}
3- F;3 ={(x,2x):x € R}
4- F, ={(x,y,z) e R®:x* + y* + z? = 1}
5- Fs ={(x,y,x +y):x,y € R}
6- Fo ={(x,y,z) € R3:x = y}
Exercise3
Are the following families of vectors linearly independent ?
1- (1,2,-1);(0,2,1); (1,1,1)
2- (1,2,—-1,-2);(2,3,0,—1); (1,3,—-1,0); (1,2,1,4)

3- (1,1,1);(1,1,0); (1,0,0)

17



4' (1; _1P1)P (OPZI]‘)P (2) _2P2)
5- (1,1,a); (1,a,1); (a, 1,1), Discuss according the to values of a.

6- (1,—-1,2);(0,5,3); (3,—4,7); (=1,2,3)

Exercise4
Are the following families of vectors linearly independent ? are they generatring ? are they
bases ? justify your answer ?

1/(1,1); (2,1) ; 2/(0,0);(2,3) ;3/(1,1); (3,3) ; 4/(1,1);(0,1); (1,0)
5/(1,2); (3,1)

ExerciseS
Same questions as exercise 6

1/(1,0,1); (0,1,0); (1,1,1) ; 2/(1,0,0); (0,0,0); (0,0,1) ; 3/(1,2,0); (0,1,0); (1,2,3)
4/(1,1,1); (2,1,0); (2,0,1); (0,0,1) 5 5/(1,0,1); (2,1,0)

Exercise6
Write the vector (2,3,4) as a linear combination of the vectors :

(1,1,0); (0,1,1); (1,0,1)
Same questions for the vector (4,3,2) as a linear combination of the the vectors :
(1,2,3); (1,1,2); (1,—-1,1)

Exercise7

Let the family {X,Y, Z} of vectors linearly independent in vector space E. Show that the
family {X + Y, X + Z,Y + Z} is linearly independent and the family {X — Y, X — Z,Y — Z} is
linearly dependent

Exercise8

Let E is a K — vector space. :

Show that {X, Y, Z} is linearly independent if and only if {X + aY + BZ,Y,Z} is a linearly
independent ?(a, 8 € K)

Exercise9
Let the family {X, Y, Z} be a linearly independent on a K — vector space E. .
Show the that family {X,X +Y,X + Y + Z} is also linearly independent.

Exercisel0
Détermine the real numbers a and b so that the vector (—2, a, b, 3) belongs to the vector
subspace of R* generated by {(1,—1,1,2); (-1,2,3,1)}.
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Exercisell
Show that the following maps are linear maps :
1-

f:R? > R?
(x,y) » Bx —y,x)
2- f:R - R?
3- x~ (2x,4x)
Exercisel2
Let the map
f:R® > R?

xy,z2)» +zx+y+2zx)
1- Show that f is a linear map .

2- Find Kerf et Im f. Then give a basis and the dimension for each of these two
subspaces

Exercisel3
Same questions for the following maps :

f:R3—>IR3
(x,y,z2) » (t,x+y,x+y+2)

Exercise 14
Are the following maps linear ?

I- f(x,y) =Ix—yl
2- f(xJ’) = (leyz)

3- f(x,y,2) = (Ixyl, |z])
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SOLUTIONS

Exercisel
1- We show that F; = {(x,y,2):x + 3y — 4z = 0} is a vector subspace.

F; # & because (0,0,0) € F; (0 + 3(0) — 4(0) = 0)
Now we prove that

V(x,y,2);(x",y',z") € F,Va,B € R:a(x,y,z) + f(x',y',z") € F;
((x,y,z)€EF,=>x+3y—4z=0)and ((x',y',z') €F; 2 x" +3y' —4z' =0)
Then we have

a. (x,y,z)+B.(x",y',z") = (ax + Bx',ay + By',az + fz') EF;
Because

ax + Bx" +3(ay +By') —4(az+ Bz') =alx+3y —4z) + B(x' +3y' —42z") =0
So F; = {(x,y,z):x + 3y — 4z = 0} is a vector subspace.
2- LetF, ={(x,y,z):x+y+2z=a}
If a # 0 the zero vector (0,0,0) & F, and therefore F, is not a vector subspace of R3
If a = 0 the zero vector (0,0,0) € F, and therefore F, # &.
Now we prove that
V(x,y,2);(x",y',z") € F,,Va,B € R:a(x,y,z) + B(x',y',2") EF,

We have
(x,y,z2)EF,>x+y+z=0and (x',y,2)EF,=>x"+y +2' =0

a(x,y,z) + B(x',y'",z") = (ax + Bx',ay + By',az + Bz') € F,, because
(ax+Bx" Y+ (ay+By)+(az+Bz)=alx+y+2)+ L' +y ' +2')=0

Then we have F, = {(x,y,2):x + y + z = 0} is a vector subspace of R3
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3- LetF5 ={(x,y,2):x = 3y}
F; # @ because (0,0,0) € Fs, (0 = 3(0))
Now we prove that
V(x,y,2); (x',y',z") € F3,Va,B € Ria(x,y,z) + B(x',y',2") € F5
(x,y,z) EF;>x=3yect(x,y',z") €EF; = x" =3y’
a(x,y,z) + B(x',y',z") = (ax + Bx',ay + By',az + fz') EF;
So ax + px' = a(3y) + B3y") = 3(ay + By")
Then we have F; = {(x,y,z): x = 3y} is a vector subspace of R3.
4- Let Fy ={(x,y,2):x =y =0}
F, # @ because (0,0,0) € F,,(0 = 0)
Now we prove that
V(x,y,2);(x",y',2") € F,Va, B € R;a(x,y,2) + f(x',y',2") € F,
(x,y,2)EF,=>x=y=0ect(x",y,z)EF,=>x"=y"'=0
alx,y,z) +B(x',y',z") = (ax + Bx',ay + By',az + Bz') €EF,
So ax+fx'=ay+ By =0
Then we have F, = {(x,v,z):x = y = 0} is a vector subspace of R3.

Same reasoning for Fs = {(x,y,z):x > 0}.

Exercise3
1- We show that F; = {(x,0): x € R} is a vector subspace of R?

F, # &, because (0,0) € F,
Now we prove that
V(x,y);(x',y") € F,Va,B € R:a(x,y) + B(x',y") EF,
(x,0) € F; and (x',0) € F;
So
a(x,0) + B(x',0) = (ax + Bx',0) € F,

Then we have F; = {(x,0):x € R} is a vector subspace of RZ.

2- LetF, ={(x,y) € R%:x? + y2 = 1}

F, # &, because (%,\/2—5) € F,
We have
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So F, = {(x,y):x? + y? = 1} is not a vector subspace of R?.

Since

We can easly check that F;, Fs and Fg are vector subspace, while F, is not

Exercise4
We say that the vectors X3, X5, ..., X, of a vector space E are linearly independent, if

0(1X1+a2X2+...+aan= OE : L =0 =...= 0y = 0

1- Let’s check if the following vectors (1,2, —1); (0,2,1); (1,1,1) are linearly
independent ?

a1+a3=0

a;.(1,2,-1) + a,.(0,2,1) + a5.(1,1,1) = (0,0,0) = {Zal +2a, +a; =0
—0(1 + 0{2 + 0{3 = 0

a, = —a,
=3 a3=0 :a1=a2=a3=0
0(12052

2- Same thing for vectors (1,2, —1,—-2); (2,3,0,—1); (1,3,—1,0); (1,2,1,4)

1 2 1 1 0
2 3 3 2 0
(Xl. _1 +(X2. O +(X3. _1 +(X4. 1 = 0
-2 -1 0 4 0

a,+2a,+az+a, =0
2a1 +3a, +3a3 +2a, =0
—a,—a,+az=0
—2ay—a,+4a, =0

a; = 4a,
az = —90!4
= <:>a1=0{2=a3=a4=0
(X3 = —50!4
5“4 =0

Same thing for vectors (1,1,1); (1,1,0); (1,0,0).
While the following vectors (1,—1,1); (0,2,1); (2, —2,2) are linearly dependent, because
(21 _2)2) = 2(1) _1r1)

Same reasoning for the vectors (1, —1,2); (0,5,3); (3, —4,7); (—1,2,3) are linearly dependent
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3- For the vectors (1,1, a); (1, a, 1); («, 1,1), we will discuss their independence
according to the values of the parameter « .

1 1 a 0 A+u+pua=0..... (D
A.<1>+y.<a>+n.<1>=<0>:> A+ua+n=0..... (2)
a 1 1 0 Aa+u+n=0.....(3)

M+2D)+B)=2@+2)A+u+n)=0
If o = —2, those vectors are linearly dependent
Because (1,1,-2) = —(1,-2,1) — (-2,1,1)
If a = 1,those vectors are linearly dependent
If (a # —2) A (a # 1), the three vectors are linearly independent
ExerciseS

1' Bl = {(1P1)P (2,1)}

a.(i)+ﬁ.(i):(8):{212[5:00::»a:ﬁ20

Since the family of vectors {(1,1); (2,1)} is linearly independent and containts two vectors
and dim(R?) = 2, then it is a basis of R?

2- The following family B, = {(0,0); (2,3)}, B3 = {(1,1); (3,3)},
B, = {(1,1); (0,1), (1,0)} are not bases for R?
By identical reasoning, we will show that Bs = {(1,2); (3,1)} is basis for R?

Exercise6
Write the vector (2,3,4) as a linear combination of vectors

(1,1,0); (0,1,1); (1,0,1)
Same question for the vector (4,3,2) as a linear combination of vectors

(1,2,3); (1,1,2); (1,-1,1)

( ( 5

F=3

2 1 0 1 a+y=2 1
(- ip
4 0 1 1 B+y=4 g
k Y =3
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For the vector (4,3,2) and the base B = {(1,2,3); (1,1,2); (1,—1,1)} , we have

4 1 1 1 a+p+y=4 B =20
(3)=a<2>+ﬁ<1>+y(—1)@{2a+ﬁ—y=3 @{az—ll
2 3 2 1 3a+26+y=2 y=-5

4 1 1 1
Then we have (3) =-11 <2> + 20 <1> -5 (—1)
2 3 2 1

Exercise7

Given the family {X, Y, Z} of linearly independent vectors in a vector space E, show that the
family {X + Y,X + Z,Y + Z} is a linearly independent and the family {X — Y, X — Z,Y — Z}
is a linearly dependent

{X,Y, Z} linearly independent = {X + Y, X + Z,Y + Z} linearly independent
aX+V)+X+2)+yY +2) =02 (@+B)X+(a@+)Y+(B+y)Z=0
Since {X,Y, Z} is linearly independent, we have
at+ty=0sif=-rvoa==y=0
B+y=0 la=-p

Given {X,Y, Z} is linearly independent, we want to show that {X —Y,X — Z,Y — Z} is not ?

{a+ﬁ=0 {ﬁ=y

aX-V)+pX-2)+yY -2)=0=>((a@+B)X+(—a+)Y-(B+y)Z=0
Since {X,Y, Z} is linearly independent, we have
—a+y=0s{y=y

—B-v=0 a=y

So the family {X — Y, X — Z,Y — Z} is not linearly independent

{a+ﬁ=0 {ﬁ=—y

Exercise8
AMX+aY +B2D)+uY +nZ =0=2+Aa+wY+AB+n)Z =0
Since {X,Y, Z} is a linearly independent, we have

A=0 A=0
{Aa+,u=0(:>{u=0

AB+n=20
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We have
{X,Y,Z} is linearly independent= {X + aY + BZ,Y, Z} is linearly independent

Exercise9
Same reasoning as in exerciseS.

Exercisel(
Détermine the reals a et b so that the vector (—2, a, b, 3) belongs to the vector subspace
of R* generated by {(1,—1,1,2); (—1,2,3,1)}.

We have
(_2; a, b; 3) = a(lr _1r1)2) + ﬁ(_]ﬂzigﬁl)
( ( azl
3
a—fF=-2 7
—a+2B=a 3
Cla+3=b T) 1 14 13
2+ =3 a——§+?—?
b—l 21_22
\ .73 3 3
Exercisell

Let us show that the following maps are linear.

1- f:R? > R?
(x,y) =» Bx —y,x)

Let (x,v),(x",y) € R and a, B € R.
fla.(,y) +B.(x",y)) = flax + Bx', ay + By")

= (3(ax + Bx') — (ay + By"), ax + Bx')
= (aBx —y) + B(3x" = y), ax + Bx")
= (a(Bx —y),ax) + (BBx" —y"), Bx")

=aBx—y,x)+LBx" —y',x")
=af(x,y) +Bf(x',y")

Thus f is a linear map.

2- f:R > R?
x ~ (2x,4x)

Let (x,y),(x",y") E R? and a,f € R.

fla(ey) + (', yN) = flax + px',ay + By")
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= (2(ax + Bx"),4(ax + fx"))
= (a(2x) + p(2x"), a(4x) + p(4x"))
= (a(2x), a(4x)) + (B(2x"), B(4x"))
= a(2x, 4x) + B(2x', 4x")
=af(x,y) +Bf(x',y")
Thus f is a linear map

Exercisel2
fiR? > R3
xyz)»p+zx+y+2zx)
1- Let us show that f is a linear map.
v(x,y,2),(x',y",z") € R3Va,B € R:
flatey,2) +B(x',y',2") = f(ax + Bx',ay + By', az + Bz')

= ((ay +By") + (az+ B2'), (ax + Bx") + (ay + BY') + (az + Bz'),ax + ,Bx’)

=a(y+zx+y+z,x)+pQ +z,x'+y +2',x")

=af(x,y,z) +Bf(x',y', 2")

2- Let’s find Kerf and Imf.
Kerf ={(x,y,2): f(x,y,z) = (0,0,0)}

y+z=0 x =0
f(x,y,z)=(0,0,0)®{x+y+z=0@{z=_y
x=0
So

Kerf ={(0,y,—y):y € R} = {y(0,1,-1):y € R}

Then Kerf admits B; = {(0,1,—1)} as a basis and consequently dim(Kerf) = 1
So

Imf={X,X+272):X,Z €R}
={(X,X,0) +(0,Z,2):X,Z € R}

= {X(1,1,0) + Z(0,1,1): X, Z € R}

Then Im f admits B, = {(1,1,0), (0,1,1)} as a basis and consequently dim(Im f) = 2

Exercisel3
Same questions for the following map :
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f:R® > R?
,y,z) » (t,x+y,x+y+2)

Preuve
We can easily show that the map

f:(x,y,z) » (x,x +y,x + y+ z) is linear and Kerf = {(0,0,0)} and therefore
dim(Kerf) =0
Imf={(,x+y,x+y+2z)xyz€R}={x(1,11)+y(0,1,1) +2(0,0,1):x,y,z € R}
The basis of Im f is B = {(1,1,1),(0,1,1),(0,0,1)} and dim(Im f) = 3.

Exercisel4
We will check if the following maps are linear.

1- The map :f(x,y) = |x — y| is not linear, because

flaCe,y) + B(x',y") = fax + fx',ay + By")
= [(ax + px') — (ay + By")I
= la(x —y) + B —y)I
# alx -yl + Blx' = y'l|
Same reasoning for the following maps
2- fxy) =(%y?)
3- f(x,y,2) = (Ixyl,1z])

which are not linear.
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Chapter 2
The Matrix

1 The matrix

1.1 Matrices concept

Définition 1.1

An matrix A = (g f)1<i<m-1<j<n is an table of the numbers with m rows and n

colomns. The numbers a;;that make up the matrix are called the elements or the coefficients
of the matrix. This matrix is called of order (m, n). The set of matrix of order (m, n) with real

coefficients is denoted Mk(m,n).
1 -2 0
A=(3 2 -5
8 0 2

A€ MR(3,3) with Az, = 2, a3 = O, a3, = 0....

Example 1.1

Special cases
- A matrix in which all the elements are zero is called a zero matrix and it is written

(7]

- A matrix containts only one column is called a (m, 1) matrix column.
- A matrix having the same number of rows and columns (m, m), is called a square ma-
trix.

Definition 1.2
We call the unit matrix of order n, the square matrix whose diagonal elements are equal to 1
and the other elements are all zero. This matrix is denoted I,,.

1 - 0
L= =~
0 - 1
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Example 1.2

Igz((l) (1) 8),12=((1) (1))

0 0 1

1 2 Transpose of a matrix

Definition 1.3

Let A be a matrix of m rows and n colomns. The transpose of the matrix 4, is a matrix of n
rows and m colomns denoted A® whose rows are the columns of A and whose columns are the
rows of A.

Example 1.3
Let the matrix
1 2 0 1 2
_ - t | _
A= (2 9 _4) then A' = 02 _94

1 3 Equality of two matrices

Definition 1 4
Let the matrix A and B have the same order. We say that the two matrices are equal, if all
elements of A are equal to the corresponding elements of B.

Example 1 4
We give the matrix

Cx+1 3 43
A‘( 3 —2y+3>andB_(3 2)

Let’s determine the real numbers x and y so that the two previous matrices are equal.

A=B<:){x+1:4 {x=3

—2y+3=5y=-1

1.4 Nilpotent matrix

Consider the square matrix A of order n. We say that A is nilpotent, if there exists an integer p
such that AP = 0

Examplel.5
We give the matrix
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1.5 Idempotent matrix

Consider the square matrix A of order n. We say that A is idempotent, if A2 = A

Examplel.6
We give the matrix

Wl R W kW -
Wl R Wk, W -
Wl R Wk, W -
\____/

~
Il
T~

11 1, a1 1 1 3 3 3 11 1
/333\/333\ /999\ /333\
11 1|1 1 1 3 3 3 11 1
3 3 3|13 3 3 9 9 9 3 3 3
111/111/333/111/
3 3 3 \3 3 3 9 9 9 3 3 3

2 Operations on matrices

2.1 The addition

Definition2.1

Let the matrix A and B have The same order (m,n) . The sum of the matrix A and B is the
matrix C of order (in, n), each element of which is the sum of the two corresponding elements
of A and B.

Example2.1

a=(y F Daan=(3, 7 %)
A+B=("0 5v7 Zate) =G 1 o)

2.2 Multiplication by a scalar

Definition2.2

Let A be any matrix and a be a real or complex number. The product of 4 by «, is the matrix
of the same order as A and each element of which is the product a by the corresponding
element of the matrix A.

Example2.2
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ax CZ)

. x 1
Let the matrix A = (y Z) and ¢ € C. Then a4 = (ay az

3 Product of matrices

Definition3.1

Let be a matrix A € M (m,n) and a matrix B € M (n, p). We call the product of two
matrices A and B, the matrix C € M (i, p) obtained by multiplying each row of A by each
column of B.

IfA = (aij) € M(m,n) and B = (bl.j) € M (n,p), then the product C = AB € M (m,p),
where ¢;; = Yi_1 by

Example3.1

2 0
1 0 —4
A:(O 3)’32(0 2 7)
-1 -2
Then we have
2x1)+(0x0) (2x0)+(0x2) (=4 x2)+(7%x0)
C =AB = (0x1)+((3x0) (0x0)+(3x%x2) (-4x0)+((3x%x7)
(I1xD)+((-2)x0) (—1x0)+(—2x%x2) (4x-1)+(—2x7)

2 0 -8
=(0 6 21)EM(3,3)
-1 -4 -10
Remark
- The unit matrix I,, plays a similar role for the matrix product as the number 1
for the product of real numbers.

- For a square matrix A of order n, we have A X I, = I, X A = A.

Property
Assuming that the orders allow the product, we have

A(B + C) = AB + AC : Left distributivity
(A + B)C = AC + BC : Right distributivity
A(BC)) = (AB)C : Associativity
Definition3.2
Let A be a square matrix of order n. Let p be a non-zero natural number. We denote AP the

matrix defined as follow :
AP = AAA ... 4,

4 Inverse matrix
Property
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Let A be a square matrix of order n. If there exists a square matrix B of the same order as A
such that
AB = BA = 1,,,

then the matrix B is unique. B is called the inverse of the matrix A and it is denoted A™1

In this case, we say that A is invertible.

Example4.1
Let

Then we have

5 Determinant

Definition5.1

a b

Let A = (c d)' We call the determinant of the matrix A, denoted det(A), the real

det(A) = ad — bc

DefinitionS.2
Let A be the square matrix of order n > 3

a1 Qg Ain

a1 Qpp Ao
A=

Ap1 QApz - Qpp

We call determinant of the matrix A with respect to the column j, the expression

det(A) = TRZH(—1)* ay;det(A)),
where det(Ak j)is the determinant of the matrix from which we have removed the row k and
the column j of A.

We call determinant of the matrix A with respect to the row i, the expression
det(4) = EiZH(— 1) aydet (Ay),

where det(4;;) is the determinant of the matrix from which we have removed the row i and
the column j of A.

ExampleS.1
Let’s find the determinant of the following matrix with respect to the first column.
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1 0 2
A=12 -1 -3
3 4 4

o mex]) Aesx|l Al=1x8-2x(-®)+3x2=30

det(A)=1><|4 .

Let’s find this determinant relative to the second row.

_ 0 2 1 2 1 0| ooy o _
det(A) = =2, 4|—1><3 4|+3><|3 4|_ 2% (=8) —1x (=2) +3 x4 =30

6 Calcul of an inverse matrix
Let A be the square matrix of order n with det(A) # 0, defined as follows :

all a12 “en aln

a21 a22 s a2n
A=

An1 QAnz - Qnn

The comatrix denoted by Com(A), is a matrix of the same order as A and its elements (ci ]-)
are called cofacteurs of A given by :

cij = (—1)"det(A;;);i,j €{1,23,...,n},

where det(Ai j)is the determinant of the matrix from which we have removed the row i and
the column j of A.

Theorem6.1
If det(A) # 0, then A is invertible and its inverse matrix given by :

-1

det () (Com(A))

Example
Find the inverse of the following matrix :

1 0 2
A=12 -1 -3
3 4 4
Solution

We have det(A4) = 30, therefore, A~! exists :

L 1 ¢
Al = ot A)(Com(A))

€11 C12 C13
Com(A) =(C21 C22 C23

C31 C32 C33
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= D=8 =02) =17 e =0t =0
¢ = (=1)° 2 i| =8,y = (-1)* |§ i| = =2, = (=1)° |§ 2 =—4

=00 A=z =08} Al=7 =0 0=

8 —17 11
C=(8 -2 -4
2 7 -1

1/ 8 8 2
At=os| =17 -2 7

11 -4 -1

Proof.
1 0 2 1 8 8 2 1 /30 0 O 1 0 0
AA™Y = (2 -1 —3).%(—17 -2 7 ) = %< 0 30 O ) = (0 1 0) =
3 4 4 11 -4 -1 0 0 30 0 0 1

7 Matrix associated to a linear map

Definition7.1

Let E and F be two K — vector spaces of finite, dim(E) = n and dim(F) = p,n,p € N*
and f: E — F be a linear map.

Let B = {eq,e5,€3,...,e,} be abasis of E and B' = {f, 5, f5, ..., f»} be a basis of F

The images by the map f of vectors ey, e,, 3, ..., €, are written in the basis B’ as follows:

(f(e1) =ai1-fitan-fotasfs++apifp
flex) = asp fi + gz fo +asp. f3+ - + apz-fp

flen) = ain.-fi + Ao fo + azp.f5 + -+ apn'fp

where a;; € K,i € {1,2,...,p}and j € {1,2,3, ...,n}

We call matrix associated to f relative to the bases B and B’, the matrix denoted by
M(f, B, B") and defined by :

all a12 R nen aln
a21 a22 “en Xy aZn

MUﬁBU=k- R -)
Ap1 Qpz o o Opp

The column elements in M(f, B, B") are the composents of the vector f (ej) in the basis B’'.
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The number of rows of M(f, B, B") is equal to the dimension of F.
The number of columns of M(f, B, B") is equal to the dimension of E.

Example7.1
We consider the linear map :

fR® > R3
,y,z2) » (y+2z,x—2y)
Let B = {e,, e,, €3} be the standard basis of R3 and B’ = {f}, f>} the standard basis of R?

Let’s write M(f, B, B")

We have

fle)) = £(1,00) = (0,1) = 0.f, + 1. £,

flez) =f(0100=(1,-2)=1.£i—-2.f,

fles) = £(0,01) = (1,0) = 1.£; + 0.,

Then
M e = (1 2 o)
Example7.2
Consider the linear map :
f:R3 > R?

(x:y’Z) = (Z.X' =Y Zy - Z)
Let’s write M(f, B, B"), where

B={U;,=1,-11),U, =(1,1,0),U; = (1,—-1,0)}
and

B, = {Vl = (1;1)p VZ = (1)2)}
We have

f(Ul) = f(ll _1)1) = al(ltl) + a2(1)2) = (31 _3)

{a1+a2=3 :>{aq=9
a1+20(2=—3 a2=_6

fUz) = f(1,1,0) = B (L,1) + B,(1,2) = (1,2)
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Br1+B,=1 B1=0
:{ﬁ1+2ﬁ2:2=>{182:1

=>{ Yi1+v2=3 =>{V1=8

Y1+ 2y, =-2 Y2 = -5
Then
M(f,B,B') = (_96 (1’ _85)
Example7.3
Let f be a linear map defined by :
f:R* - R?

_ (V3 1 1 V3
(x,y) = flxy) = (775 =YX +7)’)
Let’s write M(f, B), where B = {U; = (1,-2),U, = (—2,1)}

f(Ul) = f(]-t _2) = al(ll _2) + aZ(_Zrl)

= (? + 1,% — \/§> =a;(1,-2) + a,(-2,1)

) \/§+1 V3 2
ay — 20y = — Q=53
N B 272 - 2 3

1 5
—2a1+a2=§—\/§ =g
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8 Change of a basis and transition matrices

The matrix which represents a linear map was constructed by using a choise of bases in the
starting space and the ending space.

Let E be a K — vector space of finite dimension n,n € N*,
B ={ej, ey €3, ...,epyand B' = {f1, f2, f3, .-, [n} b€ two bases of E.
We have

(fl S tll.el + t21.€2 + -+ tnl.en
fz = t12.61 + tzz.ez + -+ tnz.en

kfn = tln.el + tZTl' ez + -+ tnn. en
where i,j € {1,2,3, ...,n} and tij €EK.
We call transition matrix from the basis B to the basis B', the matrix P whose columns are the

components of the vectors f; in the basis B
/ tir tiz . . tln\
tr tz - . lgp

thi th2 + + tin

pP=

Example8.1
Let B = {e;, e,, 3} be the standard basis of R3

and B’ = {f; = (2,1,-3); /> = (0,1,—1); f3 = (1,0,3)} be another basis of R3.

We have
fl = 261 + ez - 363
fo =0e; + e, —e3
f3 == 6’1 +0€2 +3e3
Then

2 0 1
P=11 1 0
-3 -1 3

9 Rank of a matrix

Definition9.1

We call rank of matrix A, the maximum number of linearly independent column or row
vectors of A. If (R, Ry, ..., R;,) are the row vectors of A or (Cy, Cs, ..., C,,,) are column vectors
of A such that :
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(:)
A=| . |orA=(C,C,..Cp)
o

(Ri, Ry, ...,R,) or (Cq, Cy, ..., Cy) are to be linearly independent

Theorem9.1
If A is a matrix of order (m, n), we have

rgcolumn(A) = rgrow(A) = rg(A) = rg(At)

Example9.1
Let A be the matrix associated to the linear map f such that

0 -1 0 3
A=10 0 0 O
2 0 1 0

0O -1 0 3 Cl_)C1_2C3 0O -1 0
0 0 0 0lc,»c,+3c,(0 0 0

2 0 1 0 0 0 1

Find rg(A).

A

—_

Then
rg(A4) = 2.
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EXERCISES

Exercisel
Let the matrices A4, B, C, D and E be defined as follows :

1 -1 0 1 -5 1 1
~ ~ 10 -3\ ~
A_<o 5 O),B—(O 4 2),6—(0 : 4),D—(1>,E—(1 1 1)

-3 3 2 0 3 3

1- Calculate A+ B,2A,3B,—4A + 2B.

2- Calculate AB, BA , ACt,BCt.

3- Verify (A + B)Ct = AC* + BC', (AB)t = B'A' , (ACY) = CA".
4- Calculate DE and ED.

Exercise2
We consider tha matrix

1 10
A=(0 1 1
0 0 1

1- Find B such that B = A — I5 and then calculate B™ forn € N
2- Calculate A™ forn € N

Exercise3

Let the matrix A = ((1) 1)

Show by recurrence that A" = ((1) 711)

Exercise4
Let the matrix

A

0 0 a
b 0 0
0 c¢c O
Calculate A3" for neN
ExerciseS
Let A and B be two square matrices of same order. Give a necessary and sufficient condition

to have

(A+ B)(A— B) = A* — B?
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Exercise6
We consider for each real number 6, the matrix

__(cosB8 —sinf
A(0) = (Sine cos 8 )

1- Show that A(8)A(8") = A(6 + 8").
2- Calculate (A(H))n for neN.

Exercise?
Same questions as exercise6 with the matrix.

40 = (G o)

Exercise8
Let the matrix

Verified that (AB)™! = B~1471.

Exercice9
Let A be an invertible square matrix such that

A*—3A+1=0

Show that
1 0 0
0 1 0
A7 =31 — A, where | = k
0 0 O
Exercisel0
Let A be a square matrix such that A* = 0:
Show that
1
0
(I—A)1T=A4+A42+A+1,where ] = \
0
Exercisell

Let the matrices

-G

= O

(=]

N~

o o

()

N~
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1- Find two elementary matrices E; and E, such that E; E;A = [,.

2- Write A™! and A as the product of two elementary matrices

Exercisel2
Let the matrix

1 0 1

A=|-1 1 -1

2 2 0

Show that
A3 =242+ A+21=0

Deduce A7 L.
Exrecisel3

Let the matrix
1 0 2
A= (3 4 15)
5 6 21

A3 —26A% + 114 + 101 =

Show that

Deduce A7
Exercisel4
Calculate the associated matrix relative to the standards bases of each of the following linear
maps :
1- f:R3 > R?
(x,y,2) » (x+y,22)
2- fiR3 > R3
xyz)->(x+y+z,x+y,x)
fR3 > R3
(x,y,z) > (x+ 2y +3z,4x + 5y + 62,7x + 8y + 92)

Exercisel5s
Let B; = {(1,1,0); (0,1,0); (1,0,1)} and B, = {(0,1); (1,0)} be two bases of R and R?

respectively. Give in these bases, the associated matrix of the linear map :

f:R3—>IR2
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xy,z) > (x+y,y—12)

Exercisel6

Let E be a vector space of dimension 4 provided with the basis B = {e;, e,, €3, e,}. We define
the linear map f of E into itself by setting :

fler) =ei+e;, , f(e)) =2e,+e3 , f(es) =3es+e, , fes) =ey
1- Give the associated matrix of f relative to the basis B.
2- Give the associated matrix of f starting from the basis B and arriving to the basis B’

such that
B, = {el + ey, 262 + és, 363 + €4, 64}.

Exercisel7
Let f be a linear map of E into itself. Suppose that the associated matrix of f in the basis

B = {e;, e,,e3} is as follows :
31 -1
A=(2 2 =2
1 -1 1

Let the basis B' = {f, f>, f3} such that

fi=extes, f=e te;, f3=e te,
Find the matrix M(f,B").

Exercisel8
Let A be the associated matrix of the linear map f: R* — R3 relative to the standard bases.

0 -1 0 3
A=10 0 0 O
2 0 1 0

2- Find Ker(f) and Im(f), give a base for each of these vector subspace, specify the
dimension

1- Find rg(A).

Exercisel9
Let the linear map f: R® — R3 whose associated matrix relative to the standard basis of R3 is

given by :
1 0 0
A=[1 0 O
1 -1 1

1- Calculate £(1,2,3) and determine Kerf
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2- ProvethatImf ={X = (x,y,z) € R3: f(X) = X}.

Exercise20
Calculate the rank of the following matrices :

12 3 L2 00 01 o 1 13
A=[2 3 2|, B= , C = , D=2 4
3 1 1 1 3 21 0 5 3 7 5 4
-1 -2 4 0 3 3 0 -6
2 4 6
/—1 -2 —3\ -3 -1 2 3 1 g _25 é g
E=] 3 1 7 , F= —1 2 3 1 -2|,G=
4 8 12 -9 0 -1 124 -3
1 9 3 11 -37 1 23
0 0
L2aas / oo\ 1o 1
H=23456 0 —10,1('=1013
3 4 5 6 7 0 1 -1 0 1 -1 4
0 -1 1
Exercise21
Calculate the rank of the matrix
-2 2
A=| 3 3
4 4
Calculate the rank of the A*A.
Exercise22
Discuss the rank of the following matrices :
a 1 1 m—2 2 -1
A=<1 a 1>,aEIR ; B=( 2 m 2 ),mE]R
1 1 « m 2m+2 m+1
a 0 b
C=|(b a 0),abeR
0 b a
Exercice23

If A is a square matrix such that A> — A + I = 0, show that 4 is invertible and find its inverse
Exercise24

If A is a square matrix of order n such that (4 — kI)? = 0. Show that 4 is invertible if and
onlyifk # 0,k € R.
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SOLUTIONS

Exercisel

1 -1 0 1 -5 1 1
~ ~ 10 -3y . ~
A—(O 5 O),B—(O 4 z),c—(o . 4),D—(1>,E—(1 1 1)

-3 3 2 0 3 3

1 — Calculation of the following matrix A + B, 24,4B, —4A + 2B.

1 -1 0 1 -5 1 2 -6 1
A+B=|0 5 0J+(0 4 2|=|0 9 2
-3 3 2 0 3 3 -3 6 5
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1 -1 0 2 =20

2A=2( 0 5 0)={0 10 O

-3 3 2 -6 6 4

1 -5 1 4 =20 4

4B=410 4 2]=|0 16 8

0 3 3 0 12 12
1 -1 0 1 -5 1 -4 4 0 2 —-10 2
—4A+2B=-4 0 5 0]+2(0 4 2 0 -20 0 J|]+(0 8 4
-3 3 2 0 3 3 12 -12 -8 0 6 6

-2 -6 2
=10 -12 4
12 -6 -2

2 — Calculation of the following matrix AB, BA , ACt,BCt.

1 -1 0\/1 -5 1 1 -9 -1
AB=(0 5 o0]Jlo 4 2])]=(0 20 10
-3 3 2/\0 3 3 -3 33 9
1 -5 1\/1 -1 0 -2 =23 2
BA=(0 4 2]lo0 5 o]=[-6 26 4
0 3 3/\-3 3 2 -9 24 6
1 -1 0\/1 0 1 -1
Act=(0 5 o]Jlo 1]=l0 5
-3 3 2/\-3 4 -9 11
1 -5 1\/1 0 -2 -1
BCt=(0 4 2 0 1|=(-6 12
0 3 3/\-3 4 -9 15

3 — Check that (A + B)Ct = AC* + BC* , (AB)' = B'A* ,ACt = CA*
1 -1 0 1 -5 1 1 0 2 -6 1 1 0
(A+B)t*=({o 5 o0o)+|0 4 2 0O 1)={0 9 210 1
-3 3 2 0 3 3//)\-3 4 -3 6 5/\-3 4
-1 -2
=| -6 17
—-18 26

1 -1 0\/1 O 1 -5 1\/1 0
ACt+BCt=<0 5 0)(0 1)+<0 4 2)(0 1)
-3 3 2/\-3 4 0 3 3/\=-3 4
1 -1 -2 -1 -1 =2
=(0 5>+(—6 12) =<—6 17)
-9 11 -9 15 -18 26
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So we have good

(A+B)Ct = AC* + BC?

1 -1 0\/1
(AB)t = < 0 5 O) <O
-3 3 2/\0

1 0 O 1 0
BtA*=(-5 4 3|(-1 5
1 2 3 0 O

1 -1 0
(ACY) = (o 5 0)
-3 3 2

4 — We calculate :

1 1 1
DE = <1) 1 1 1= (1
1 1 1

U=y

Exercise2
Let the following matrices :

¥
B:A_13=<

t
-5 1 1 -9 —1\° 1
4 2]l =0 20 10] =[-9
3 3 -3 33 9 -1
-3 1 0 -3
3 |={-9 20 33
2 -1 10 9
(AB)t = BtAt
1 0\ 1 1\¢
<0 1) =<0 5) =(_11 g
-3 4 -9 11
1 0 -3
—3)< ) (1 0 —9)
-1 5 3 |=
4 o 0 2 -1 5 11

1
1
1

1
0
0

1
0
0

ACt = CA*

0
20
10

11

-3
33
9

1
),ED=(1 1 1)(1>=(1+1+1)=(3)

1

1 0 1 0 O
1 1)],L=({0 1 0
0 1 0 0 1

1 — We find the matrix B such as B = A — I5 and then we calculate B™ forn € N

0 0 0 1 0
1 0|=10 0 1
0 1 0 0 O

01 0/0 1 O 0 0
B2=|0 0 1]Jl0 0 1]=|0 0
0 0 0/\0 O O 0 0

1 0
1 1)—
0 1

1
0
0

1
0
0

)
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o

0 0 1\s/0 1 O 0 0 O
B3=B%.B=|0 Ojfo 0 1]=(10 0 O
0O 0 0/\0 O O 0 0 O
So we have

010 0 0 1 0 0 O
B=|0 0 1|,B*=|0 0 0]etB*=|0 0 0),vn=>3
0 0 O 0 0 O 0 0 O

1- We will calculate A™ for neN.

According to Newton’s binomial, we have

n 0 1 0\ /1 0 o0\**
C,’fB"I"‘k=ZC,’f 00 1]{0o 1 o0

n

k=0 ko \0 0 0/ \0 0 1
01 0\°/1 0 0\" 0 1 0\'/1 0 o\"1

=c(o o 1){(o 1 o) +Cctlo o 1]{(0 1 0
0 0 o/ \0o 0 1 0 0 o/ \o 0 1
0 1 0\2/1 0 0\"?

+C2l0 0 1){0 1 O
0 0 o/ \0o 0 1

10 0 0 1 0\ ,p—1)/0 0 1
={0 1 0)+n{0 0 1)]+———{0 0 0
00 1 000 000

A= B+D" =

nn-—1)
1
— 2
0 1 n
0 0 1

Exercise3

Let the matrix A = ((1) D

We show by recurrence that A™ = ((1) 7;)

Set the property p(n): A = ((1) Tll)

g0 — (1 0y _ . _
p(0): A _(O 1)—11struef0rn—0

(1 I\_ 4. _
p(1):A _(O 1)—Als‘crueforn—l
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p(2):A2=A.A=((1) 1)((1) i)z((l) i)istrueforn=2

We assume that p(n): A™ = ((1) 711) is true and show that

1 n+1

p(n+1):4"1 = (0 1

)istrue?
st D=6 Y

So Vn € N: p(n) is true.
Exercice4

Let the matrix

0 0 a
A= (b 0 0)
0 c¢c O
We calculate A3" for neN.

0 0 aAN/0 O a 0 ac O
A? = (b 0 0) (b 0 O) = (O 0 ab)
0 ¢c 0/\0 ¢ O bc 0 0

0 ac O 0 0 a abc 0 0 1
A3=4%4=10 0 abllb 0 0)=( 0 abc 0 |=abc|O
bc O 0 0 c¢c O 0 0 abc 0

= abc.l

0
1
0

0
0
1

1 0 0
A3 = (43" = (abc. D)™ = (abc)™. I = (abc)™ (0 1 O) =

0 0 1
(abc)™ 0 0
0 (abc)™ 0
0 0 (abc)™

ExerciseS
Let A and B be two square matrices of the same order. Let us find a necessary and sufficient
condition to have

(A+B)(A—B) = A*> — B?
We have

(A+B)(A-B)=A2—B? < A2 —AB+BA—B?=A? - B? < AB = BA

Exercise6
We consider for each real number 6, the matrix

__(cosB8 —sinf
A(9) = (sinH cos 6 )



LINEAR ALGEBRA - LESSONS AND CORRECTED EXERCISES

1 — We show that A(8)A(0') = A(6+6") .

N _ (cos8 —sinB\ (cosO' —sinf’
A(0)-A(9") = (sinH cos 8 )(sinH’ cos 6’ )
_ (cos@ cosO' —sin@sin@®' —cosOBsinf' —sinb cos 9’)

sinB@cos 0B + cosOsin@’  cosBcosB' —sinlsinf’

cos(0+6") —sin(0+6")\ _ )
(sin(@ +6) cos(6+806') ) =A(6+0")

2 -We calculate (A (9))n for neN.

We have A(6)A(0') = A(6 + 6") , if we take 8 = 6', we will have
A®)AB) = (A(0))" = A6 + 6) = A(260)

By recurrence, suppose that
(A0)" = A(no)

We show that
n+1

(4®)

n+l n _(cosn@ —sinn6\(cosf —sinb
(4@)" = (4©®) 4©) = (sinnH cosné )(Sine cos @ )

=A((n+1)0)

_ (coan cosf —sinnf@sin@ —cosnfsinf — sinn@cos@)
sinnf@cos@ +cosnBsin@ cosnbcosO +sinnbsinb

_(cos(n+1)0 —sin(n+1) 9) _

B (Sin(n +1)6 cos(n+1)0 ) Aln+1)0
So we have

n_ __ (cosnf —sinnf

(4(8))" = Amo) = (sian cosné ) , Vn €N
Exercise7
Let the matrix

40 = (G o)

1 — We will show that
A(x).A(y) = A(x +y)

AGOA(Y) = (chx shx) (Chy shy) _ (chxchy + shxshy shxchy + shychx)
X)Aay) = shx chx/\shy chy) \shxchy + shychx chxchy + shxshy

_(ch(x+y) sh(x+y)

B (Sh(x +vy) ch(x+ y)) =AGc+y)

2 — We show by recurrence that
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(A)" = A(nx)

In the equation
A(x)A(y) = A(x + y), we pose y = x we will have

(A(0))" = A(2x)
Asume the property (A (x))n = A(nx) is true and show that
(A(x))ﬁ1 = A((n+ 1)x) is true

n+1 n _ (chnx shnx\ (chx shx
(A(x)) = (A()"AK) = (Shnx chnx) (shx chx)

_ (chnxchx + shnxshx shnxchx + chnxshx) _ (Ch(n +1Dx sh(n+ 1)x>
shnxchx + chnxshx chnxchx + shnxshx sh(n+ 1)x ch(n+ 1)x
=An+ 1x

then
(A(x))n = A(nx),vn € N

Exercise8
We will check that (AB)™! = B~1471

2 1 1\N/2 -3 —4 5 —-11 -16
AB=(0 1 0]J{1 O -=2])={|1 O -2
3 0 2/\0 -5 -6 6 —-19 -24

A t=1-= = -

On the other hand, we have

1/10 -2 -6\/2 -2 -1
B‘1A‘1=ﬁ -6 12 0 0 1 0
5 —10 —31 -3 3 2

9 9
=—|-12 24 6 |=|-2 = =

3

9

18\ 19 —29 —11
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Then

(AB)~! = B~14"1

Exercise9
Let A be an invertible square matrix such that
A2 —3A+1=0

Let’s show that A=t = 3] — A
Since A is invertible, then A~ exists (A™14 = AA™1 = I) and we have
A2 —3A+1=01=34A-A2 A1 =A"1(34- A%
© A1 =34"14A-A7147
©A1=31-4
Exercisel0
Let A be a square matrices such that A* = 0:

Show that
I-A)1=A34+A2+A4+1

Since A* = 0, we have
I=1—-A*=U-A)U+ A+ A%+ 43)

SU-ALI=U-A"TU-4AU+A+ A%+ 4%.
SU-ADT=1+A+A4A%+ 43

Exercicell
1 — We find two elementary matrices E; and E, such that E; E, A = [,.

2 /1 0
_(1 O\, >, -1, 2 _
L=(p P)t~hk734( 2 )=
- 3

1

==y 2)121512(3) §)=Ez
1 0\/1 O 1 0
rea=(_2 )0 16 9-(22 1)E 9-6 -
3

3 3 3

2 — We write A™! and A as the product of two elementary matrices

Since E E,A = I, and E; , E, are two elementary matrices which also are invertibles.
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Then we have

0 3

1 0\/1 0 1 0
3 3 3 3

A=E'E; ' A '=EE,=

~

Exercisel2

1 0 1
Letthematrix A= -1 1 -1
2 2 0

We show that
A =24+ A+21=0

1 0 1\/1 0 1 2 o 1
A% = (—1 1 —1) (-1 1 —1) = (_4 -1 _2)
2 2 0/\2 2 o 0 2 o
3 2 1\/1 0 1 s 4 1
SRCEEERNCEE
0 2 o0/\2 2 0 2 2 -2

Then

10 1 2 0 0 0 0 0
2 20 0 0 2 00 0

A3 =242+ A+2l=021=-A3+24%-A

Déduction of A™?1

el =§(—A3 + 242 - 4)
S A ==(-A2+24-1)

-3 -2 -1\ /2 0 2 1 0 o0
0 -2 0 4 4 0 0 o 1

@A_lz

N =



LINEAR ALGEBRA - LESSONS AND CORRECTED EXERCISES

Exercicel4
1-

f:R3 - R?
(x,y,z) > (x+y,22)

Let B and C the standard bases respectively of R® and R?.
We have

£(1,0,0) = (1,0)
£(0,1,0) = (1,0)
£(0,0,1) = (0,2)

So the associted matrix of this linear map relative to the standard bases B and C is as follows :

110)

MEBO=(y o ,

2- f:R3 > R3
x,y,z) > (x+y+z,x+y,x)

We have
£(1,0,0) =(1,1,1)
£(0,1,0) = (1,1,0)
£(0,0,1) = (1,0,0)
So the associted matrix of this linear map relative to the standard basis is as follows :

1 1 1
M(f,B)=(1 1 0)
10 0

3- f:R3 > R3
(x,y,2z) > (x+ 2y +3z,4x + 5y + 62,7x + 8y + 9z2)

£(1,0,0) = (1,4,7)
£(0,1,0) = (2,5,8)
£(0,0,1) = (3,6,9)

1 2 3
M(f,B)=<4 5 6)
7 8 9

53



Exercisel5

f:R3 > R3
(foIZ) - (x +vy —Z)
f(l,l,O) = (2;1) = a(O,l) + ﬂ(]_,()) = {lg z i
£(0,1,0) = (1,1) = a(0,1) + B(1,0) & {g - 1

a=-1
So the associated matrix of this linear map relativeto the bases B; and B, is

11—1)

M(BLB)=(; | )

Exercicel6

1 0 0 O
_[1 2 0 O
A= 01 3 0
0 0 1 1
2- We give the associated matrix of f starting from the basis B and arriving to the basis
B'.
1 0 0 O
[0 1 0 O
B=lo 01 0
0 0 0 1
Exercicel7

Let f be a linear map of E into itself. Suppose that the associated matrix of f relative to the

basis B = {e;, e,, €5} is as follows :
31 -1
A=(2 2 =2
1 -1 1

Let the base B' = {fi, f>, f5} such that

fi=extes, f=e te;, f3=e te,

We find the matrix M(f, B").

0 1 1
Let P = (1 0 1) the transition matrix from B to base B’.
1 1 0
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Then we have

N =

M(f,B") = P1AP =

-1 1 1 31 -1\/0 1 1
1 -1 1 2 2 =21 0 1
1 1 -1/\1 -1 1 1 1 0
. -1 1 1 0 2 4
=s{1 -1 1 0 0 4
1 1 —=-1/\0 2 0
. 0 0 O 0 0 O
=210 4 0)=10 2 0
0 0 8 0 0 4
Exercicel8
Let A be the associated matrix of the linear map f such that :
0 -1 0 3
A=({0 0 0 O
2 0 1 0
1- We find rg(A).
0 -1 0 3\¢c1—2¢c1—2c3/0 =1 0 O
A=10 0 O Ofcg—=cy+3c,{0 0 0 O]
2 0 1 0 - 0 0 1 0
Then rg(A) = 2
2- We find Ker(f) and Im(f) .
Let f be the linear application whose associated matrix is A.

f:R* > R3
(x,y,z,t) » (—y + 3t,0,2x + z)

Kerf ={(x,y,z,t): f(x,y,z,t) = 0}
={(x,y,z,t):y = 3t,z = —2x}
= {(x,3t,—2x,t):x,t € R}
= {x(1,0,—2,0) + £(0,3,0,1): x,t € R}
So B ={(1,0,—2,0); (0,3,0,1)} is a basis of Ker(f) and dim(Kerf) = 2
Imf={XY,2):f(x,y,2,t) = (X,Y,Z)}
={(X,0,2):X,Z € R}
= {(X,0,0) + (0,0,2): X, Z € R}
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= {X(1,0,0) + Z(0,0,1): X, Z € R}

Then B’ = {(1,0,0); (0,0,1)} is a basis of Im f and dim(Im f) = 2.

Exercicel9

1- We calculate £(1,2,3) and determine Kerf.

fR3 > R3
6, y,z) » (x,x,x —y+2z)

So £(1,2,3) = (1,1,2)

Kerf ={(x,y,2z) € R%: f(x,y,z) = (0,0,0)}

={(x,y,2) ER*:x =0,y = z}

2- WeprovethatImf ={X = (x,vy,z) € R3: f(X) = X}.

By definition, we have
Imf ={(a,b,c) €ER3f(x,y,z) = (a,b,c)}
={(a,b,c) ER*:a=x,b=x,c=x—y+2z}
={(a,a,c) € R3:a,c € R}
On the other hand, we have
{(xy,2) € R® f(x,y,2) = (x,y,2)} = {(x,y,2) € R®:x =y}
={(x,x,z) ER3:x,z €ER}

Then we have
Imf={X=(y,2) €R%f(X)=X}.

Exercice20
Find the rank of the matrix 4,B,C,D and E

1 2 3\ Lob-24/1 2 3\ /1 2 3
A={2 3 2| 1;>1,-3,(0 -1 —4]3 7 37>2(0 -1 —4
31 1 N 0 -5 -8 0 0 12

rg(A) =3
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1 0 1 O\L-oL+L/1 0 1 0
go[-1 2 0 0|lz>l—L[0 2 10
1 3 2 1),-L+5,l0 3 11
—1 -2 4 0 N 0 -2 5 0
10 1 0 10 1 0
b=2=3L1G 5 1 o\,>L+6L[0 2 1 0
b=obt+lh | g g 21 2 N 00 -1 0
- 00 6 0 00 0 12
rg(B) =4
11 0 -2 11 0 =2
c-(01 =2 1 u-n-3u(0 1 -2 1
05 3 7 N 05 3 7
33 0 -6 00 0 0
11 0 =2
L-l—5L[0 1 -2 1
5 0 0 13 2
00 0 0
rg(C) =3
1 3\l > L-2L1 3\, _, (1 3
D=2 4|l,>1-21,(0 —2)37 327 2(0 -2
2 4 5 0 -2 0 0
rg(D) =2

/2 4 6\12_)212“1 /2 4 6\
E=1] 3 1 7 0 —-10 -4
14_)14_2l1
4 8 12 I = 2L —1 0 0 0
1 2 3/ ° 5> 1 \o o 0

rg(E) =2

Exercice21
1- Calculate the rank of the matrix 4

—2 2\l >2l,+3l, /-2 2 . /-2 3
A=(3 3)13—>13+211(0 12)13_’35 212(0 12)
4 4 - 0 8 0 0
So the rank of the matrix A is rg(4) = 2
2- Calculate the matrix A*4 and his rank
-2 2
tr_(—2 3 4 _ (29 21
AA_(Z 3 4) 3 3 _(21 29)

4 4
rg(AtA) = 2
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Exercice22
Discuss the rank of the following matrix

a 1 1 m—2 2 -1
A=<1 a 1>,aEIR ; B=( 2 m 2 ),mE]R

1 1 «
a 0 b
C=|(b a 0),abeR

0 b a

a 1 1
Let the square matrix A=(1 a 1
1 1 «a

a+0,a+-—-1

a 1 1\ L-al,—- /«x 1 1
A=|1 a 1| L->al;—-,|0 a*-1 a-1

1 1 «a - 0 a—1 a?-1

a 1 1
—>(a+1)l3—l2<0 a2_1 a—1 )
- 0 0 ala—1D(a+2)

Ifa=1=rg(4) =1
Ifa=-2=>rg(A) =2

Ifa+l,a+-2=rg(A)=3

a=20
A:(‘i 0 i)lwlrlz(? 0 i)lwlﬁh(? 0 i)
110 - 01 -1 - 0 2 0
rg(4) =3
a=-1
1 1 1\L-obL+lL/-1 1 1
A=<1 —1 1>l3—>l3+l1(0 0 2)
1 12—210 N 022000
ll—>211—12<0 : 2)11—>l1 < 0 2)
- 0 2 0 2 0
rg(A) =3
m-—2 1
Let the matrix B =( 2 )
2m 2m+2 m+1

m=20
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2 2 -1 2 2 -1 2 2 -1
B=<2 0 2)5*f+“(0 2 1)%*f_b<o 2 1)
0o 2 1 0 2 1 0 0 0

rg(B) = 2
m=1
102 AN\l lhL+2, /-1 2 -1 /-1 2 -1
B=(2 1 2>heh+2h(0 5 0)%*55 85(0 5 0)
2 4 2 5 0 8 0 0 0 0
rg(B) = 2
m=2
0 2 -1 0 2 -1 0 0 0
13=<2 2 z)b'*%?"43<o _2 1>h7*2'kb(0 —2 1)
4 6 3 4 6 3 4 6 3
rg(B) =2

Ifm+0m=+=1m=+2, thenrg(B) =3
Exercice23
If A is a square matrix such as A2 — A + I = 0, show that A is invertible and find this
inverse ?

A2—A+1=01=A—-A2=A(-4)
Then the matrix A is invertible and its inverse is as follows :

Al=1-4

Exercise 24
If A is a square matrix of order n such that (A — kI)? = 0. Show that 4 is invertible if and
onlyifk # 0,k € R.

(A—kD?>=(A—-kI)(A—kI) =A*>-2kA+k?*I =0
1 1
o 1= AQ@KI = 4) = 4| @K1 - 1)
Then the matrix A4 is invertible if and only if k # 0 et keR and its inverse is as follow

1
Al = P 2kl — A)
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