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Abstract

In this thesis , we prove the existence and uniqueness of integrable solutions for boundary
value problems for implicit fractional differential equation and inclusions with fractional
derivative in the sense of Caputo and Caputo-Hardamard with non-local condition and
integral boundary conditions. Our results are obtained by means of fixed point theorems
(Schauder, Banach contraction principle, Nonlinear alternative of Leray-Schauder and
fixed point theorem for contraction multivalued type maps due to Covitz and Nadler.)
Key words and phrases: Initial value problem, boundary value problem, existence of
solutions , Caputo fractional derivative, Hardamard-Caputo fractional derivative, implicit
fractional order differential equation, integrable solutions,convex, non convex, Banach
space, fixed point ,non-local conditions , integral conditions, implicit fractional differential
inclusions , fractional differential inclusions .

Résumé

Dans cette thèse, nous avons prouvé l’existence et l’unicité des solutions intégrales pour
des problèmes aux limites concernant les équations et inclusions différentielles fraction-
naires implicites avec des dérivées fractionnaires au sens de Caputo et Caputo-hardmard
avec des conditions aux limites non locales et intégrales.
Pour cela, on a utilisé quelques théorèmes de point fixe tels que Banach , Schauder,
Alternative non linèaire de Leray Schauder et le théorème de Covitz et Nadler.
Mots et phrases clés: problème à valeur initiale, problèmes aux limite, existence des
solutions, dérivée fractionnaire de Caputo, dérivée fractionnaire de Hadamard-Caputo,
équations différentielles fractionnaire implicite,solutions intégrables, convexe, non con-
vexe, espace de Banach, point fixe, conditions non locales, Conditions intégrales, inclu-
sions différentielles fractionnaires implicites, inclusions différentielles fractionnaires.
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Introduction

The story of the derivative of non-integer order is one of the most beautiful adventures of
the human spirit in which several generations of mathematicians have engaged and physi-
cists. It extends from the 17th century to the present day. The number of publications
and scientific meetings in the recent period dedicated to him testifies to the importance
of the problems that this concept has raised, both theoretical that applied. It can be said
that it has become a full-fledged discipline. Specialist agree to trace the beginning of this
story back to the the year 1695 when Leibniz, in a letter[77]to the Guillaume Hôspital,
wanted to initiate a discussion on a possible theory of the non-integer derivation of a
function. In its response, the Hospital questioned what if we put n = 1

2
in the formulae

dny

dxn
?!.Gottfried Leibniz’s answer contained roughly this sentence : ”...this would lead to

a paradox from which, one day, we can draw useful consequences”. It took until the 1990s
to see the first ” consequences useful.

The field of differential calculation and fractional integration has evolved significantly
in recent years .Fractional order equations have become valuable tools in mathematical
modeling of many phenomena in various fields of science and engineering in reality .There
are many applications in elastic viscosity, electrochemistry, porous media, electromagnetic,
control, porous media etc.In the monographs of Hilfer [67], Kilbas et al. [73], Podlubny
[84], Momani et al. [79], Samko et al. [85], Delbosco and Rodino [45], Diethelm et al.
[49],[50],[48],

Differential equations and inclusions of fractional order have recently proved to be
valuable tools in the modeling of many phenomena in various fields of science and en-
gineering. Indeed we can find numerous applications in viscoelasticity, electrochemistry,
electromagnetism, and so forth. For details, including some applications and recent re-
sults, see the monographs of Kilbas et al. [73],Polubny [82], and the papers of Agarwal et
al. [7], Momani et al.[79], Guerraiche et al. [59], and the references therein.

There are many researchers interested in the study of existence solutions and the
uniqueness of solutions of initial and Boundary value problems of fractional differential
equations (see Agarwal et al.[6], Ahmad et al.[11], Ahmad et al. [12], Benchohra et
al.[18, 19, 20], Graef et al.[57],Guerraiche et al.[60], Houas et al.[66], Kilbas[73]).

Implicit differential equations involving the regularized fractional derivative were an-

7
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alyzed by many authors, in the last year ; see for instance [3] and the references therein.
[25, 26, 27]

Nonlocal conditions were initiated by Byszewski [37] for evolution equations when he
proved the existence and uniqueness of mild and classical solutions of nonlocal Cauchy
problems. As remarked by Byszewski [38], the nonlocal condition can be more useful than
the standard initial condition to describe some physical phenomena.

Boundary value problems with integral boundary conditions constitute a very inter-
esting and important class of problems. They include two, three, multipoint, and nonlocal
boundary value problems as special cases. Integral boundary conditions appear in popu-
lation dynamics [31] and cellular systems.

The Caputo fractional derivative is very useful in many applied problems, because
it saisfies its initial data which contains y(0), y′(0), etc., as well as the same data for
boundary conditions.

The Caputo-Hadamard fractional derivative given by Jarad et al [70] is a modifi -
cated Hadamard fractional derivative, but unlike the Hadamard fractional derivative, the
Caputo-Hadamard fractional derivative of a constant is 0, and this was inherited from
the Caputo’s derivative. Recently, many researchers studied different fractional problems
involving the Caputo Hadamrd derivative; see, for example, the papers of W. Shammack
[86]and Y. Adjabi et al [5].

The previous study we relied on is the thesis[61]and the thesis[89]
In the thesis[89], the authors study the existence of solutions for many problems of im-
plicit functional fractional differential equations with Caputo Fractional derivative.

In this thesis,we investigate the existence of solutions for many problems of implicit
fractional differential equations and inclusions with Caputo and Caputo-Hadamard Frac-
tional derivative, we use several fixed point theorems.
as follows:
In the first chapter, we give some notations and definitions concerned the fractional calcu-
lus and the set-valued maps also we recall some fixed point theorems. In the first section
of this chapter we give some notations. The second section is devoted to the fractional
calculus. In the third section we shall be concerned by the set-valued maps theory and
definitions for Implicit deferential equation and inclusion. In the last section we recall
some fixed point theorems

In the second chapter, we present our first main result. In the first section, we study
the existence of integrable solutions for implicit fractional differential equations with the
Caputo-Hadamard fractional derivative of order α ∈ (1, 2]. Our results are based on
Schauder’s fixed point theorem and the Banach fixed point theorem. We give an example
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to illustrate our main results.
In the second section , we study the existence of integrable solutions of the problem for
implicit fractional differential equations with the Caputo- Hadamard fractional derivative
order α ∈ (0, 1] with nonlocal condition . Our results are based on Schauder fixed point
theorem and the Banach contraction principle. In the we give an example to illustrate
our main results.

In the third chapter, in its first section , we study boundary value problems for im-
plicit fractional differential inclusions with Caputo fractional derivative order α ∈ (0, 1]
and nonlocal condition, In the convex case, our approach here is based upon the nonlinear
alternative of Leray- Schauder.
In the nonconvex case, here our result relies on the fixed point theorem for contraction
multivalued maps due to Covitz and Nadler. We give an example to illustrate our main
results.
In the second section , we study problems for implicit fractional differential inclusion with
Hadamard-Caputo fractional derivative order α ∈ (0, 1] with nonlocal condition. In the
convexe case, our approach here is based fixed point theorem of Bohnnenblust-Karlin. In
the the nonconvex case, here our result relies on the fixed point theorem for contraction
multivalued maps due to Covitz and Nadler. We give an example to illustrate our main
results

In the fourth chapter, we present our main result. In the first section, we study
boundary value problems for fractional differential inclusion with nonlocal condition and
Hadamard-Caputo fractional derivative of order r ∈ (1, 2]. In the convexe case, our ap-
proach here is based upon the nonlinear alternative of Leray- Schauder. In the the non-
convex case, here our result relies on the fixed point theorem for contraction multivalued
maps due to Covitz and Nadler. We give an example to illustrate our main results.
In the second section, we study nonlinear boundary value problems for fractional dif-
ferential inclusions with Integral Conditions and Hadamard-Caputo fractional derivative
of order r ∈ (1, 2]. In the convex case, our approach here is based upon the nonlinear
alternative of Leray- Schauder. In the nonconvex case, here our result relies on the fixed
point theorem for contraction multivalued maps due to Covitz and Nadler. We give an
example to illustrate our main results



Chapter 1

Preliminaries

1.1 Notations and definitions

Let C(J, IR) the Banach space of all continuous functions from J into IR with the norm

‖y‖∞ = sup{|y(t)| : t ∈ J},

L1(J, IR) denote the Banach space of measurable functions y : J −→ IR which are
Lebesgue integrable with norm

‖y‖L1 =

∫
J

|y(t)|dt.

AC(J, IR) is the space of functions y : J → IR that are absolutely continuous.

Let δ = t
d

dt
, We set

ACn
δ (J, IR) = {y : J → IR : δn−1h(t) ∈ AC(J, IR)},

And
AC1(J, IR) is the space of functions y : J → IR which are derivable and have a continuous
first derivative.

Definition 1.1 [44] A map f : J × IR× IR 7−→ IR is said to be L1 Carathéodory if

(1) the map t 7−→ f(t, x, y) is measurable for each (x, y) ∈ IR× IR

(2) the map (x, y) 7−→ f(t, x, y) continuous for almost all t ∈ J

(3) For each q > 0, there exists hq ∈ L1(J, IR) such that

|f(t, x, y)| ≤ hq(t)

for |x| ≤ q, |y| ≤ q and for a.e. t ∈ J

10



11 CHAPTER 1. PRELIMINARIES

Definition 1.2 ([89]) An operator T : E −→ E is called compact if the image of each
bounded set B ∈ E is relatively compact i,e( T (B)) is compact .T is called completetly
continuous operator if is continuous and compact.

Theorem 1.3 (Kolmogorov compactness criterion [30] ). Let Ω ⊆ Lp(J, IR), 1 ≤ p ≤
+∞.. If

(i) Ω is bounded in Lp(J, IR) and

(ii) uh → u as h → 0, uniformly with respect to u ∈ Ω, then Ω is relatively compact in
Lp(J, IR), where

uh(t) =
1

h

∫ t+h

t

u(s)ds.

1.2 Some properties of fractional calculus

1.2.1 Introduction

Gottfried Wilhelm Leibniz was the first mathematician who gave a sense to the expression
dnf

dxn
which means the derivative of order n of the real function f , such that n is integer.

In 1695, G.W.Leibniz and the French mathematician Marquis De L’Hospital discussed
the possibility to generalize the concept of the derivative of order n, given by leibniz, to
the case when n is non integer. This great idea whose appears easy to realize! Because
like its known the following expression

dα

dxα
eλx = λαeλx (1.1)

is valid when α is integer but it is not the case when α is not integer, this is called the
Leibniz’ paradox.
By defining and using his Gamma function Γ, which is a generalization of the product
1.2...n = n!, Euler was able to introduce the following fractional derivative

dα

dxα
xβ =

Γ(β + 1)

Γ(β − α + 1)
xβ−α, α, β ∈ Q. (1.2)

Unfortunately, this don’t resolve completely the Leibniz’ paradox. Indeed, by using this
fractional derivative, we have

dα

dxα
ex =

dα

dxα

∞∑
k=0

xk

k!
=
∞∑
k=0

Γ(k + 1)

k!Γ(1− α + β)
xk−α 6= ex (1.3)

Motivating by Leibniz’ paradox many researchers (Fourier, Liouville, Rieman, Grunwald,
Letnikov,...) who have contributed with different ideas, which developed the sciense of
Fractional Calculus. Nowadays, we distinguish different fractional integrals and deriva-
tives.
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1.2.2 Fractional integral and derivative of Riemann-Liouville

As we know, the integration of order n (n is integer) of the function f is given by∫ x

a

dt1

∫ t1

a

dt2...

∫ tn−1

a

f(tn)dtn =
1

(n− 1)!

∫ x

a

(x− t)n−1f(t)dt (1.4)

by using the function Γ, we can give to this formula a sens when n is non integer.

Definition 1.4 ([73], [85]) Let h ∈ L1([a, b], IR). The left sided fractional integral of
Riemann-Liouville of order α is defined by

(Iαa h)(t) =
1

Γ(α)

∫ t

a

(t− s)α−1h(s)ds,

where α > 0. When a = 0, we write

Iαh(t) = h(t) ∗ ϕα(t)

where

ϕα(t) =


tα−1

Γ(α)
for t > 0

0 for t ≤ 0,

and

ϕα → δ(t) as α→ 0

where δ is the delta function.

Example 1.5 ([85], section 2.5) Let h(t) = (t − a)β where t > a and β > −1.Then we
have

(Iαa h)(t) =
1

Γ(α)

∫ t

a

(t− s)α−1(s− a)βds,

We set y =
s− a
t− a

and

1

Γ(α)

∫ t

a

(t− s)α−1(s− a)βds =
1

Γ(α)

∫ 1

0

(t(1− y)− a(1− y))α−1yβ(t− a)β(t− a)dy

=
1

Γ(α)

∫ 1

0

((1− y)(t− a))α−1yβ(t− a)β(t− a)dy

=
(t− a)α+β

Γ(α)

∫ 1

0

(1− y)α−1yβdy

Since

B(α, β + 1) =
Γ(α)Γ(β + 1)

Γ(α + β + 1)
, (B is the Beta function, see the Annex)

we have
1

Γ(α)

∫ t

a

(t− s)α−1(s− a)βds =
Γ(β + 1)(t− a)α+β

Γ(α + β + 1)
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Example 1.6 Let h(t) = exp(λt) where λ > 0.Then we have

Iαa exp(λt) =
1

Γ(α)

∫ t

a

(t− s)α−1 exp(λs)ds

=
1

Γ(α)

∫ t

a

(t− s)α−1
∑
k≥0

(λs)k

k!
ds

=
∑
k≥0

λk

k!Γ(α)

∫ t

a

(t− s)α−1skds

Now, by using the Example1.5, we have

Iαa exp(λt) = λ−α
∑
k≥0

(λt)α+k

Γ(α + k + 1)

Definition 1.7 ([73], [85]) Let h be a function given on the interval [a, b]. The left-
handed fractional derivative of Riemann-Liouville of order α, is defined by

(Dα
a+h)(t) =

1

Γ(n− α)

(
d

dt

)n ∫ t

a

(t− s)n−α−1h(s)ds.

Here n = [α] + 1 and [α] denotes the integer part of α.

Theorem 1.8 ([85], section 2.3) Let h ∈ C([a, b], IR). For all α > 0 and β > 0, we have

IαIβh = Iα+βh

Proof: We have

IαIβh =
1

Γ(α)Γ(β)

∫ t

a

(t− s)α−1ds

∫ s

a

(s− x)β−1h(x)dx

By Fubini theorem, we have

IαIβh =
1

Γ(α)Γ(β)

∫ t

a

∫ s

a

(t− s)α−1h(x)(s− x)β−1dsdx

=
1

Γ(α)Γ(β)

∫ t

a

(
h(x)

∫ t

x

(t− s)α−1(s− x)β−1ds

)
dx

We set s = x+ z(t− x), we have∫ t

x

(t− s)α−1(s− x)β−1ds =

∫ 1

0

(t− x− z(t− x))α−1(z(t− x))β−1(t− x)dz

= (t− x)α+β−1

∫ 1

0

(1− z)α−1zβ−1dz

= (t− x)α+β−1B(α, β).



1.2. SOME PROPERTIES OF FRACTIONAL CALCULUS 14

Hence

IαIβh =
B(α, β)

Γ(α)Γ(β)

∫ t

a

h(x)(t− x)α+β−1dx

= Iα+βh

2

Theorem 1.9 ([85], Theorem 2.4) Let h be a summate function. then we have

Dα
a+I

α
a h = h

Proof: As in Theorem 1.8, we have

Dα
a+I

α
a h =

1

Γ(α)Γ(n− α)

(
d

dt

)n ∫ t

a

(t− s)n−α−1ds

∫ s

a

(s− x)α−1h(x)dx

=
1

Γ(α)Γ(n− α)

(
d

dt

)n ∫ t

a

∫ s

a

(t− s)n−α−1h(x)(s− x)α−1dsdx

=
1

Γ(α)Γ(n− α)

(
d

dt

)n ∫ t

a

(
h(x)

∫ t

x

(t− s)n−α−1(s− x)α−1ds

)
dx.

We set s = x+ z(t− x), we have∫ t

x

(t− s)n−α−1(s− x)α−1ds =

∫ 1

0

(t− x− z(t− x))n−α−1(z(t− x))α−1(t− x)dz

= (t− x)n−1

∫ 1

0

(1− z)n−α−1zα−1dz

= (t− x)n−1B(n− α, α).

Hence

Dα
a+I

α
a h =

B(n− α, α)

Γ(α)Γ(n− α)

(
d

dt

)n ∫ t

a

h(x)(t− x)n−1dx

=
1

Γ(n)

(
d

dt

)n ∫ t

a

h(x)(t− x)n−1dx.

Now, by using the formule 1.4, we have

Dα
a+I

α
a h = h.

2

1.2.3 Fractional derivative of Caputo

Definition 1.10 [73] Let h be a function given on the interval [a, b]. The left-sided frac-
tional derivative of Caputo of order α, is defined by

(cDα
a+h)(t) =

1

Γ(n− α)

∫ t

a

(t− s)n−α−1h(n)(s)ds.

Here n = [α] + 1 and α > 0.
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Remark 1.11 ([73], Lemma 2.2) The fractional derivative of Riemann-Liouville and the
fractional derivative of Caputo are connected with each other by the following relation:

(cDα
a+h)(t) = Dα

a+

[
h(t)−

n−1∑
k=0

f (k)(a)

k!
(x− a)k

]

To prove this we use the following representation of the fractional derivative of Riemann-
Liouville ([85], Theorem 2.2):

(Dα
a+h)(t) =

n−1∑
k=0

h(k)(a)

Γ(1 + k − α)
(t− a)k−α +

1

Γ(n− α)

∫ t

a

(t− s)n−α−1h(n)(s)ds

=
n−1∑
k=0

h(k)(a)

Γ(1 + k − α)
(t− a)k−α + (cDα

a+h)(t).

or

(cDα
a+h)(t) = Dα

a+

[
h(t)−

n−1∑
k=0

f (k)(a)

k!
(x− a)k

]
.

Example 1.12 ([73], Property 2.16) Let h(t) = (t − a)β where t > a and β > −1, then
we have

(cDα
a+h)(t) =

1

Γ(n− α)

∫ t

a

(t− s)n−α−1 d
n

dsn
(s− a)βds.

Since

(cDα
a+h)(t) = In−αa

(
dn

dtn
h(t)

)
.

then

(cDα
a+h)(t) = In−αa

(
dn

dtn
(t− a)β

)
= In−αa

(
Γ(β + 1)(t− a)β−n

Γ(β − n+ 1)

)
=

Γ(β + 1)

Γ(β − n+ 1)
In−αa

(
(t− a)β−n

)
.

Now by using the result in Example 1.5, we have

cDα
a+(t− a)β =

Γ(β + 1)(t− a)β−α

Γ(β − α + 1)
.

Proposition 1.13 [86] Let α,β > 0. Then we have

(1) Iα : L1(J, IR)→ L1(J, IR), and if f ∈ L1(J, IR), then

IαIβf(t) = IβIαf(t) = Iα+βf(t)
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(2) if f ∈ Lp(J, IR) ,1 < p <∞ , then ‖ Iαf(t) ‖Lp≤ Tα

Γ(α+1)
‖ f(t) ‖Lp .

(3) The fractional integration operator Iα is linear.

(4) The fractional order integral operator Iα maps L1(J, IR) into itself.

(5) When α = n, Iα0 is the n-fold integration.

(6) The Caputo and Riemann-Liouville fractional derivative are linear.

(7) The Caputo derivative of a constant is equal to zero.

Lemma 1.14 [86] Let α > 0. Then the differential equation

cDαh(t) = 0

has solutions
h(t) = c0 + c1t+ c2t

2 + c3t
3...+ cn−1t

n−1

ci ∈ IR,i = 0, 1, 2, 3, ..., n− 1, n = [α] + 1.

Lemma 1.15 [86] Let α > 0. Then

Iα cDαh(t) = c0 + c1t+ c2t
2 + c3t

3...+ cn−1t
n−1 + h(t)

ci ∈ IR,i = 0, 1, 2, 3, ..., n− 1, n = [α] + 1.

1.2.4 The Hadamard fractional integral and derivative

Definition 1.16 ([73],[85]) Let h be a real function defined on [a,+∞), such that a ≥ 0.
The Hadamard fractional integral of order α of h is defined by

(HIαh)(t) =
1

Γ(α)

∫ t

a

(
log

t

s

)α−1
h(s)

s
ds, α > 0,

provided the integral exists.

Definition 1.17 ([73], [85]) Let h be a real function defined on [a,+∞), such that a ≥ 0.
The α Hadamard fractional-order derivative of h is defined by

(HDαh)(t) =
1

Γ(n− α)

(
t
d

dt

)n ∫ t

a

(
log

t

s

)n−α−1
h(s)

s
ds.

Here n = [α] + 1 and [α] denotes the integer part of α and log(.) = loge(.).

Example 1.18 ([73]) Let h(t) =

(
log

t

a

)β
where t > a > 0 and β > −1. Then we have

(HIαh)(t) =
1

Γ(α)

∫ t

a

(
log

t

s

)α−1(
log

t

a

)β
ds

s
,
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We set,
(

log
s

a

)
=y

(
log

t

a

)
, we have

1

Γ(α)

∫ t

a

(
log

t

s

)α−1(
log

t

a

)β
ds

s
=

1

Γ(α)

∫ 1

0

(log t(1− y)− log a(1− y))α−1

yβ (log t− log a)β (log t− log a)dy

=
1

Γ(α)

∫ 1

0

((1− y)(log t− log a))α−1 yβ

(log t− log a)β (log t− log a)dy

=
(log t− log a)α+β

Γ(α)

∫ 1

0

(1− y)α−1yβdy

=

Γ(β + 1)

(
log

t

a

)α+β

Γ(α + β + 1)
.

Proposition 1.19 [86] Let α,β > 0. Then we have

(1) HIα : L1(J, IR)→ L1(J, IR), and if f ∈ L1(J, IR), then

HI
αHI

β
f(t) = HI

βHI
α
f(t) = HI

α+β
f(t)

(2) If f ∈ Lp(J, IR) ,1 < p <∞ , then ‖ HIαf(t) ‖Lp≤
(log T )α

Γ(α + 1)
‖ f(t) ‖Lp .

(3) The fractional order integral operator HI
α

is linear.

(4) The fractional order integral operator HI
α

maps L1(J, IR) into itself.

(5) When α = n, HI
α
0 is the n-fold integration.

1.2.5 The Caputo-Hadamard fractional derivative

Definition 1.20 [5] Let r ≥ 0 and n−1 < r ≤ n, where n = [r]+1, and h ∈ ACn
δ [1,+∞).

The Caputo-Hadamard fractional derivative of order r is defined by

(Hc D
rh)(t) =

1

Γ(n− r)

∫ t

1

(
log

t

s

)n−r−1

δnh(s)
ds

s

= HIn−r(δnh)(t).

Example 1.21 We consider the function f defined by:

f : t→
(

log
t

a

)β
.

We have

C
HD

α
a

(
log

t

a

)β
=

1

Γ(n− α)

∫ t

a

(
log

t

s

)n−α−1

δn
(

log
s

a

)β ds
s
.
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If we take β =
3

2
,α =

1

2
, et n = 1, so

δn
(

log
s

a

)β
= δ1

(
log

s

a

) 3
2

=
3

2

(
log

s

a

) 1
2

and

C
HD

1
2
a

(
log

t

a

) 3
2

=

3

2

Γ

(
1

2

) ∫ t

a

(
log

t

s

)1− 1
2
−1 (

log
s

a

) 1
2 ds

s
.

We set µ =
log

s

a

log
t

a

,

(
log

t

a

)
dµ =

ds

s
.

we obtain

C
HD

1
2
a

(
log

t

a

) 3
2

=

3

2

(
log

t

a

)
Γ

(
1

2

) ∫ 1

0

µ
1
2dµ,

=
3

2
√
π

(
log

t

a

)
.

Definition 1.22 [73] The Hadamard fractional derivative of order r > 0 applied to the
function h ∈ ACn

δ ([1,+∞), IR) is defined as

(HDq
1h)(t) = δn(HIn−r1 h)(t),

where n− 1 < r < n, n = [r] + 1, and [r] is the integer part of r.

Definition 1.23 [70] For a given function h ∈ ACn
δ ([a, b], IR), such that 0 < a < b, the

Caputo-Hadamard fractional derivative of order r > 0 is defined as follows:

H
c D

ry(t) =H Dr

[
y(s)−

n−1∑
k=0

δky(a)

k!

(
log

s

a

)k]
(t),

where Re(α) ≥ 0 and n = [Re(α)] + 1.

Lemma 1.24 [70] Let y ∈ ACn
δ ([a, b], IR) or Cn

δ ([a, b], IR) and α ∈ C. Then

HIr(HcDry)(t) = y(t)−
n−1∑
k=0

δky(a)

k!

(
log

t

a

)k
.
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1.3 Multi-valued analysis

For any Banach space (X, ‖ · ‖), we set

Pcl(X) = {Y ∈ P(X) : Y closed},

Pb(X) = {Y ∈ P(X) : Y bounded},

Pcp(X) = {Y ∈ P(X) : Y compact},

Pcp,c(X) = {Y ∈ P(X) : Y compact and convex}.

Definition 1.25 A multi-valued map(also called set valued map)F : X 7→ Y is an appli-
cation which associate with any x ∈ X a subset F (x) which belongs to P(Y), where X
and Y are two sets.

The multi-valued map has a great important in many fields of mathematics, as examples

- Quasi variational problems (as example, see [78]): in this kind of problems the
multi-valued map is called the variational selection S and it is depends with the
own solution of the problem, as example, we give the following quasi variational
problem:
find u,

u ∈ S(u) and f(u,w) ≤ 0, ∀w ∈ S(u).

- Differential inclusions: in this type of problems we make different conditions on
the multi-valued map in order to find the solution. As example we give the following
differential inclusions:

y′(t) ∈ F (t, y(t)), for almost all t ∈ J. (1.5)

Where F is a multi-valued map.

- Ill posed problems: In this well known problems, the set valued map allows us
to get the unique solution of the problem without restriction of the map.

For more details on multi-valued maps see for example the book of Aubin and Frankowska
[16].

1.3.1 Definitions

Definition 1.26 [16] The domain of a multivalued map F is the subset of elements x ∈ X
such that F (x) is not empty:

Dom(F ) = {x ∈ X|F (x) 6= ∅}
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Definition 1.27 [16] Let X and Y be metric spaces. A multi-valued map F from X to
Y is characterized by its graph Graph(F ), the subset of the product space X × Y , defined
by

Graph(F ) = {(x, y) ∈ X × Y |y ∈ F (x)}.

Definition 1.28 [19] Let X, Y be nonempty sets and F : X 7→ P (Y ).Then

(1) The single-valued operator f : X 7→ Y is called a selection of F if and only if
f(x) ∈ F (x), for each x ∈ X.

(2) The set of selections of F is defined by

SF,y = {v ∈ L1(J, IR) : v(t) ∈ F (t, y(t)) a.e. t ∈ J}.

Definition 1.29 [16] A multi-valued map F : X → P(X) is convex (closed) valued if
F (x) is convex (closed) for all x ∈ X.

Definition 1.30 [19] A multi-valued map F : J → Pcl(IR) is said to be measurable if for
every y ∈ IR, the function:

t→ d(y, F (t)) = inf{|y − z| : z ∈ F (t)}

is measurable.

1.3.2 Continuity of multi-valued maps

Let X be a topological space and let F : X 7→ P(X) be a multi-valued map.

Definition 1.31 [59]

(1) F is called upper semi-continuous (u.s.c.) on X if for each x0 ∈ X, the set F (x0)
is a nonempty subset of X, and for each open set N of X containing F (x0), there
exists an open neighborhood N0 of x0 such that F (N0) ⊂ N.

(2) F is called lower semi-continuous on X if for each x0 ∈ X the set F (x0) is a
nonempty subset of X, and for each open set N such that N ∩ F (x0) 6= ∅, there
exists an open neighborhood N0 of x0 such that

x ∈ N0 ⇒ F (x) ∩N 6= ∅.

Now we give the equivalent definitions of semi continuity in metric spaces X and Y.

Remark 1.32 ([16], P 39) There is no relation between the upper semi continuity and
the lower semi continuity.
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Proposition 1.33 ([16], Proposition (1.4.8)) The graph of an upper semi-continuous
multi-valued maps F : X → Y with closed domain and closed values is closed. The
converse is true if we assume that Y is compact.

Definition 1.34 A multi-valued map operator F is called completely continuous if F (B)
is relatively compact for every B ∈ PB(X).

Definition 1.35 [19] A multi-valued map F : J×IR→ P(IR) is said to be Carathéodory
if:

(1) t→ F (t, u) is measurable for each u ∈ IR.

(2) u→ F (t, u) is upper semi-continuous for almost all t ∈ J.

Definition 1.36 [51] A multi-valued maps F : J×IR×IR→ P(IR) is said to Carathéodory
if

(1) t→ F (t, u, v)is measurable for each u, v ∈ IR.

(2) u→ F (t, u, v) is upper semi-continuous for almost all t ∈ J.
Further a Carathéodory function is called L1-carathéodory,

(3) For each ρ > 0,there exists φρ ∈ L1(J, IR+) such that

‖F (t, u, v)‖ = sup{|v|, v ∈ F (t, u, v)} < φρ(t),for all |v|,|u| < ρ.

Definition 1.37 ([39], P 132) Let (X, d) be a metric space induced from the normed
space (X, | · |). The Hausdorff-Pompeiu metric Hd : P(X)×P(X)→ IR+ ∪ {∞} is given
by:

Hd(A,B) = max{sup
a∈A

d(a,B), sup
b∈B

d(A, b)}.

Definition 1.38 [54] A multi-valued operator N : X → Pcl(X) is called

(1) γ-Lipschitz if and only if there exists γ > 0 such that

Hd(N(x), N(y)) ≤ γd(x, y), for each x, y ∈ X.

(2) a contraction if and only if it is γ-Lipschitz with γ < 1.



1.4. SOME FIXED POINT THEOREMS 22

1.4 Some fixed point theorems

Theorem 1.39 [55](Banach fixed point theorem) Let C be a non-empty closed subset of
a Banach space X. Then any contraction mapping T of C into itself has a unique fixed
point.

Theorem 1.40 [55] Let X be a Banach space and C a nonempty closed convex subset
of X. Let U a nonempty open subset of C with 0 ∈ U and T : U → Pcp,c(C) is a upper
semi-continuous compact map. Then either

(1) T has fixed points in U , or

(2) There exist u ∈ ∂U and λ ∈]0, 1[ with u ∈ λT (u).

Theorem 1.41 [29](Bohnenblust-Karlin 1950). Let X be a Banach space and K ∈ Pcl,cv
and suppose that the operator G : K → Pcl,cv(k) is upper semi-continuous and the set
G(K) is relatively compact in X. Then G has a fixed point in K.

Now we give the theorem of Covitz and Nadler concerning the multi-valued contrac-
tion.

Theorem 1.42 [43] Let (X, d) be a complete metric space. If N : X → Pcl(X) is a
contraction, then FixN 6= ∅.

Theorem 1.43 [47](Schauder fixed point theorem) Let E be a Banach space and Q be a
convex subset of E and T : Q → Q be a compact and continuous map. Then T has at
least one fixed point in Q.



Chapter 2

Integrable solutions for Implicit
Fractional Differential Equations

1

2.1 Integrable solutions for implicit frac diff equa

In this chapter, we study the existence of integrable solutions of the boundary value
problem for implicit fractional order differential equation

H
c D

αy(t) = f(t, y(t), Hc D
αy(t)), for a.e. t ∈ J = [1, T ], 1 < α ≤ 2, (2.1)

y(1) = y1, y(T ) = yT , (2.2)

where H
c D

α is the Caputo-Hadamard fractional derivative, and f : [1, T ]× IR× IR→ IR
is a given function, y1, yT ∈ IR.

We shall present two existence results for the problem (2.1)-(2.2).In the first section.
the first result is based on Schauder’s fixed point Theorem 1.43 and second one on the
Banach contraction principle theorem 1.39. An example is presented in the third section.

2.1.1 Existence of solutions

Let us start by defining what we mean by a solution of the problem (2.1)-(2.2).

Definition 2.1 A function y ∈ L1([1, T ], IR) is said to be a solution of (2.1)-(2.2) if y
satisfies (2.1) and(2.2).

For the existence of solutions for the problem (2.1)-(2.2), we need the following aux-
iliary lemma.

1A.Zahed,S. Hamani and J. Henderson, Integrable Solutions for Caputo-Hadamard Implicit Fractional
Order Differential Equations, Advances in Dynamical Systems and Applications. 15 (2020), No.1,17 -28
.
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Lemma 2.2 For 1 < α ≤ 2, the solution of the BVP (2.1)-(2.2) can be expressed by the
integral equation

y(t) =
1

Γ(α)

∫ t

1

(
log

t

s

)α−1

x(s)
ds

s
+ y1

+

yT − y1 −
1

Γ(α)

∫ T

1

(
log

T

s

)α−1

x(s)
ds

s

log(T )
log(t),

(2.3)

where x is the solution of the functional integral equation

x(t) = f
(
t,

1

Γ(α)

∫ t

1

(
log

t

s

)α−1

x(s)
ds

s

+ y1 +

yT − y1 −
1

Γ(α)

∫ T

1

(
log

T

s

)α−1

x(s)
ds

s

log(T )
log(t), x(t)

)
,

(2.4)

Proof. Let H
c D

αy(t) = x(s) in equation (2.1). Then

x(t) = f(t, y(t), x(t)). (2.5)

Applying the Caputo-Hadamard fractional integral of order α to both sides, and by using
Lemma 2.2, we find that y satisfies (2.2). Then Lemma 1.24 implies that

y(t) = c1 + c2 log(t) +HIαx(t). (2.6)

The boundary conditions (2.2) imply that

c1 = y1

and

y(T ) =
1

Γ(α)

∫ T

1

(
log

T

s

)α−1

h(s)
ds

s
+ y1 + c2(log T ).

Hence

c2 =

yT − y1 −
1

Γ(α)

∫ T

1

(
log

T

s

)α−1

x(s)
ds

s

(log T )
.

Finally, we obtain (2.3).

2

Let us introduce a list of assumptions.
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(H1) f : J × IR2 → IR is measurable in t ∈ J , for any (u1, u2) ∈ IR2, and is continuous
in (u1, u2) ∈ IR2, for almost all t ∈ J.

(H2) There exist a positive function a ∈ L1([1, T ], IR) and constants bi > 0, i = 1, 2, such
that : |f(t, u1, u2)| ≤ a(t) + b1|u1|+ b2|u2| for all (u1, u2) ∈ IR2 and t ∈ J

Our first result is based on the Schauder fixed point theorem

Theorem 2.3 Assume the assumptions (H1) and (H2) are satisfied. If

(
2b1

(log T )α

Γ(α + 1)
+ b2

)
< 1, (2.7)

then the problem (2.1)-(2.2) has at least one solution on J .

Proof. Transform the problem (2.1)-(2.2) into a fixed point problem. Consider the
operator

H : L1(J, IR)→: L1(J, IR)

defined by

(Hx)(t) ; = f
(
t,

1

Γ(α)

∫ t

1

(
log

t

s

)α−1

x(s)
ds

s
+ y1

+

yT − y1 −
1

Γ(α)

∫ T

1

(
log

T

s

)α−1

x(s)
ds

s

log(T )
log(t), x(t)

)
.

(2.8)

The operator H is well defined. Indeed, for each x ∈ L1([1, T ], IR), from assumptions
(H1) and (H2), for

r =
‖a‖L1 + 2b1|T − 1|(|yT |+ |y1|)

1−
(

2b1
(log T )α

Γ(α + 1)
+ b2

) ,

Consider now the set, with r as above,

Br = {x ∈ L1(J, IR) : ‖x‖L1 < r}.
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Clearly Br is nonempty, bounded, convex and closed. we have

‖Hx‖L1 =

∫ T

1

|(Hx)(t)|dt

=

∫ T

1

|f(t,
1

Γ(α)

∫ t

1

(
log

t

s

)α−1

x(s)
ds

s

+ y1 +

yT − y1 −
1

Γ(α)

∫ T

1

(
log

T

s

)α−1

x(s)
ds

s

log(T )
log(t), x(t))|dt

≤
∫ T

1

|a(t)|dt

+ b1

∫ T

1

| 1

Γ(α)

∫ t

1

(
log

t

s

)α−1

x(s)
ds

s

+ y1 +

yT − y1 −
1

Γ(α)

∫ T

1

(
log

T

s

)α−1

x(s)
ds

s

log(T )
log(t)|dt

+ b2

∫ T

1

|x(t)|dt

≤ ‖a‖L1 + 2b1|T − 1|(|yT |+ |y1|) + 2b1
(log T )α

Γ(α + 1)
‖x‖L1 + b2‖x‖L1

≤ ‖a‖L1 + 2b1|T − 1|(|yT |+ |y1|) +

(
2b1

(log T )α

Γ(α + 1)
+ b2

)
r

≤ r.

(2.9)

Then HBr ⊂ Br.
Assumption (H1) implies that H is continuous.

Now, we show that H is compact; that is, HBr is relatively compact. Clearly HBr is
bounded in L1([1, T ], IR) ); in particular, Condition (i) of the Kolmogorov compactness
criterion is satisfied. It remains to show (Hx)h → (Hx) as h → 0 in L1([1, T ], IR) for
each x ∈ Br.
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Let x ∈ Br, then we have

‖(Hx)h − (Hx)‖L1 =

∫ T

1

|(Hx)h − (Hx)|dt =

∫ T

1

|1
h

∫ t+h

t

(Hx)(s)ds− (Hx)(t)|dt

≤
∫ T

1

(
1

h

∫ t+h

t

|(Hx)(s)− (Hx)(t)|ds)dt

≤
∫ T

1

1

h

∫ t+h

t

|f(s,
1

Γ(α)

∫ t

1

(
log

t

s

)α−1

x(s)
ds

s
+ y1

+

yT − y1 −
1

Γ(α)

∫ T

1

(
log

T

s

)α−1

x(s)
ds

s

log(T )
log(t), x(s))

− f(t,
1

Γ(α)

∫ t

1

(
log

t

s

)α−1

x(s)
ds

s
+ y1

+

yT − y1 −
1

Γ(α)

∫ T

1

(
log

T

s

)α−1

x(s)
ds

s

log(T )
log(t), x(t))|dsdt.

(2.10)
Since x ∈ Br ⊂ L1([1, T ], IR) and assumption (H2) that implies a ∈ L1([1, T ], IR), we

have

1

h

∫ t+h

t

∣∣∣f(s,
1

Γ(α)

∫ t

1

(
log

t

s

)α−1

x(s)
ds

s

+y1 +

yT − y1 −
1

Γ(α)

∫ T

1

(
log

T

s

)α−1

x(s)
ds

s

log(T )
log(t), x(s))

−f(t,
1

Γ(α)

∫ t

1

(
log

t

s

)α−1

x(s)
ds

s

+y1 +

yT − y1 −
1

Γ(α)

∫ T

1

(
log

T

s

)α−1

x(s)
ds

s

log(T )
log(t), x(t))

∣∣∣ds
≤ 1

h

∫ t+h

t

∣∣∣|a(t)|+ 2b1(|yT |+ |y1|) + 2b1
(log T )α

Γ(α + 1)
|x(t)|+ b2|x(t)|

−|a(s)|+ 2b1(|yT |+ |y1|) + 2b1
(log T )α

Γ(α + 1)
|x(s)|+ b2|x(s)|

∣∣∣ds
≤ 1

h

∫ t+h

t

|a(t)− a(s)|ds+

(
2b1

(log T )α

Γ(α + 1)
+ b2

)
1

h

∫ t+h

t

|x(t)− x(s)|ds→ 0,

as h→ 0.
Hence

(Hx)h → (Hx) uniformly as h→ 0.
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Then by the Kolmogorov compactness criterion, H(Br) is relatively compact. As a con-
sequence of Schauder’s fixed point theorem the BVP(2.1)-(2.2) has at least one solution
in Br. 2

The following result is based on the Banach contraction principle.

Theorem 2.4 Assume that the (H1) and the following condition hold.
(H3) There exist constants k1 > 0 and k2 > 0 such that,

|f(t, x1, y1)− f(t, x2, y2)| ≤ k1|x1 − x2|+ k2|y1 − y2|, x1, x2, y1, y2 ∈ IR,

and (
2Tk1

(log T )α

Γ(α + 1)
+ k2

)
< 1. (2.11)

Then the problem (2.1)-(2.2) has a unique solution y ∈ L1(J, IR).

Proof. We shall use the Banach contraction principle to prove that H, defined by (2.8),
has a fixed point. Let x,y ∈ L1(J, IR) and t ∈ J . Then we have,

|(Hx)(t)− (Hy)(t)| =
∣∣∣f(t,

1

Γ(α)

∫ t

1

(
log

t

s

)α−1

x(s)
ds

s
+ y1

+

yT − y1 −
1

Γ(α)

∫ T

1

(
log

T

s

)α−1

x(s)
ds

s

log(T )
log(t), x(t))

− f(t,
1

Γ(α)

∫ t

1

(
log

t

s

)α−1

y(s)
ds

s
+ y1

+

yT − y1 −
1

Γ(α)

∫ T

1

(
log

T

s

)α−1

y(s)
ds

s

log(T )
log(t), y(t))

∣∣∣
≤ 2k1

(log T )α

Γ(α + 1)

∫ T

1

|x(s)− y(s)|ds+ k2|x(t)− y(t)|.

Thus

‖(Hx)− (Hy)‖L1 ≤ 2Tk1
(log T )α

Γ(α + 1)
‖x− y‖L1 + k2‖x− y‖L1

≤
(

2Tk1
(log T )α

Γ(α + 1)
+ k2

)
‖x− y‖L1 .

Consequently by (2.11), H is a contraction. As a consequence of the Banach contraction
principle, we deduce that H has a unique fixed point which is a solution of the problem
(2.1)-(2.2). 2
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2.1.2 An example

Consider the boundary value problem:

H
c D

3
2y(t) =

1

4et+5(1 + |y(t)|+ |Hc D
3
2y(t)|)

, for a.e. t ∈ J = [1, e], 1 < α ≤ 2, (2.12)

y(1) = 0, y(e) = 1. (2.13)

Set

f(t, u, v) =
1

4et+5(1 + u+ v)
, t ∈ J × [0,∞)× [0,∞),

and let u1, u2, v1, v2 ∈ IR and t ∈ J . Then we have

|f(t, u1, v1)− f(t, u2, v2)| =
∣∣∣ 1

4et+5

(
1

(1 + u1 + v1)
− 1

(1 + u2 + v2)

) ∣∣∣
≤

∣∣∣ 1

4et+5

(
|u1 − u2|+ |v1 − v2|

(1 + u1 + v1)(1 + u2 + v2)

) ∣∣∣
≤ 1

4et+5
(|u1 − u2|+ |v1 − v2|)

≤ 1

4e5
|u1 − u2|+

1

4e5
|v1 − v2|.

Hence the condition (H3) holds with k1 = k2 = 1
4e5

. We shall check that condition (2.11)
is satisfied with T = e. Indeed

2k1
(log T )α

Γ(α + 1)
+ k1 =

1

2e5Γ(α + 1)
+

1

4e5
< 1.

Then by Theorem 2.4, the problem (2.12)-(2.13) has a unique integrable solution on
[1, e].

2.2 Integrable Solutions for implicit fract diff equa

with nonlocal condition

2

In this section,we study the existence of integrable solutions of Initial values problem
for implicit fractional order differential equation

H
c D

αy(t) = f(t, y(t),Hc D
αy(t)), for a.e. t ∈ J = [1, T ], 0 < α ≤ 1, (2.14)

m∑
k=1

aky(tk) = y1; (2.15)

2A.Zahed ,S. Hamani and J. Henderson Integrable Solutions for Caputo-Hadamard Implicit Fractional
Order Differential Equations with Nonlocal Condition,(submitted)
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where f : [1, T ] × IR × IR → IR is a given function, H
c D

α is the Hadamard-Caputo
fractional derivative and 1 < t1 < t2 < ...tm < T , k = 1, 2..,m we shall present two
existence results for the problem (2.14)-(2.15).In the first section, the first result is based
on Schauder’s fixed point theorem 1.43 and second one on the Banach contraction principle
theorem 1.39. An Example is given in the third section to demonstrate the application of
our main results.

2.2.1 Existence of solutions

Definition 2.5 A function y ∈ L1([1, T ], IR) is said to be a solution of (2.14)-(2.15) if y
satisfies (2.14) and(2.15).

Let us start by defining what we mean by an integrable solution of the nonlocal problem(2.14)-
(2.15)

We assume that
∑m

k=1 ak 6= 0,Set

a =
1∑m
k=1 ak

.

For the existence of solutions for the nonlocal problem (2.14)-(2.15) we need the following
auxiliary lemma.

Lemma 2.6 For 0 < α ≤ 1, the solution of the problem (2.14)-(2.15) can be expressed
by the integral equation

y(t) = ay1 −
a
∑m

k=1 ak
Γ(α)

∫ tk

1

(
log

t

s

)α−1

x(s)
ds

s
+

1

Γ(α)

∫ t

1

(
log

t

s

)α−1

x(s)
ds

s
, (2.16)

where x is the solution of the functional integral equation

x(t) = f(t, ay1 −
a
∑m

k=1 ak
Γ(α)

∫ tk

1

(
log

t

s

)α−1

x(s)
ds

s

+
1

Γ(α)

∫ t

1

(
log

t

s

)α−1

x(s)
ds

s
, x(t)).

(2.17)

Proof.Let C
HD

αy(t) = x(t) in equation (1.5)

x(t) = f(t, y(t), x(t)) (2.18)

and
y(t) = c1 +H Iαx(t)

= c1 +
1

Γ(α)

∫ t

1

(
log

t

s

)α−1

x(s)
ds

s
.

(2.19)

Let t = tk in (2.19), we obtain

y(tk) = c1 +
1

Γ(α)

∫ tk

1

(
log

tk
s

)α−1

x(s)
ds

s
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and
m∑
k=1

aky(tk) =
m∑
k=1

aky(1) +
m∑
k=1

ak
1

Γ(α)

∫ tk

1

(
log

tk
s

)α−1

x(s)
ds

s
. (2.20)

Substitute (2.15)into (2.20)

y1 =
m∑
k=1

aky(1) +
m∑
k=1

ak
1

Γ(α)

∫ tk

1

(
log

tk
s

)α−1

x(s)
ds

s

and

c1 = a(y1 −
m∑
k=1

ak
1

Γ(α)

∫ tk

1

(
log

tk
s

)α−1

x(s)
ds

s
). (2.21)

Theorem 2.7 Assume that the assumptions(H1)-(H2) are satisfied. If(
2b1(log T )α

Γ(α + 1)
+ b2

)
< 1, (2.22)

then the problem(2.14)-(2.15) has at least one solution.

Proof. Transform the nonlocal problem(2.14)-(2.15) into a fixed point problem.Consider
the operator

H : L1(J, IR)→ L1(J, IR)

defined by :

(Hx)(t) = f

(
t, ay1 −

a
∑m

k=1 ak
Γ(α)

∫ tk

1

(
log

t

s

)α−1

x(s)
ds

s
+

1

Γ(α)

∫ t

1

(
log

t

s

)α−1

x(s)
ds

s
, x(t)

)
.

(2.23)
Let

r =
|ay1||T − 1|+ ‖a‖L1

1−
(

2b1( logT )α

Γ(α + 1)
+ b1

)
and consider the set

Br = {x ∈ L(J, IR) : ‖x‖L1 ≤ r}.

Clearly Br is nonempty, bounded, convex and closed.
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Now, we will show thatHBr ⊂ Br,indeed, for each x ∈ Br from(2.22) and (2.23) we get

‖Hx‖
L1 =

∫ T

1

|Hx(t)|dt

=

∫ T

1

|f(t, ay1 −
a
∑m

k=1 ak
Γ(α)

∫ tk

1

(
log

tk
s

)α−1

x(s)
ds

s

+
1

Γ(α)

∫ t

1

(
log

t

s

)α−1

x(s)
ds

s
, x(t))|dt

≤
∫ t

1

[|a(t)|+ b1|ay1 − a
m∑
k=1

ak
1

Γ(α)

∫ sk

1

(
log

sk
τ

)α−1

|x(s)|dτ
τ

)ds

+
1

Γ(α)

∫ s

1

(
log

s

τ

)α−1

|x(s)|dτ
τ

)ds|+ b2|x(t)|]dt

≤ |ay1|b1|T − 1|+ ‖a‖L1 +
b1a
∑m

k=1 ak
Γ(α)

‖x‖L1

+
b1(log T )α

Γ(α)
‖x‖L1b2‖x‖L1

≤ |ay1||T − 1|+ ‖a‖L1 +
2b1(log T )α

Γ(α + 1)
‖x‖L1 + b2‖x‖L1

≤ |ay1||T − 1|+ ‖a‖L1 +

(
2b1(log T )α

Γ(α + 1)
+ b1

)
‖x‖L1

≤ r.

(2.24)

Then H(Br) ⊂ Br.
Assumption (H1) implies that H is continuous. Now, we will show thatH is compact,
this is HBr is relatively compact. Clearly HBr is bounded in L1(J, IR) i.e condition (i)
of Kolmogorov compactness criterion is satisfied. It remains to show (Hx)h → (Hx) in
L1(J, IR) for each x ∈ Br

Let x ∈ Br.

‖(Hx)h − (Hx)‖L1 =

∫ T

1

|(Hx)h(t)− (Hx)(t)|dt =

∫ T

1

∣∣∣∣1h
∫ t+h

t

(Hx)h(s)ds− (Hx)(t)

∣∣∣∣ dt
≤

∫ T

1

(
1

h

∫ t+h

t

|(Hx)h(s)ds− (Hx)(t)|ds
)
dt

≤
∫ T

1

(
1

h

∫ t+h

t

|HIαx(s)−H Iαx(t)|ds
)
dt

≤
∫ T

1

1

h

∫ t+h

t

|f(t, ay1 −
a
∑m

k=1 ak
Γ(α)

∫ sk

1

(
log

s

τ

)α−1

x(τ)
dτ

τ

+
1

Γ(α)

∫ 1

s

(
log

s

τ

)α−1

x(τ)
dτ

τ
, x(t))

− f(t, ay1 −
a
∑m

k=1 ak
Γ(α)

∫ tk

1

(
log

t

s

)α−1

x(s)
ds

s

+
1

Γ(α)

∫ t

1

(
log

t

s

)α−1

x(s)
ds

s
, x(t))|dsdt.
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Since x ∈ Br ⊂ L1(J, IR) and by assumption (H2) we have

1

h

∫ t+h

t

∣∣∣f(t, ay1 −
a
∑m

k=1 ak
Γ(α)

∫ sk

1

(
log

s

τ

)α−1

x(τ)
dτ

τ
+

1

Γ(α)

∫ s

1

(
log

s

τ

)α−1

x(τ)
dτ

τ
, x(s))

−f(t, ay1 −
a
∑m

k=1 ak
Γ(α)

∫ tk

1

(
log

t

s

)α−1

x(s)
ds

s
+

1

Γ(α)

∫ t

1

(
log

t

s

)α−1

x(s)
ds

s
, x(t))

∣∣∣ds
≤ 1

h

∫ t+h

t

∣∣∣|ay1|+ a(t) +
2b1(log T )α

Γ(α + 1)
x(t) + b2x(t)

−|ay1| − a(s)− 2b1(log T )α

Γ(α + 1)
x(s)− b2x(s))

∣∣∣
≤ 1

h

∫ t+h

t

|a(t)− a(s)|ds+

(
2b1

(log T )α

Γ(α + 1)
+ b2

)
1

h

∫ t+h

t

|x(t)− x(s)|ds→ 0,

as h→ 0, t ∈ J.

Hence
(Hx)h → (Hx) uniformly as h→ 0.

Then by Kolmogorov compactness criterion, H(Br) is relatively compact. As a conse-
quence of Schauder fixed point theorem the problem (2.14)-(2.15) has at least one solution
in Br.
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The following result is based on the Banach contraction principle.

Theorem 2.8 Assume that (H1) and the following condition holds:

(H3) There exist constants k1, k2 > 0 such that

|f(t, x1, y1)− f(t, x2, y2)| ≤ k1|x1 − x2|+ k2|y1 − y2|, x1, x2, y1, y2 ∈ IR

If
2k1(log T )α

Γ(α + 1)
+ k2 < 1, (2.25)

then the problem(2.14)-(2.15)has a unique solution y ∈ L1(J, IR).

Proof. We shall use the Banach contraction principle to prove that H defined by(2.23)
has a fixed point.Let x, y ∈ L1(J, IR) , and t ∈ J ,then we have,

|(Hx)(t)− (Hy)(t)| = |f(t, ay1 − a
∑m

k=1 a
H
k I

αx(t)|k +H Iαx(t), x(t))
− f(t, ay1 − a

∑m
k=1 a

H
k I

αy(t)|k +H Iαy(t), y(t))]|

≤ k1
a
∑m

k=1 ak
Γ(α)

∫ tk

1

(
log

tk
s

)α−1
ds

s
|x(s)− y(s)|

+
k1

Γ(α)

∫ t

1

(
log

t

s

)α−1
ds

s
|x(s)− y(s)|+ k2|x(s)− y(s)|

≤ a
∑m

k=1 akk1(log T )α

Γ(α + 1)
|x(s)− y(s)|

+
k1(log T )α

Γ(α + 1)
|x(s)− y(s)|+ k2|x(s)− y(s)|.

‖(Hx)− (Hy)‖L1 ≤ a
∑m

k=1 akk1(log T )α

Γ(α + 1)
‖x− y‖L1 +

k1(log T )α

Γ(α + 1)
‖x− y‖L1 + k2‖x− y‖L1

≤
(

2k1(log T )α

Γ(α + 1)
+ k2

)
‖x− y‖L1 .

Consequently by (4.31) H is a contraction. As a consequence of the Banach contraction
principle, we deduce that H has a fixed point which is a solution of the problem(2.14)-
(2.15)

2

2.2.2 An example

Let us consider the following fractional nonlocal problem,

C
HD

αy(t) =
1

(et+6)(1 + y(t) +C
H D

αy(t))
, for a.e. t ∈ J = [1, e], 0 < α ≤ 1 (2.26)
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m∑
k=1

aky(tk) = e, (2.27)

where ak ∈ IR , 1 < t1 < t2 < t3 < t4 < ... < e

Set f(t, y, z) =
1

(et+6)(1 + y + z)
.

Let y, z ∈ [0,+∞) and t ∈ J , Then we have

|f(t, y1, z1)− f(t, y2, z2)| ≤
∣∣∣∣ 1

(et+6)

(
1

(1 + y1 + z1)
− 1

(1 + y2 + z2)

)∣∣∣∣
≤ |y1 − y2|+ |z1 − z2|

(et+6)(1 + y1 + z1)(1 + y2 + z2)

≤ 1

et+6
(|y1 − y2|+ |z1 − z2|)

≤ 1

e6
|y1 − y2|+

1

e6
|z1 − z2|.

Hence (H3) holds with k1 = k2 =
1

e6
,We shall check that condition (2.25) is satisfied.

Indeed
2k1(log T )α

Γ(α + 1)
+ k2 =

2

e6Γ(α + 1)
+

1

e6
< 1.

Then by Theorem2.8, the nonlocal problem (2.26)-(2.27) has a unique integrable solution
on [1, e].



Chapter 3

Implicit Fractional Differential
Inclusions

1

3.1 Implicit fractional differential inclusions with Ca-

puto frac derivative and nonlocal conditions

In this section, we study the existence of solution of nonlocal problems for the following
differential inclusion,

cDαy(t) ∈ F (t, y(t),cDαy(t)), for a.e. t ∈ J = [0, T ], 0 < α ≤ 1, (3.1)

m∑
k=1

aky(tk) = y0, (3.2)

where cDα is the Caputo fractional derivative, F : [0, T ] × IR × IR → P(IR) is a multi-
valued map, P(IR) is the family of all nonempty subsets of IR, y0 ∈ IR ak ∈ IR, and
0 < t1 < t2 < ... < tm < T, k = 1, 2, ...,m.
We present an existence result for the problem (3.1)-(3.2) when the right hand side is
convex valued by using fixed point theorem (nonlinear alternative of Leray Schauder 1.40.
The second results are given for non-convex valued right hand sides, which are based upon
a fixed point theorem for contraction multi-valued maps due to Covitz and Nadler 1.42.
An example is given to demonstrate the application of our main results

3.1.1 The convex case

Let us start by defining what we mean by a solution of the problem (3.1)-(3.2)

1A.Zahed and S.Hamani , Implicit Fractional Differential inclusion with Caputo Fractional derivative
and nonlocal conditions , submitted.
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37 Implicit Fractional Differential inclusions

Definition 3.1 A function y ∈ L1([0, T ], IR) such that cDαy(t) is measurable is said
to be a solution of (3.1)-(3.2) if there exists a function x ∈ L1([0, T ], IR) with x(t) ∈
F (t, y(t),cDαy(t)) for a.e t ∈ [0, T ] such that cDαy(t) = x(t) and the function y satisfies
conditions (3.2).

Remark 3.2 We assume that
∑m

k=1 ak 6= 0 and

a =
1∑m
k=1 ak

.

For the existence of solutions for the nonlocal problem (3.1)-(3.2), we need the follow-
ing auxiliary lemma.

Lemma 3.3 The nonlocal problem(3.1)-(3.2) can be expressed by the integral equation

y(t) = ay0 − a
m∑
k=1

ak

∫ tk

0

(tk − s)α−1

Γ(α)
x(s)ds+

∫ t

0

(t− s)α−1

Γ(α)
x(s)ds (3.3)

where x is the solution of the integral equation

x(t) ∈ F (t, ay0 − a
m∑
k=1

ak

∫ tk

0

(tk − s)α−1

Γ(α)
x(s)ds+

∫ t

0

(t− s)α−1

Γ(α)
x(s)ds, x(t)). (3.4)

Proof. Let cDαy(t) = x(t) in equation (3.1)

x(t) ∈ F (t, y(t), x(t)) (3.5)

and
y(t)) = y(0) + Iαx(t)

= y(0) +

∫ t

0

(t− s)α−1

Γ(α)
x(s)ds.

(3.6)

Let t = tk in (3.6),we obtain

y(tk) = y(0) +

∫ tk

0

(tk − s)α−1

Γ(α)
x(s)ds

and
m∑
k=1

aky(tk) =
m∑
k=1

aky(0) +
m∑
k=1

ak

∫ tk

0

(tk − s)α−1

Γ(α)
x(s)ds. (3.7)

Substitute from (3.2) into (3.7), we have

y0 =
m∑
k=1

aky(0) +
m∑
k=1

ak

∫ tk

0

(tk − s)α−1

Γ(α)
x(s)ds,

and

y(0) = a(y0 −
m∑
k=1

ak

∫ tk

0

(tk − s)α−1

Γ(α)
x(s)ds). (3.8)

Substitute (3.8) into (3.6) and (3.5),we obtain (3.3) and (3.7)
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Theorem 3.4 Assume the following hypotheses are valid :

(B1) F : J × IR× IR→ Pcp,c(IR) is a Carathéodory multi-valued map.

(B2) There exist p ∈ L1(J, IR+) continuous and nondecreasing such that

‖F (t, u1, u2)‖P = sup{|v| : v ∈ F (t, u1, u2)} ≤ p(t)(1 + |u1|+ |u2|) for t ∈ J and
each u1, u2 ∈ IR.

(B3) There exist l1, l2 ∈ L1([0;T ]; IR), such that

Hd(F (t, x, y), F (t, x̄, ȳ)) < l1(t)|x− x̄|+ l2(t)|y − ȳ| for every x, x̄, y, ȳ ∈ IR.

Then, the problem (3.1)-(3.2) has at least one solution on J.

Remark 3.5 Note that for an L1− Carathéodory multifunction F : J×IR×IR→ Pcp(IR)
the set S1

F,y is not empty

Proof. Transform the problem (3.1)-(3.2) into a fixed point problem. Consider the multi-
valued operator,

N : L1(J, IR)→ P(L1(J, IR))

N(x) =

h ∈ L1(J, IR)
h(t) = ay0 − a

∑m
k=1 ak

∫ tk

0

(tk − s)α−1

Γ(α)
v(s)ds

+

∫ t

0

(t− s)α−1

Γ(α)
v(s)ds v ∈ S1

F,y


Clearly, from Lemma3.3 , the fixed points of N are solutions to (3.1)-(3.2) . We shall
show that N satisfies the assumptions of nonlinear alternative of Leray-Schauder type.
The proof will be given in several steps.
Let r > 0 and consider the bounded set

Br = {x ∈ L1(J, IR) : ‖x‖L1 ≤ r}.

Step 1:N(x)is convex for each y ∈ Br

Indeed, if h1 , h2 belong to N(y) then there exist v1, v2 such that for each t ∈ J we have,for
i = 1, 2

hi(t) = ay0 − a
∑m

k=1 ak

∫ tk

0

(tk − s)α−1

Γ(α)
vi(s)ds

+

∫ t

0

(t− s)α−1

Γ(α)
vi(s)ds
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39 Implicit Fractional Differential inclusions

Let 0 ≤ d ≤ 1. Then, for each t ∈ J we have

(dh1 + (1− d)h2)(t) = ay0 − a
∑m

k=1 ak

∫ tk

0

(tk − s)α−1

Γ(α)
(dv1 + (1− d)v2)(s)ds

+

∫ t

0

(t− s)α−1

Γ(α)
(dv1 + (1− d)v2)(s)ds.

Since SF,y is convex (because F has convex values), we have.

dh1 + (1− d)h2 ∈ N(x).

Step 2: N(Br) is relatively compact.

(a) N(Br) is Bounded. Let y ∈ Br, for each h ∈ N(x) and t ∈ J, we have by (B2),

h(t) = ay0 − a
∑m

k=1 ak

∫ tk

0

(tk − s)α−1

Γ(α)
v(s)ds

+

∫ t

0

(t− s)α−1

Γ(α)
v(s)ds.
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By (B2), we have, for each t ∈ J

‖h‖
L1 =

∫ T

0

|h(t)|dt

=

∫ T

0

∣∣∣∣∣ay0 − a
m∑
k=1

ak

∫ tk

0

(tk − s)α−1

Γ(α)
v(s)ds+

∫ t

0

(t− s)α−1

Γ(α)
v(s)ds

∣∣∣∣∣
≤ |ay0|T +

∫ T

0

(
a

m∑
k=1

ak

∫ tk

0

(tk − s)α−1

Γ(α)
|v(s)|ds

)
dt

+

∫ T

0

∫ t

0

(
(t− s)α−1

Γ(α)
|v(s)|ds

)
dt

≤ |ay0|T +

∫ T

0

a
∑m

k=1 ak(tk)
α

Γ(α + 1)
|v(s)|ds+

∫ T

0

Tα

Γ(α + 1)
|v(s)|ds

≤ |ay0|T +

∫ T

0

2Tα

Γ(α + 1)
|v(s)|ds

≤ |ay0|T +
2Tα

Γ(α + 1)

∫ T

0

[|p(t)|

+

∣∣∣∣ay0 − a
∑m

k=1 ak

∫ tk

0

(tk − s)α−1

Γ(α)
x(s)ds+

∫ t

0

(t− s)α−1

Γ(α)
x(s)ds

∣∣∣∣ |p(t)|
+ |x(t)||p(t)|]dt

≤ |ay0|T +
2Tα

Γ(α + 1)
‖p‖L1 +

2Tα+1

Γ(α + 1)
|ay0|‖p‖L1

+
4T 2α

Γ(2α + 1)
‖p‖L1‖x‖L1 +

2Tα

Γ(α + 1)
‖p‖L1‖x‖L1

≤ |ay0|T +

(
2Tα + 2Tα+1|ay0|

Γ(α + 1)
+

[
2Tα

Γ(α + 1)
+

4T 2α

Γ(2α + 1)

]
‖x‖L1

)
‖p‖L1 .

Thus,

‖h‖L1 ≤ |ay0|T +

(
2Tα + 2Tα+1|ay0|

Γ(α + 1)
+

[
2Tα

Γ(α + 1)
+

4T 2α

Γ(2α + 1)

]
r

)
‖p‖L1 ≤ r.

Then the above inequalities show that

‖N(x)‖ = sup{‖h‖L1 : h ∈ N(x)} ≤ r,

which shows that N(Br) ⊂ Br is bounded, then N(Br) is bounded.

(b) N(x)r → N(y), in L1(J, IR) for each y ∈ Br.
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41 Implicit Fractional Differential inclusions

Let y ∈ N(y), then we have

‖hτ − h‖L1 =

∫ T

0

|hτ (t)− h(t)|dt

=

∫ T

0

∣∣∣∣1τ
∫ t+τ

t

h(s)ds− h(t)

∣∣∣∣ dt
≤

∫ T

0

(
1

τ

∫ t+τ

t

|h(s)− h(t)|ds
)
dt

≤
∫ T

0

∣∣∣∣∣1τ
∫ t+τ

t

(
a

m∑
k=1

ak

∫ tk

0

(tk − s)α−1

Γ(α)
v(s)ds

)
ds− a

m∑
k=1

ak

∫ tk

0

(tk − s)α−1

Γ(α)
v(s)ds

∣∣∣∣∣ dt
+

∫ T

0

∣∣∣∣1τ
∫ t+τ

t

(∫ t

0

(t− s)α−1

Γ(α)
v(s)ds

)
ds−

∫ t

0

(t− s)α−1

Γ(α)
v(s)ds

∣∣∣∣ dt→ 0ifτ → 0.

Because:

1

τ

∫ t+τ

t

(
a

m∑
k=1

ak

∫ tk

0

(tk − s)α−1

Γ(α)
v(s)ds

)
ds = a

m∑
k=1

ak

∫ tk

0

(tk − s)α−1

Γ(α)
v(s)ds if τ → 0

and

1

τ

∫ t+τ

t

(∫ t

0

(t− s)α−1

Γ(α)
v(s)ds

)
ds =

∫ t

0

(t− s)α−1

Γ(α)
v(s)ds if τ → 0

by Proposition1.13 it follows that Iαv ∈ L1(J, IR)
we have also :

limτ→0
1

τ

∫ t+τ

t

Iαv(s)ds = D1(I1Iαv(s))

= D1(Iα+1v(s))
= Iαv(s).

(3.9)

Hence

N(y)τ → N(y) uniformaly τ → 0.

As a consequence of (a) and (b) together with the Kolmogorov compactness criterion,
we can conclude that N(Br) is relatively compact.

Step 3: Nhas a closed graph.
Let yn → y∗, hn ∈ N(yn) and hn → h∗ We need to show that hn ∈ N(yn) means that
there exists vn ∈ S1

F,y, such that, for each t ∈ J
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hn(t) = ay0 − a
∑m

k=1 ak

∫ tk

0

(tk − s)α−1

Γ(α)
vn(s)ds

+

∫ t

0

(t− s)α−1

Γ(α)
vn(s)ds

We must show that there exists v∗ ∈ S1
F,y such that, for each t ∈ J

h∗(t) = ay0 − a
∑m

k=1 ak

∫ tk

0

(tk − s)α−1

Γ(α)
v∗(s)ds

+

∫ t

0

(t− s)α−1

Γ(α)
v∗(s)ds

Since F (t, ., .) is upper semi-continuous, then for every ε > 0 there exists n0(ε) > 0 >
such that, for every n > n0,we have

vn(t) ∈ F (t, y(t), x(t)) ⊂ F (t, y∗(t), x∗(t)) + εB(0, 1). a.e t ∈ J
Since F (., ., .) has compact values, then there exists a subsequence vnm(.) such that
vnm(.)→ v∗ as m→∞,and v∗(t) ∈ F (t, y∗(t), x∗(t)) a.e.t ∈ J
For every w ∈ F (t, y∗(t), x∗(t))) ,we have

|vnm − v∗| ≤ |vnm − w|+ |w − v∗|.

Then

|vnm − v∗| ≤ d(vnm , F (t, y∗(t), x∗(t)).

We obtain an analogous relation by interchanging the roles of vnm and v∗ , and it follows
that

|vnm − v∗| ≤ Hd(F (t, ynm(t), xnm(t)), F (t, y∗(t), x∗(t))))
≤ l1(t)|ynm(t)− y∗(t)|+ l2(t)|xnm(t)− x∗(t)|.

Then

|hn(t)− h∗(t)| ≤ a

m∑
k=1

ak

∫ tk

0

(tk − s)α−1

Γ(α)
|vnm − v∗|ds

+

∫ t

0

(t− s)α−1

Γ(α)
|vnm − v∗|ds

≤ 2Tα

Γ(α + 1)

∫ T

0

(l1(t)|y(t)− ȳ(t)|+ l2(t)|x(t)− x̄(t)|)ds

≤ (
4T 2α

Γ(2α + 1)
‖l1‖L1 +

2Tα

Γ(α + 1)
‖l2‖L1)‖x− x̄‖L1 .

Hence,
‖hn − h∗‖L1 → 0, as m→∞.
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Step 4:A priori bounds on solutions.
Let y be such that y ∈ λN(y) with λ ∈ (0, 1], Then there exists v ∈ S1

F,y such that, for
each t ∈ J ,

h(t) = ay0 − a
∑m

k=1 ak

∫ tk

0

(tk − s)α−1

Γ(α)
v(s)ds

+

∫ t

0

(t− s)α−1

Γ(α)
v(s)ds.

By (B2), we have, for each t ∈ J

‖h‖
L1 =

∫ T

0

|h(t)|dt

=

∫ T

0

∣∣∣∣∣ay0 − a
m∑
k=1

ak

∫ tk

0

(tk − s)α−1

Γ(α)
v(s)ds+

∫ t

0

(t− s)α−1

Γ(α)
v(s)ds

∣∣∣∣∣
≤ |ay0|T +

∫ T

0

(
a

m∑
k=1

ak

∫ tk

0

(tk − s)α−1

Γ(α)
|v(s)|ds

)
dt

+

∫ T

0

∫ t

0

(
(t− s)α−1

Γ(α)
|v(s)|ds

)
dt

≤ |ay0|T +

∫ T

0

a
∑m

k=1 ak(tk)
α

Γ(α + 1)
|v(s)|ds+

∫ T

0

Tα

Γ(α + 1)
|v(s)|ds

≤ |ay0|T +

∫ T

0

2Tα

Γ(α + 1)
|v(s)|ds

≤ |ay0|T +
2Tα

Γ(α + 1)

∫ T

0

[|p(t)|

+

∣∣∣∣ay0 − a
∑m

k=1 ak

∫ tk

0

(tk − s)α−1

Γ(α)
x(s)ds+

∫ t

0

(t− s)α−1

Γ(α)
x(s)ds

∣∣∣∣ |p(t)|
+ |x(t)||p(t)|]dt

≤ |ay0|T +
2Tα

Γ(α + 1)
‖p‖L1 +

2Tα+1

Γ(α + 1)
|ay0|‖p‖L1

+
4T 2α

Γ(2α + 1)
‖p‖L1‖x‖L1 +

2Tα

Γ(α + 1)
‖p‖L1‖x‖L1

≤ |ay0|T +

(
2Tα + 2Tα+1|ay0|

Γ(α + 1)
+

[
2Tα

Γ(α + 1)
+

4T 2α

Γ(2α + 1)

]
‖x‖L1

)
‖p‖L1 ; = r.

Let U = {x ∈ L1(J, IR) : ‖x‖L1 < r + 1}. The operator N : Ū → P(L1(J, IR))
is upper semi-continuous and completely continuous. From the choice of U,there is no
x ∈ ∂U such that x ∈ λN(x).For some λ ∈ (0, 1], as a consequence of the nonlinear
alternative of Leray-Shauder, we deduce that N has a fixed point x ∈ Ū which is a
solution of the problem (3.1)-(3.2).This completes the proof. 2

3.1.2 The non-convex case

We present the result for the problem (3.1)-(3.2) with a non-convex valued right hand
side. Our considerations are based on the fixed point result in theorem of Covitz and
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Nadler(1.42)

Theorem 3.6 Assume(B3) and the following hypotheses hold:

(B5) F : J × IR× IR→ Pcp(X) has the property that,
F (., u, v) : J → Pcp(X) is measurable for each u, v ∈ IR.

If (
2Tα

Γ(α + 1)

)
(‖l1‖L1 + ‖l2‖L1) < 1, (3.10)

then the problem (3.1)-(3.2) has at least one solution on J.

Remark 3.7 By (B5), we can see that S1
F,y is nonempty for each y ∈ L1(J, IR), so F has

a measurable selection (see [41], Theorem III.6).

Proof. We shall show that N satisfies the assumptions of in theorem of Covitz and
Nadler 1.42. The proof will be given in two steps.

Step1: N(x) ∈ Pcl(L1(J, IR)) for each x ∈ L1(J, IR) .

Indeed, let (hn)n≥0 ⊂ N(x) be such that hn → h̃ in L1(J, IR),then h̃ in L1(J, IR) and
there exists vn ∈ SF,y such that for each t ∈ J .

hn(t) = ay0 − a
m∑
k=1

ak

∫ tk

0

(tk − s)α−1

Γ(α)
vn(s)ds

+

∫ t

0

(t− s)α−1

Γ(α)
vn(s)ds.

Using the fact that F has compact values and from (B3) we may pass to a subsequence if
necessary to get that vn converges weakly to v in L1

w(J, IR) (the space endowed with the
weak topology). An application of Mazurs theorem implies that vn converges strongly to
v and hence v ∈ S1

F,y Then for each t ∈ J

hn(t)→ h̃(t) = ay0 − a
m∑
k=1

ak

∫ tk

0

(tk − s)α−1

Γ(α)
v(s)ds

+

∫ t

0

(t− s)α−1

Γ(α)
v(s)ds

So , h̃ ∈ N(x).

Step2: There exists γ < 1 such that Hd(N(x), N(x̄)) < γ‖x − x̄‖L1 for each x, x̄ ∈
L1(J, IR). Let x, x̄ ∈ L1(J, IR) and h1 ∈ N(x),Then there exists v1 ∈ F (t, y(t), x(t))
such that for each t ∈ J ,

44



45 Implicit Fractional Differential inclusions

h1(t) = ay0 − a
m∑
k=1

ak

∫ tk

0

(tk − s)α−1

Γ(α)
v1(s)ds

+

∫ t

0

(t− s)α−1

Γ(α)
v1(s)ds.

From (B3) it follows that

Hd(F (t, y(t), x(t)), F (t, ȳ(t), x̄(t)) ≤ l(t)|y(t)− ȳ(t)|+ l(t)|x(t)− x̄(t)|

Hence, there exists w ∈ F (t, ȳ(t), x̄(t)) such that

|v1(t)− w| ≤ l1(t)|y(t)− ȳ(t)|+ l2(t)|x(t)− x̄(t)|, t ∈ J.

Consider U : J → P(IR) given by

U(t) = {w ∈ IR : |v1(t)− w| ≤ l1(t)|y(t)− ȳ(t)|+ l2(t)|x(t)− x̄(t)|}.

Since the multi-valued operator V (t) = U(t) ∩ F (t, ȳ(t), x̄(t)) is measurable, there
exists a function v2(t) which is a measurable selection for V .So v2 ∈ F (t, ȳ(t), x̄(t)) ,and
for each t ∈ J

|v1(t)− v2(t)| ≤ l1(t)|y(t)− ȳ(t)|+ l2(t)|x(t)− x̄(t)|, t ∈ J.

Let us define for each v2 ∈ J,

h2(t) = ay0 − a
m∑
k=1

ak

∫ tk

0

(tk − s)α−1

Γ(α)
v2(s)ds

+

∫ t

0

(t− s)α−1

Γ(α)
v2(s)ds.

Then for each t ∈ J,

|h1(t)− h2(t)| ≤ a
∑m

k=1 ak

∫ tk

0

(tk − s)α−1

Γ(α)
|v1 − v2|ds

+

∫ t

0

(t− s)α−1

Γ(α)
|v1 − v2|ds

≤ Tα

Γ(α + 1)
|v1 − v2|

+
Tα

Γ(α + 1)
|v1 − v2|

≤ 2Tα

Γ(α + 1)
|v1 − v2|

≤
(

2Tα

Γ(α + 1)

)
(l1(t)|y(t)− ȳ(t)|+ l2(t)|x(t)− x̄(t)|).
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Thus,

‖h1 − h2‖L1 ≤
(

2Tα

Γ(α + 1)

)∫ t

0

(l1(t)|y(t)− ȳ(t)|+ l2(t)|x(t)− x̄(t)|)dt.

Hence

‖h1 − h2‖L1 ≤
(

2Tα

Γ(α + 1)

)
(‖l1‖L1‖x− x̄‖L1 + ‖l2‖L1‖x− x̄‖L1).

For an analogous relation, obtained by interchanging the roles of x and x̄, it follows
that

Hd(N(x), N(x̄)) ≤
(

Tα

Γ(α + 1)

)
(‖l1‖L1 + ‖l2‖L1)‖x− x̄‖L1 .

So by (3.10),N is a contraction and thus, by theorem of Covitz and Nadler1.42 , N
has a fixed point x which is solution to (3.1)-(3.2) . The proof is complete.. 2

3.1.3 An example

we give an example to illustrate our main result. We apply Theorem 3.4 to the the
following fractional differential inclusion

cDαy(t) ∈ F (t, y(t),cDαy(t)), for a.e. t ∈ J = [0, 1], 0 < α ≤ 1 (3.11)

m∑
1

aky(tk) = 1, (3.12)

where

F (t, y(t),cDαy(t)) = {v ∈ IR : f1(t, y(t),cDαy(t)) ≤ v ≤ f2(t, y(t),cDαy(t))}

and f1, f2 : J × IR × IR 7→ IR. We assume that for each t ∈ [0, 1], f1(t, ·, ·) is
lower semi-continuous (i.e., the set {y ∈ IR : f1(t, y(t),cDαy(t)) > µ1} is open for each
µ ∈ IR), and assume that for each t ∈ [0, 1], f2(t, ·, ·) is upper semi-continuous (i.e., the
set {y ∈ IR : f2(t, y(t),cDαy(t)) < µ2} is open for each µ ∈ IR). Assume that there are
p ∈ L1([0, 1], IR+) such that

‖F (t, u1, u2)‖P = sup{|v| : v ∈ F (t, u1, u2)}
= max(|f1(t, y(t), x(t))|, |f2(t, y(t), x(t))|)
≤ p(t)(1 + |x|+ |y|) ,

for t ∈ J and each x, y ∈ IR.
It is clear thatF is compact and convex-valued, and it is upper semi-continuous.
Since all the conditions of Theorem 3.4 are satisfied, problem (3.11)-(3.12) has at least

one solution y on [0, 1].
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3.2 Implicit fractional differential inclusion with Hadamard-

Caputo fract derivative and nonlocal condition

2 We are concerned with the existence of solution of Nonlocal problems for a implicit
fractional differential inclusion,

C
HD

αy(t) ∈ F (t, y(t),CH D
αy(t)), for a.e. t ∈ J = [1, T ], 0 < α ≤ 1 (3.13)

m∑
k=1

aky(tk) = y1, (3.14)

where C
HD

α is the the Caputo-Hadamard fractional derivative, F : [1, T ]×IR×IR→ P(IR)
is a multi-valued map, P(IR) is the family of all nonempty subsets of IR.,y1 ∈ IR ak ∈ IR
and 1 < t1 < t2 < ... < tm < T, k = 1, 2, ...,m.
We present an existence result for the problem (3.13)-(3.14)when the right hand side is
convex valued by using fixed point theorem of Bohnnenblust-Karlin. The second results
are given i for non-convex valued right hand sides, which are based upon a fixed point
theorem for contraction multi-valued maps due to Covitz and Nadler 1.42 . An example
is given to demonstrate the application of our main results.

3.2.1 The convex case

Definition 3.8 A function y ∈ L1([1, T ], IR) such that C
HD

αy(t) is measurable is said
to be a solution of (3.13)-(3.14) if there exists a function x ∈ L1([1, T ], IR) with x(t) ∈
F (t, y(t),CH D

αy(t)) for a.e t ∈ [1, T ] such that CHD
αy(t) = x(t) and the function y satisfies

conditions (3.14).

We assume that
∑m

k=1 ak 6= 0 and we set

a =
1∑m
k=1 ak

.

For the existence of solutions for the nonlocal problem (3.13)-(3.14) we need the fol-
lowing auxiliary lemma.

Lemma 3.9 The solutions of nonlocal problem(3.13)-(3.14) can be expressed by the in-
tegral equation

y(t) = ay1 −
a
∑m

k=1 ak
Γ(α)

∫ tk

1

(
log

t

s

)α−1

x(s)
ds

s
+

1

Γ(α)

∫ t

1

(
log

t

s

)α−1

x(s)
ds

s
, (3.15)

2A.Zahed , S. Hamani and J.R. Graef , Caputo-Hadamard implicit Fractional Differential inclusion
with nonlocal condition, Archivum Mathematicum (Brno)57 ,(2021) No 5, 285297.
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where x is the solution of the integral equation

x(t) ∈ F (t, ay1 −
a
∑m

k=1 ak
Γ(α)

∫ tk

1

(
log

t

s

)α−1

x(s)
ds

s

+
1

Γ(α)

∫ t

1

(
log

t

s

)α−1

x(s)
ds

s
, x(t)).

(3.16)

Proof.Let C
HD

αy(t) = x(t) in equation (1.5)

x(t) ∈ F (t, y(t), x(t)) (3.17)

and
y(t) = c1 +H Iαx(t)

= c1 +
1

Γ(α)

∫ t

1

(
log

t

s

)α−1

x(s)
ds

s
.

(3.18)

Let t = tk in (3.18),we obtain

y(tk) = c1 +
1

Γ(α)

∫ tk

1

(
log

tk
s

)α−1

x(s)
ds

s

and
m∑
k=1

aky(tk) =
m∑
k=1

aky(1) +
m∑
k=1

ak
1

Γ(α)

∫ tk

1

(
log

tk
s

)α−1

x(s)
ds

s
(3.19)

Substitute from (3.14)into (3.19)

y1 =
m∑
k=1

aky(1) +
m∑
k=1

ak
1

Γ(α)

∫ tk

1

(
log

tk
s

)α−1

x(s)
ds

s

and

c1 = a(y1 −
m∑
k=1

ak
1

Γ(α)

∫ tk

1

(
log

tk
s

)α−1

x(s)
ds

s
) (3.20)

Substitute from (3.19) into (3.18) and (3.17) ,we obtain (3.15) and (3.16).
Let t = tk in ,we obtain(3.15)

y(tk) = ay1 −
a
∑m

k=1 ak
Γ(α)

∫ tk

1

(
log

tk
s

)α−1

x(s)
ds

s
+

1

Γ(α)

∫ tk

1

(
log

tk
s

)α−1

x(s)
ds

s

= ay1 + (1− a
m∑
k=1

ak)
1

Γ(α)

∫ tk

1

(
log

tk
s

)α−1

x(s)
ds

s
.

Then, we have∑m
k=1 aky(tk) =

∑m
k=1 akay1 +

∑m
k=1 ak(1− a

∑m
k=1 ak)

1

Γ(α)

∫ tk

1

(
log

tk
s

)α−1

x(s)
ds

s
= y1

This complete the proof.
Let us introduce the following assumptions:
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(B6) There exist a positive function a1 ∈ L1(J) and constants,bi > 0 ; i = 1, 2

‖F (t, u1, u2)‖P = sup{|f | : f ∈ F (t, u1, u2)} ≤ |a1(t)|+ b1|u1|+ b2|u2|.

(B7) There exist constants l1, l2 > 0 such that

Hd(F (t, x, z), F (t, x̄, z̄)) < l1|x− x̄|+ l2|z − z̄|

for every x, x̄, z, z̄ ∈ IR.

(B8) F : J×IR×IR→ Pcp(IR) has the property that F (., u1, u2) : J → Pcp is measurable,
and integrable bounded for each u1, u2 ∈ IR.

Our first result is based of Bohnenblust-Karlin fixed point theorem.

Theorem 3.10 Assume that the assumptions(B1)-(B6)-(B7)are satisfied. If(
4b1(log T )2α

Γ(2α + 1)
+

2b2(log T )α

Γ(α + 1)

)
< 1, (3.21)

then the problem(3.13)-(3.14) has at least one solution

Remark 3.11 Note that for an L1− Carathéodory multifunction F : J × IR × IR →
Pcp(IR) the set S1

F,y is not empty

Proof. Transform the problem (3.13)-(3.14) into a fixed point problem. Consider the
multi-valued operator,

N : L1(J, IR)→ P(L1(J, IR))

(Nx)(t) =

h ∈ L1(J, IR)
h(t) = ay1 −

a
∑m

k=1 ak
Γ(α)

∫ tk

1

(
log

t

s

)α−1

v(s)
ds

s

+
1

Γ(α)

∫ t

1

(
log

t

s

)α−1

v(s)
ds

s
v ∈ S1

F,x

 (3.22)

where v ∈ S1
F,x Clearly, from theorem(1.41)the fixed points of N are solutions to(3.13)-

(3.14).We shall show that N satisfies the assumptions of Bohnenblust-Karlin fixed point
theorem.
Let

r ≥
ay1||T − 1|+ 2(log T )α

Γ(α + 1)
‖a1‖L1 +

2b1|ay1|(log T )α

Γ(α + 1)

1−
(

4b1(log T )2α

Γ(2α + 1)
+

2b2(log T )α

Γ(α + 1)

)
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and consider the bounded set

Br = {x ∈ L1(J ; IR), ‖x‖L1 ≤ r}.

The proof will be given in several steps.

Step 1:N(x)is convex for each y ∈ L1(J, IR)
Indeed, if h1 , h2 belong to N(y) then there exist v1, v2 ∈ S1

F,y such that for each t ∈ J
we have,for i = 1, 2

hi(t) = ay1 −
a
∑m

k=1 ak
Γ(α)

∫ tk

1

(
log

t

s

)α−1

vi(s)
ds

s

+
1

Γ(α)

∫ t

1

(
log

t

s

)α−1

vi(s)
ds

s

Let 0 ≤ d ≤ 1. Then, for each t ∈ J we have

(dh1 + (1− d)h2)(t) = ay1 −
a
∑m

k=1 ak
Γ(α)

∫ tk

1

(
log

t

s

)α−1

(dv1 + (1− d)v2)(s)
ds

s

+
1

Γ(α)

∫ t

1

(
log

t

s

)α−1

(dv1 + (1− d)v2)(s)
ds

s
,

Since SF,y is convex (because F has convex values), we have.

dh1 + (1− d)h2 ∈ N(x).

Step 2: N(Br) is relatively compact.

(a) N(Br) is Bounded
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51 Implicit Fractional Differential inclusions

Let y ∈ Br for each h ∈ N(x) and t ∈ J, we have by (B6),

‖h‖
L1 =

∫ T

1

|h(t)|dt

=

∫ T

1

∣∣∣∣∣ay1 −
a
∑m

k=1 ak
Γ(α)

∫ tk

1

(
log

t

s

)α−1

v(s)
ds

s
+

1

Γ(α)

∫ t

1

(
log

t

s

)α−1

v(s)
ds

s

∣∣∣∣∣ dt
≤ |ay1||T − 1|+ 2

∫ T

1

∣∣∣∣∣ 1

Γ(α)

∫ t

1

(
log

t

s

)α−1

v(s)
ds

s

∣∣∣∣∣ dt
≤ |ay1||T − 1|+ 2

∫ T

1

(
1

Γ(α)

∫ t

1

(
log

t

s

)α−1

|v(s)|ds
s

)
dt

≤ |ay1||T − 1|+ 2

∫ T

1

(
1

Γ(α)

∫ t

1

(
log

t

s

)α−1

|a1(t)|ds
s

)
dt

+ 2b1

∫ T

1

(
1

Γ(α)

∫ t

1

(
log

t

s

)α−1

|ay1|

)
dt

+ 4b1

∫ T

1

(
1

Γ(α)

∫ t

1

(
log

t

s

)α−1

| 1

Γ(α)

∫ t

1

(
log

t

s

)α−1

|x(s)|ds
s
|

)
dt

+ 2b2

∫ T

1

(
1

Γ(α)

∫ t

1

(
log

t

s

)α−1

|x(s)|ds
s

)
dt

≤ |ay1||T − 1|+ 2(log T )α

Γ(α + 1)
‖a1‖L1 +

2b1|ay1|(log T )α

Γ(α + 1)
+

4b1(log T )2α

Γ(2α + 1)
‖x‖L1

+
2b2(log T )α

Γ(α + 1)
‖x‖L1

≤ |ay1||T − 1|+ 2(log T )α

Γ(α + 1)
‖a1‖L1 +

2b1|ay1|(log T )α

Γ(α + 1)

+

(
4b1(log T )2α

Γ(2α + 1)
+

2b2(log T )α

Γ(α + 1)

)
r ≤ r

Then the above inequalities show that

‖N(x)‖ = sup{‖h‖L1 : h ∈ N(x)},

which proves that N(Br) ⊂ Br and Br is bounded,then N(Br) is bounded.

• (b)(Nx)c → (Nx),in L1(J, IR) for each x ∈ Br
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Let x ∈ Br and h ∈ N(x) then we have

‖hc − h‖L1

=

∫ T

1

|hc(t)− h(t)|dt

=

∫ T

1

∣∣∣∣1c
∫ t+c

t

h(s)ds− h(t)

∣∣∣∣ dt
=

∫ T

1

(
1

c

∫ t+c

t

|h(s)− h(t)|ds
)
dt

Since a1, x ∈ L1(J, IR) We have

1

c

∫ t+c

t

∣∣∣ (ay1 −
a
∑m

k=1 ak
Γ(α)

∫ sk

1

(
log

s

τ

)α−1

v(s)
dτ

τ
+

1

Γ(α)

∫ s

1

(
log

s

τ

)α−1

v(s)
dτ

τ
ds

)
−

(
ay1 −

a
∑m

k=1 ak
Γ(α)

∫ tk

1

(
log

t

s

)α−1

v(s)
ds

s
+

1

Γ(α)

∫ t

1

(
log

t

s

)α−1

v(s)
ds

s

)∣∣∣dt
≤ 1

c

∫ t+c

t

(|ay1|+
2(log T )α

Γ(α + 1)
|a1(s)|+ 2b1|ay1|(log T )α

Γ(α + 1)
+

4b1(log T )2α

Γ(2α + 1)
|x(s)|

+
2b2(log T )α

Γ(α + 1)
|x(s)|)− (|ay1|+

2(log T )α

Γ(α + 1)
|a1(t)|+ 2b1|ay1|(log T )α

Γ(α + 1)
+

4b1(log T )2α

Γ(2α + 1)
|x(t)|

+
2b2(log T )α

Γ(α + 1)
|x(t)|)dt

≤ 2(log T )α

Γ(α + 1)

1

c

∫ t+c

t

|a1(s)− a1(t)|dt

+

(
4b1(log T )2α

Γ(2α + 1)
+

2b2(log T )α

Γ(α + 1)

)
1

c

∫ t+c

t

|x(s)− x(t)|dt→ 0.

Hence

(Nx)c → (Nx) uniformly as c→ 0.

As a consequence of (a) and (b)together with the Kolmogorov compactness compactness
criterion, we can conclude that N(Br) is relatively compact

Step 3: Nhas a closed graph.
Let xn → x∗, hn ∈ N(xn) and hn → h∗ We need to show that h∗ ∈ N(x∗).Now hn ∈ N(xn)
implies there exists vn ∈ S1

F,xn
such that, for each t ∈ J

hn(t) = ay1 −
a
∑m

k=1 ak
Γ(α)

∫ tk

1

(
log

t

s

)α−1

vn(s)
ds

s

+
1

Γ(α)

∫ t

1

(
log

t

s

)α−1

vn(s)
ds

s
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We show that there exists v∗ ∈ S1
F,x∗ such that for each t ∈ J

h∗(t) = ay1 −
a
∑m

k=1 ak
Γ(α)

∫ tk

1

(
log

t

s

)α−1

v∗(s)
ds

s

+
1

Γ(α)

∫ t

1

(
log

t

s

)α−1

v∗(s)
ds

s
v∗ ∈ S1

F,x∗ .

Since F (t, ., .) is upper semi-continuous,for every ,ε > 0,there exist n0(x) such that for
every n ≥ n0, we have vn ∈ F (t, y(t), x(t)) ⊂ F (t, y∗(t), x∗(t)) + εB(0, 1) a,e t ∈ J
since F has compact values, there exists a subsequence vnm(.) such that

vnm(.)→ v∗ as m→∞

v∗ ∈ F (t, y∗(t), x∗(t)) as t ∈ J

; For every w(t) ∈ F (t, y∗(t), x∗(t)), we have

|vnm − v∗| ≤ |vnm − w(t)|+ |w(t)− v∗|

and so

|vnm − v∗| ≤ d(vnm(t), F (t, y∗(t), x∗(t)))

By an analogous relation obtained by interchanging the roles of vnm and v∗ it follows that

|vnm − v∗| ≤ Hd(F (t, ynm(t), xnm(t)), F (t, y∗(t), x∗(t)))
≤ l1|ynm − y∗|+ l2|xnm − x∗|
≤ l1|Iα(x∗ − xnm)|t=tk + Iα(xnm − x∗)|+ l2|xnm − x∗|
≤ 2l1|Iα(xnm − x∗)|+ l2|xnm − x∗|.

Therefore,

|hnm(t)− h∗(t)| ≤
2

Γ(α)

∫ t

1

(
log

t

s

)α−1

|vnm − v∗|
ds

s

‖hnm − h∗‖L1 ≤
(

4l1(log T )2α

Γ(2α + 1)
+

2l2(log T )α

Γ(α + 1)

)
‖xnm − x∗‖L1

Then

‖hnm − h∗‖L1 → 0 as m→ 0.

Therefore, we deduce from Bohnenblust-Karlin fixed point theorem that N has a fixed
point x in Br ⊂ L1(J, IR) which is a solution of the nonlocal problem(3.13)-(3.14). This
completes the proof. 2
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3.2.2 The non-convex case

We present now a result for the problem (3.13)-(3.14) with a non-convex valued right hand
side.Our considerations are based on the fixed point result in the theorem for contraction
multi-valued maps given by Covitz-Nadler 1.42

Theorem 3.12 Assume that the assumptions(B7)and(B8)are satisfied.If:(
2(l1 + l2)(log T )α

Γ(α + 1)

)
< 1, (3.23)

then the problem (3.13)-(3.14)has at least one solution y ∈ L1(J, IR).

Proof : For each y ∈ L1(J, IR) the set S1
F,yis nonempty since, by (B8) F has a mea-

surable selection (see([41],Theorem III.6)).We shall show that N given by(3.22) satisfies
the assumptions of Covitz and Nadler fixed point theorem. The proof will be given in
two steps.

Step 1: N(x) ∈ Pcl(L1(J.IR)) for all x ∈ L1(J, IR) .
Let (hn)n≤0) ∈ N(x) be such that hn → h ∈ L1(J.IR).Then there exists vn ∈ S1

F,y such
that, for each t ∈ J

hn(t) = ay1 −
a
∑m

k=1 ak
Γ(α)

∫ tk

1

(
log

t

s

)α−1

vn(s)
ds

s
+

1

Γ(α)

∫ t

1

(
log

t

s

)α−1

vn(s)
ds

s
.

From (B8) and the fact that F has compact values, we may pass to a subsequence if
necessary to obtain that vn converges to v in L1(J.IR) and hence v ∈ S1

F,y.Thus, for each
t ∈ J

hn(t)→ h̃(t) = ay1−
a
∑m

k=1 ak
Γ(α)

∫ tk

1

(
log

t

s

)α−1

v(s)
ds

s
+

1

Γ(α)

∫ t

1

(
log

t

s

)α−1

v(s)
ds

s

so h̃ ∈ N(x) .

Step2: There exists γ < 1 such that Hd(N(y), N(ȳ)) < γ‖y − ȳ‖∞ for each y, ȳ ∈
C(J, IR) .

Let y, ȳ ∈ C(J, IR) and h1 ∈ N(y),then there exists v1 ∈ F (t, y(t), x(t)) such that for
each t ∈ J

h1(t) = ay1 −
a
∑m

k=1 ak
Γ(α)

∫ tk

1

(
log

t

s

)α−1

v1(s)
ds

s
+

1

Γ(α)

∫ t

1

(
log

t

s

)α−1

v1(s)
ds

s
.

From (B7) it follows that

Hd(F (t, y(t), x(t)), F (t, ȳ(t), x̄(t)) ≤ l1|y(t)− ȳ(t)|+ l2|x(t)− x̄(t)|.

Hence, there exists w ∈ F (t, ȳ(t), x̄(t)) such that

|v1(t)− w| ≤ l1|y(t)− ȳ(t)|+ l2|x(t)− x̄(t)|, t ∈ J.
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Consider U : J → P(IR) given by

U(t) = {w ∈ IR : |v1(t)− w| ≤ l1|y(t)− ȳ(t)|+ l2|x(t)− x̄(t)|}.

Since the multivalued operator V (t) = U(t)∩F (t, ȳ(t), x̄(t))) is measurable, there exists a
function v2(t) which is a measurable selection for V , so v2 ∈ F (t, ȳ(t), x̄(t)) ,and for each
t ∈ J

|v1(t)− v2(t)| ≤ l1|y(t)− ȳ(t)|+ l2|x(t)− x̄(t)|, t ∈ J

Let us define

h2(t) = ay1 −
a
∑m

k=1 ak
Γ(α)

∫ tk

1

(
log

t

s

)α−1

v2(s)
ds

s
+

1

Γ(α)

∫ t

1

(
log

t

s

)α−1

v2(s)
ds

s
.

Then for each t ∈ J ,we have

|h1(t)− h2(t)| ≤ 1

Γ(α)

∫ t

1

(
log

t

s

)α)−1

|v1(t)− v2(t)|ds
s

+
a
∑m

k=1 ak
Γ(α)

∫ tk

1

(
log

t

s

)α−1

|v2(t)− v1(t)|ds
s

≤ 2(log(T ))α

Γ(α + 1)
|v1(t)− v2(t)|.

+

(
2(log(T ))α

Γ(α + 1)

)
(l1(t)|y(t)− ȳ(t)|+ l2(t)|x(t)− x̄(t)|)

Thus

‖h1 − h2‖L1 ≤
(

(l1 + l2)2(log(T ))α

Γ(α + 1)

)
‖x− x̄‖L1 .

For an analogous relation, obtained by interchanging the roles of x and x̄ it follows
that

Hd(N(x), N(x̄)) ≤
(

(l1 + l2)2(log(T ))α

Γ(α + 1)

)
‖x− x̄‖L1 .

So by (4.31),N is a contraction and thus, by theorem 1.42 , N has a fixed point x
which is the solution to (3.13)-(3.14).The proof is complete.. 2

3.2.3 An example

We apply Theorem 3.10 to the following implicit fractional differential inclusion

C
HD

αy(t) ∈ F (t, y(t),CH D
αy(t)), for a.e. t ∈ J = [1, e], 0 < α ≤ 1 (3.24)
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m∑
1

aky(tk) = 1, (3.25)

where

F (t, y(t),CH D
αy(t)) = {v ∈ IR : f1(t, y(t),CH D

αy(t)) ≤ v ≤ f2(t, y(t),CH D
αy(t))},

and f1, f2 : J × IR × IR 7→ IR. We assume that for each t ∈ [1, e], f1(t, ·, ·) is
lower semi-continuous (i.e., the set {y ∈ IR : f1(t, y(t),cDαy(t)) > µ1} is open for each
µ1 ∈ IR), and assume that for each t ∈ [1, e], f2(t, ·, ·) is upper semi-continuous (i.e., the
set {y ∈ IR : f2(t, y(t),cDαy(t)) < µ2} is open for each µ2 ∈ IR). Assume that there are
a ∈ L1([1, e], IR+) such that

max(f1(t, y(t), x(t)), f2(t, y(t), x(t))) ≤ t

9
+

1

16
|y(t)|+ 1

16
|x(t)|, t ∈ J.

We have T = e,a(t) = t
9
, b1 = b2 = 1

16
It is easy to see that(

4b1(log T )2α

Γ(2α + 1)
+

2b2(log T )α

Γ(α + 1)

)
=

(
1

4Γ(2α + 1)
+

1

8Γ(α + 1)

)
< 1.

Since all the conditions of Theorem 3.10 are satisfied, problem (3.24)-(3.25) has at
least one solution y on [1, e].
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Chapter 4

BVP for Fractional Differential
Inclusions with Hadamard-Caputo
Fractional Derivative

4.1 BVP for Hadamard-caputo fractional differential

inclusion with nonlocal condition

1 In this chapter, we study the existence of solution for boundary values problem fractional
differential inclusion,

H
c D

ry(t) ∈ F (t, y(t)), for a.e. t ∈ J = [1, T ], 1 < r ≤ 2, (4.1)

y(1) = y1, y(T ) = g(y), (4.2)

where H
c D

r is the Caputo-Hadamard fractional derivative, F : [1, T ] × IR → P(IR) is a
multi-valued map, P(IR) is the family of all nonempty subsets of IR and g : C(J, IR)→ IR
a continuous function.
In this section, we present two existence results for the problem (4.1)-(4.2) when the right
hand side is convex as well as non-convex valued. The first result relies on the nonlinear
alternative of Leray Schauder type, while the second one is based upon a fixed point
theorem for contraction multi-valued maps due to Covitz and Nadler.

4.1.1 The convex case

Let us start by defining what we mean by a solution of the problem (4.1)-(4.2).

Definition 4.1 A function y ∈ AC2
δ ([1, T ], IR) is said to be a solution of (4.1)-(4.2) if

there exists a function v ∈ L1([1, T ], IR) with v(t) ∈ F (t, y(t)) for a.e t ∈ [1, T ] such that
H
c D

ry(t) = v(t) and the function y satisfies conditions (4.2).

1A.Zahed and S. Hamani, Boundary Value Problems for Hadamard-Caputo Fractional Differential
Inclusions with Nonlocal Conditions, PanAmerican Mathematical Journal 29 ,(2019) No 4, 15-28..
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For the existence of solutions for the problem (4.1)-(4.2), we prove the lemma :

Lemma 4.2 Let h : [1, T ] → IR be a continuous function. A function y is a solution of
the fractional integral equation

y(t) =
1

Γ(r)

∫ t

1

(
log

t

s

)r−1

h(s)
ds

s
+ y1

+

g(y)− y1 −
1

Γ(r)

∫ T

1

(
log

T

s

)r−1

h(s)
ds

s

log(T )
log(t)

(4.3)

if and only if y is a solution of the fractional boundary value problem

H
c D

ry(t) = h(s) for a.e. t ∈ [1, T ], 1 < r ≤ 2 (4.4)

y(1) = y1; y(T ) = g(y). (4.5)

Proof. Applying the Caputo- Hadamard fractional integral of order r to both sides of
(4.4) , and by using Lemma (1.24) , we find Assume y satisfies (4.5). Then Lemma 1.24
implies that

y(t) = c1 + c2 log(t) +H Irh(t). (4.6)

The boundary condition (4.5) implies that

c1 = y1

and

y(T ) =
1

Γ(r)

∫ T

1

(
log

T

s

)r−1

h(s)
ds

s
+ y1 + c2(log T ).

Hence,

c2 =

g(y)− y1 −
1

Γ(r)

∫ T

1

(
log

T

s

)r−1

h(s)
ds

s

(log T )
.

Finally, we obtain the solution (4.3)
Inversely, it is clear that if y satisfies equation (4.3), then equations (4.4)-(4.5) hold. 2
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Theorem 4.3 Assume the following hypothesis hold :

(H́1) F : J × IR→ Pcp,c(X) is a Carathéodory multi-valued map.

(H́2) There exist p ∈ L1(J, IR+) and ψ : [0;∞) → (0,∞) continuous and nondecreasing
such that

‖F (t, u)‖P ≤ p(t)ψ(|u|) for t ∈ J and each u ∈ IR.

(H́3) There exists l ∈ L1([1;T ]; IR) , such that

Hd(F (t, u), F (t, ū)) < l(t)|u− ū| for every u, ū ∈ IR

(H́4) There exist a constant p∗ > 0 and ψ∗ : [0;∞)→ (0,∞) continuous and nondecreas-
ing such that

|g(y)| ≤ p∗ψ∗(|u|) for t ∈ J and each u ∈ IR.

(H́5) There exists a number M > 0, such that

M

2‖p‖L1(T − 1)(log(T ))r

Γ(r + 1)
ψ(M) + 2|y1|+ p∗ψ∗(M)

> 1 (4.7)

Then the problem (4.1)-(4.2) has at least one solution on J
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Proof. Transform the problem (4.1)-(4.2) into a fixed point problem. Consider the
multi-valued operator,

N(y) =


h ∈ C(J, IR)

h(t) =
1

Γ(r)

∫ t

1

(
log

t

s

)r−1

v(s)
ds

s
+ y1

+

g(y)− y1 −
1

Γ(r)

∫ t

1

(
log

T

s

)r−1

v(s)
ds

s

log(T )
log(t) v ∈ SF,y


.

Clearly, from Lemma 4.2 , the fixed points of N are solutions to (4.1)-(4.2) . We shall
show that N satisfies the assumptions of nonlinear alternative of Leray-Schauder type.
The proof will be given in several steps.

Step 1:N(y)is convex for each y .
Indeed, if h1 , h2 belong to N(y) then there exist v1,v2 such that for each t ∈ J we have,for
i = 1, 2

hi(t) =
1

Γ(r)

∫ t

1

(
log

t

s

)r−1

vi(s)
ds

s
+ y1

+

g(y)− y1 −
1

Γ(r)

∫ t

1

(
log

t

s

)r−1

vi(s)
ds

s

log(T )
log(t).

Let 0 ≤ d ≤ 1. Then, for each t ∈ J we have

(dh1 + (1− d)h2)(t) =
1

Γ(r)

∫ t

1

(
log

t

s

)r−1

(dv1 + (1− d)v2)(s)
ds

s
+ y1

+

g(y)− y1 −
1

Γ(r)

∫ t

1

(
log

t

s

)r−1

(dv1 + (1− d)v2)(s)
ds

s

log(T )
log(t).

Since SF,y is convex (because F has convex values), we have;

dh1 + (1− d)h2 ∈ N(y).

Step 2: N maps bounded sets into bounded sets in C(J, IR).

Let Bµ∗={y ∈ C(J, IR) : ‖y‖∞ ≤ µ∗} be a bounded set in C(J, IR) and y ∈ Bµ∗ Then
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for each h ∈ N(y) there exists v ∈ SF,y such that

h(t) =
1

Γ(r)

∫ t

1

(
log

t

s

)r−1

v(s)
ds

s
+ y1

+

g(y)− y1 −
1

Γ(r)

∫ t

1

(
log

t

s

)r−1

v(s)
ds

s

log(T )
log(t).

By (H́2), we have, for each t ∈ J

|h(t)| ≤ 1

Γ(r)

∫ t

1

(
log

t

s

)r−1

|v(s)|ds
s

+ |y1|

+

|g(y)|+ |y1|+
1

Γ(r)

∫ t

1

(
log

t

s

)r−1

|v(s)|ds
s

log(T )
log(t)

≤ 2

Γ(r)

∫ T

1

(
log

T

s

)r−1

|v(s)|ds
s

+ 2|y1|+ |g(y)|

≤ 2(log(T ))r

Γ(r + 1)

∫ T

1

p(t)ψ(|y(s)|)ds+ 2|y1|+ p∗ψ∗(|y(s)|).

Thus

‖h‖∞ ≤
2(log(T ))rψ(µ∗)

Γ(r + 1)
‖p‖L1 + 2|y1|+ p∗ψ∗(µ∗) := `.

Step 3:N maps bounded sets into equicontinuous sets of C(J, IR)
Let t1, t2 ∈ J , t1 < t2 and let Bµ∗ be bounded set of C(J, IR) as in Step 2. Let y ∈ Bµ∗

and h ∈ N(y). Then

|h(t2)− h(t1)| = |
∫ t1

1

[(
log

t2
s

)r−1

−
(

log
t1
s

)r−1
]
v(s)

s
ds

+
1

Γ(r)

∫ t2

t1

(
log

t2
s

)r−1
v(s)

s
ds|

≤ p(t)ψ(|y(s)|)
Γ(r)

∫ t1

1

[(
log

t2
s

)r−1

−
(

log
t1
s

)r−1
]
ds

s

+
p(t)ψ(|y(s)|)

Γ(r)

∫ t2

t1

(
log

t2
s

)r−1
ds

s

≤ ‖p‖L1ψ(µ∗)

Γ(r)

∫ t1

1

[(
log(

t2
s

)r−1

−
(

log
t1
s

)r−1
]
ds

s

+
‖p‖L1ψ(µ∗)

Γ(r)

∫ t2

t1

(
log

t2
s

)r−1
ds

s
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As t1 → t2, the right side of the above inequality tens to zero. As a consequence of Steps
1 to 3, together with the Arzelá-Ascoli theorem, we can conclude that N : C(J ; IR) →
P (C(J ; IR)) is completely continuous.

Step 4: Nhas a closed graph.
Let yn → y∗, hn ∈ N(yn) and hn → h∗ We need to show that hn ∈ N(yn) means that
there exists vn ∈ SF,y, such that, for each t ∈ J

hn(t) =
1

Γ(r)

∫ t

1

(
log

t

s

)r−1

vn(s)
ds

s
+ y1

+

g(y)− y1 −
1

Γ(r)

∫ t

1

(
log

t

s

)r−1

vn(s)
ds

s

log(T )
log(t).

We must show that there exists v∗ ∈ SF,y∗ such that, for each

h∗(t) =
1

Γ(r)

∫ t

1

(
log

t

s

)r−1

v∗(s)
ds

s
+ y1

+

g(y)− y1 −
1

Γ(r)

∫ t

1

(
log

t

s

)r−1

v∗(s)
ds

s

log(T )
log(t).

Since F (t, .) is upper semi-continuous, then for every ε > 0 there exists a natural number
n0(ε) such that, for every n > n0,we have

vn(t) ∈ F (t, yn(t)) ⊂ F (t, y∗(t)) + εB(0, 1). a.e t ∈ J
Since F (., .) has compact values, then there exists a subsequence vnm(.) such that

vnm(.)→ v∗ as m→∞,and v∗(t) ∈ F (t, y∗(t)) a.e.t ∈ J
For every w ∈ F (t, y∗(t)) ,we have

|vnm − v∗| ≤ |vnm − w|+ |w − v∗|.

Then

|vnm − v∗| ≤ d(vnm , F (t, y∗(t))),

We obtain an analogous relation by interchanging the roles of vnm and v∗ , and it
follows that

|vnm − v∗| ≤ Hd(F (t, yn(t)), F (t, y∗(t))) ≤ l(t)‖yn − y∗‖∞.
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Then

|hn(t)− h∗(t)| ≤
1

Γ(r)

∫ t

1

(
log

t

s

)r−1 |vn − v∗|
s

ds

+

1

Γ(r)

∫ T

1

(
log

T

s

)r−1 |vn − v∗|
s

ds

log(T )
log(t)

≤ 1

Γ(r)

∫ t

1

(
log

t

s

)r−1 |l(s)
s
ds‖ynm − y∗(t)‖∞

+
log(t)

Γ(r) log(T )

∫ t

1

(
log

t

s

)r−1 |l(s)|
s

ds‖ynm − y∗‖∞

≤ ‖l‖L1

Γ(r)

∫ t

1

(
log

t

s

)r−1
1

s
ds‖ynm − y∗(t)‖∞

+
‖l‖L1

Γ(r)

∫ t

1

(
log

t

s

)r−1
1

s
ds‖ynm − y∗‖∞.

Hence

‖hn − h∗‖∞ ≤
2‖l‖L1(log T )r

Γ(r + 1)
‖ynm − y∗‖∞ → 0.

as m→∞.

Step 5:A priori bounds on solutions.
Let y be such that y ∈ λN(y) with λ ∈ (0, 1] Then there exists v ∈ SF,y such that, for
each t ∈ J ,

h(t) =
1

Γ(r)

∫ t

1

(
log

t

s

)r−1

v(s)
ds

s
+ y1

+

g(y)− y1Γ(r)

∫ t

1

(
log

t

s

)r−1

v(s)
ds

s

log(T )
log(t).

This implies by (’H2) that, for each t ∈ J , we have

|h(t)| ≤ 1

Γ(r)

∫ t

1

(
log

t

s

)r−1

|v(s)|ds)
s

+ |y1|

+

|g(y)|+ |y1|
1

Γ(r)

∫ t

1

(
log

t

s

)r−1

|v(s)|ds
s

log(T )
log(t)

≤ 2

Γ(r)

∫ T

1

(
log

T

s

)r−1

|v(s)|ds
s

+ 2|y1|+ |g(y)|

≤ 2(log(T ))r

Γ(r + 1)

∫ T

1

p(t)ψ(|y(s)|)ds+ 2|y1|+ p∗ψ∗(|y(s)|)

≤ 2‖p‖L1(log(T ))r

Γ(r + 1)

∫ T

1

ψ(‖y‖∞)ds+ 2|y1|+ p∗ψ∗(‖l‖∞)
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Thus
‖y‖∞

2‖p‖L1(T − 1)(log(T ))r

Γ(r + 1)
ψ(‖y‖∞) + 2|y1|+ p∗ψ∗(‖y‖∞)

< 1.

Then by condition (4.7), there exists M > 0 such that ‖y‖∞ 6= M . Let U = {y ∈
C(J, IR) : ‖y‖∞ < M}.The operator N : Ū → P(C(J, IR)) is upper semicontinuous and
completely continuous. From the choice of U , there is no y ∈ ∂U such that y ∈ λN(y).for
some λ ∈ (0, 1].As a consequence of the nonlinear alternative of Leray-Shauder, we deduce
that N has a fixed point y ∈ Ū which is a solution of the problem (4.1)-(4.2).This completes
the proof. 2

4.1.2 The non-convex case .

We present the result for the problem (4.1)-(4.2) with a non-convex valued right hand
side. Our considerations are based on the fixed point result in the theorem of Covitz and
Nadler 1.42

Theorem 4.4 Assume(H́3) and the following hypotheses hold:

(́H6) F : J × IR→ Pcp(X) has the property that,
F (., u) : J → Pcp(X) is measurable for each u ∈ IR.

(́H7) there exists k∗ > 0 with such that
|g(u)− g(ū)| ≤ k∗|u− ū| for u, ū ∈ C(J, IR).

If
2(log(T ))r

Γ(r + 1)
‖l‖L1 + k∗ < 1, (4.8)

then the problem (4.1)-(4.2) has at least one solution on J.

Remark 4.5 By (H́6), we can see that SF,y is nonempty for each y ∈ C(J, IR), so F has
a measurable selection (see [41], Theorem III.6)

Proof. We shall show that N satisfies the assumptions of the theorem of Covitz and
Nadler1.42. The proof will be given in two steps.

Step1: N(y) ∈ Pcl(C(J ; IR)) for each y ∈ C(J, IR)
Indeed, let (yn)n≥0 ⊂ N(y) be such that yn → ȳ in C(J, IR),then ȳ in C(J, IR) and there
exists vn ∈ SF,y such that for each t ∈ J .

yn(t) =
1

Γ(r)

∫ t

1

(
log

t

s

)r−1

vn(s)
ds

s
+ y1

+

g(y)− y1 −
1

Γ(r)

∫ T

1

(
log

T

s

)r−1

vn(s)
ds

s

log(T )
log(t).
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Using the fact that F has compact values and from (H́3) we may pass to a subsequence if
necessary to get that vn converges weakly to v in L1

w(J, IR) (the space endowed with the
weak topology). An application of Mazurs theorem implies that vn converges strongly to
v and hencev ∈ SF,y Then for each t ∈ J

yn(t)→ ȳ(t) =
1

Γ(r)

∫ t

1

(
log

t

s

)r−1

v(s)
ds

s
+ y1

+

g(y)− y1 −
1

Γ(r)

∫ T

1

(
log

T

s

)r−1

v(s)
ds

s

log(T )
log(t).

So,ȳ ∈ N(y)

Step2: There exists γ < 1 such that Hd(N(y), N(ȳ)) < γ‖y − ȳ‖∞ for each y, ȳ ∈
C(J, IR)

Let y, ȳ ∈ C(J, IR) and h1 ∈ N(y),then there exists v1 ∈ F (t, y(t)) such that for each
t ∈ J

y1(t) =
1

Γ(r)

∫ t

1

(
log

t

s

)r−1

v1(s)
ds

s
+ y1

+

g(y)− y1 −
1

Γ(r)

∫ T

1

(
log

T

s

)r−1

v1(s)
ds

s

log(T )
log(t).

From (H́3) it follows that

Hd(F (t, y(t)), F (t, ȳ(t)) ≤ l(t)|y(t)− ȳ(t)|.
Hence, there exists w ∈ F (t, y(t)) such that

|v1(t)− w| ≤ l(t)|y(t)− ȳ(t)|, t ∈ J.
Consider U : J → P(IR) given by

U(t) = {w ∈ IR : |v1(t)− w| ≤ l(t)|y(t)− ȳ(t)|}.

Since the multivalued operator V (t) = U(t)∩F (t, ȳ(t)) is measurable, there exists a func-
tion v2(t) which is a measurable selection for V . so V2 ∈ F (t, ȳ(t)) ,and for each t ∈ J

|v1(t)− v2(t)| ≤ l(t)|y(t)− ȳ(t)|, t ∈ J

Let us define for each v2 ∈ J

y2(t) =
1

Γ(r)

∫ t

1

(
log

t

s

)r−1

v2(s)
ds

s
+ y1

+

g(y)− y1 −
1

Γ(r)

∫ T

1

(
log

T

s

)r−1

v2(s)
ds

s

log(T )
log(t)
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Then for each t ∈ J

|h1(t)− h2(t)| ≤ 1

Γ(r)

∫ t

1

(
log

t

s

)r−1

|v1(t)− v2(t)|ds
s

+
log(t)

log(T )

[
|g(y)− g(ȳ)|+ 1

Γ(r)

∫ T

1

(
log

t

s

)r−1

|v1(t)− v2(t)|ds
s

]
≤ 1

Γ(r)

∫ t

1

(
log

t

s

)r−1

|y(s)− ȳ(s)|l(s)ds
s

+ k∗|y − ȳ|+ 1

Γ(r)

∫ T

1

(
log

T

s

)r−1

|y(s)− ȳ(s)|l(s)ds
s

≤
[
2

(log(T ))r

Γ(r + 1)

∫ T

1

l(s)ds+ k∗
]
‖y − ȳ‖∞

Thus

‖h1 − h2‖∞ ≤
[

2(log(T ))r

Γ(r + 1)
‖l‖L1 + k∗

]
‖y − ȳ‖∞

For an analogous relation, obtained by interchanging the roles of y and ȳ it follows
that

Hd(N(y), N(ȳ)) ≤
[

2(log(T ))r

Γ(r + 1)
‖l‖L1 + k∗

]
‖y − ȳ‖∞

So by (4.8),N is a contraction and thus, by theorem of Covitz and Nadler 1.42 , N
has a fixed point y which is solution to (4.1)-(4.2) . The proof is complete. 2

4.1.3 An example

We take:
H
c D

ry(t) ∈ F (t, y(t)), for a.e. t ∈ J = [1, e], 1 < r ≤ 2, (4.9)

y(1) = 0, y(e) =
n∑
i=1

ciy(ti), (4.10)

where 0 < t1 < t2 < ... < tn < 1, ci, i = 1, .., n are given positives constants with∑n
i=1 ci <

4

5
. We set

F (t, y) = {v ∈ IR : f1(t, y) ≤ v ≤ f2(t, y)}

where f1, f2 : [1, e] × IR 7→ IR. We assume that for each t ∈ [1, e], f1(t, ·) is lower semi-
continuous (i.e., the set {y ∈ IR : f1(t, y) > µ} is open for each µ ∈ IR), and assume that
for each t ∈ [1, e], f2(t, ·) is upper semi-continuous (i.e., the set {y ∈ IR : f2(t, y) < µ} is
open for each µ ∈ IR). Assume that there are p ∈ C([1, e], IR+) and ψ : [0,∞) 7→ (0,∞)
continuous and nondecreasing such that

‖F (t, u)‖P = sup{|v|, v(t) ∈ F (t, y)}
= max(|f1(t, y)|, |f2(t, y)|) ≤ p(t), for each t ∈ [1, e], y ∈ IR.
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Assume that there is ψ∗ : [0,∞) 7→ (0,∞) continuous and nondecreasing such that

|g(u)| ≤ 4

5
ψ∗(|u|), for each u ∈ IR.

It is clear that F is compact and convex-valued, and it is upper semi-continuous.
Finally we assume that there exists a number M > 0 such that

M

2(e− 1)ψ(M)

Γ(r + 1)
‖p‖L1 +

4

5
ψ∗(M)

> 1. (4.11)

Since all the conditions of Theorem 4.3 are satisfied, problem (4.9)-(4.10) has at least one
solution y on [1, e].

4.2 BVP for fractional differential inclusions and Caputo-

Hadamard fractional derivative with integral con-

ditions

2

4.2.1 Introduction

For r ∈ (1, 2] in this section, we are concerned with the existence of solution of boundary
value problems for a fractional differential inclusion,

H
c D

ry(t) ∈ F (t, y(t)), for a.e. t ∈ J = [1, T ], (4.12)

y(1)− y′(1) =

∫ T

1

g(s, y(s))ds, (4.13)

y(T ) + y′(T ) =

∫ T

1

h(s, y(s))ds, (4.14)

where H
c D

r is the Caputo-Hadamard fractional derivative, F : [1, T ] × IR → P(IR) is a
multi-valued map, P(IR) is the family of all nonempty subsets of IR and g, h : J×IR→ IR
are continuous functions. In this Section we shall present two existence results for the
problem (4.12)-(4.14) when the right hand side is convex, as well as non-convex, valued.
The first result relies on the nonlinear alternative of Leray Schauder type, while the second
one is based upon a fixed point theorem for contraction multi-valued maps due to Covitz
and Nadler.

2A.Zahed , S. Hamani and J. Henderson, Boundary Value Problems for Caputo-Hadamard Fractional
Differential Inclusions with Integral Conditions Moroccan J. of Pure and Appl. Anal.6 (2020), No. ,62-75.
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4.2.2 The convex case

Definition 4.6 A function y ∈ AC2
δ ([1, T ], IR) is said to be a solution of (4.12)-(4.14) if

there exists a function v ∈ L1([1, T ], IR) with v(t) ∈ F (t, y(t)) for a.e. t ∈ [1, T ] such that
H
c D

ry(t) = v(t), and the function y satisfies conditions (4.13)-(4.14).

Lemma 4.7 Let 1 < r ≤ 2, and let h, ρ1, ρ2 : [1,+∞) → IR be continuous functions. A
function y is a solution of the fractional integral equation

y(t) = P (t) +

∫ T

1

G(t, s)h(s)
ds

s
(4.15)

if and only if y is a solution of the fractional boundary value problem

H
c D

ry(t) = h(t) for a.e. t ∈ [1, T ], (4.16)

y(1)− y′(1) =

∫ T

1

ρ1(s)ds, (4.17)

y(T ) + y′(T ) =

∫ T

1

ρ2(s)ds, (4.18)

where

P (t) =
( 1
T
− log(T ) + log(t))

T ∗

∫ T

1

ρ1(s)ds− (1 + log(t))

T ∗

∫ T

1

ρ2(s)ds, (4.19)

G(t, s) =



1

Γ(r)

(
log

t

s

)r−1

+
1 + log(t)

T ∗Γ(r)

(
log

T

s

)r−1

−(1 + log(t))(r − 1)

TT ∗Γ(r)

(
log

t

s

)r−2

, 0 < s < t,

1 + log(t)

T ∗Γ(r)

(
log

T

s

)r−1

+
1 + log(t)(r − 1)

TT ∗Γ(r)

(
log

t

s

)r−2

, t < s < T,

(4.20)
and

T ∗ =
1− T − T log(T )

T
.

Proof. Assume y is a solution of (4.16)-(4.18). Applying the Caputo-Hadamard fractional
integral of order r to both sides of (4.16), and by using Lemma 1.24, we find

y(t) = c1 + c2 log(t) +H Irh(t) (4.21)

From (4.17) and (4.18), we get

c1 − c2 =

∫ T

1

ρ1(s)ds (4.22)
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and

c1 + c2(log(T )− 1

T
) +

1

Γ(r)

∫ T

1

(
log

T

s

)r−1

h(s)
ds

s

+
(r − 1)

TΓ(r)

∫ T

1

(
log

T

s

)r−2

h(s)
ds

s
=

∫ T

1

ρ2(s)ds.

(4.23)

Equations (4.22)and (4.23) give

c2 =
1

(−1 + 1
T
− log(T ))

( ∫ T

1

ρ1(s)ds−
∫ T

1

ρ2(s)ds+
1

Γ(r)

∫ T

1

(
log

T

s

)r−1

h(s)
ds

s

−(r − 1)

TΓ(r)

∫ T

1

(
log

T

s

)r−2

h(s)
ds

s

)
(4.24)

and

c1 =

∫ T

1

ρ1(s)ds+
1

(−1 + 1
T
− log(T ))

( ∫ T

1

ρ1(s)ds−
∫ T

1

ρ2(s)ds

+
1

Γ(r)

∫ T

1

(
log

T

s

)r−1

h(s)
ds

s
− (r − 1)

TΓ(r)

∫ T

1

(
log

T

s

)r−2

h(s)
ds

s

)
.

(4.25)

From (4.21), (4.24) and (4.25), and using the fact that

∫ T

1

=

∫ t

1

+

∫ T

t

, we get

P (t) =
( 1
T
− log(T ) + log(t))

T ∗

∫ T

1

ρ1(s)ds− (1 + log(t))

T ∗

∫ T

1

ρ2(s) (4.26)

and

G(t, s) =



1

Γ(r)

(
log

t

s

)r−1

+
1 + log(t)

T ∗Γ(r)

(
log

T

s

)r−1

−(1 + log(t))(r − 1)

TT ∗Γ(r)

(
log

t

s

)r−2

, 0 < s < t,

1 + log(t)

T ∗Γ(r)

(
log

T

s

)r−1

+
1 + log(t)(r − 1)

TT ∗Γ(r)

(
log

t

s

)r−2

, t < s < T,

(4.27)
where

T ∗ =
1− T − T log(T )

T

Finally, we obtain that y is a solution of (4.15).
Conversely, it is clear that if y satisfies equation (4.15), then equations (4.16)-(4.18)

are satisfied by y.
2
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Theorem 4.8 Assume (H́3)and the following hypotheses hold:

(H́8) There exist φf ∈ L(J, IR+) and ψ : [0;∞) → (0,∞) continuous and nondecreasing
such that ‖F (t, u)‖P ≤ φf (t)ψ(|u|) for t ∈ J and each u ∈ IR.

(H́9) There exist φg ∈ L(J, IR+) and ψ∗ : [0;∞)→ (0,∞) continuous and nondecreasing
such that |g(t, u)| ≤ φg(t)ψ

∗(|u|) for all t ∈ J and each u ∈ IR.

(H́10) There exist φh ∈ L(J, IR+) and ψ : [0;∞) → (0,∞) continuous and nondecreasing
such that |h(t, u)| ≤ φh(t)ψ(|u|) for all t ∈ J and each u ∈ IR.

(H́11) There exists a number M > 0, such that

M

Aψ∗(M) +Bψ(M) + CG∗ψ(M)
> 1, (4.28)

where

G∗ = ‖G‖L,

and

A =
1 + log(T )

| − 1 + 1
T
− log(T )|

∫ T

1

φg(s)ds,

B =
1 + log(T )

| − 1 + 1
T
− log(T )|

∫ T

1

φh(s)ds,

and

C =

∫ T

1

φf (s)ds.

Then the problem (4.12)-(4.14) has at least one solution on J .

Proof. Transform the problem (4.12)-(4.14) into a fixed point problem. Consider the
multi-valued operator,

N(y) =

{
h ∈ C(J, IR) : h(t) = Py(t) +

∫ T

1

G(t, s)v(s)
ds

s
, v ∈ SF,y

}
, (4.29)

where

Py(t) =
( 1
T
− log(T ) + log(t))

T ∗

∫ T

1

g(s, y(s))ds− (1 + log(t))

T ∗

∫ T

1

h(s, y(s))ds (4.30)

and the function G(t, s) is given by (4.20). Clearly, from Lemma 4.7, the fixed points of
N are solutions to (4.12)-(4.14). We shall show that N satisfies the assumptions of the
nonlinear alternative of Leray-Schauder1.41.The proof will be given in several steps.
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Step 1: N(y) is convex for each y.
Indeed, if h1 , h2 belong to N(y) then there exist v1,v2 such that for each t ∈ J , we
have,for i = 1, 2,

hi(t) = Py(t) +

∫ T

1

G(t, s)vi(s)
ds

s
.

Let 0 ≤ d ≤ 1. Then, for each t ∈ J we have

(dh1 + (1− d)h2)(t) = Py(t) +

∫ T

1

G(t, s)(dv1(s) + (1− d)v2(s))
ds

s
.

Since SF,y is convex (because F has convex values), we have. dh1 + (1− d)h2 ∈ N(y).

Step 2: N maps bounded sets into bounded sets in C(J, IR).
Let Bη∗ :={y ∈ C(J, IR) : ‖y‖∞ ≤ η∗} be a bounded set in C(J, IR) and y ∈ Bη∗ . Then

for each h ∈ N(y) and t ∈ J , we have from (H́8)-(H́10),

|h(t)| ≤ 1 + log(T )

| − 1 +
1

T
− log(T )|

∫ T

1

|g(s, y(s))|ds

+
1 + log(T )

| − 1 +
1

T
− log(T )|

∫ T

1

|h(s, y(s))|ds

+

∫ T

1

G(t, s)|v(s)|ds
s

≤ 1 + log(T )

| − 1 +
1

T
− log(T )|

ψ∗(‖y‖∞)

∫ T

1

φg(s)ds

+
1 + log(T )

| − 1 +
1

T
− log(T )|

ψ(‖y‖∞)

∫ T

1

φh(s)ds

+ ψ(‖y‖∞)

∫ T

1

φf (s)G
∗ds.

Therefore,

‖h‖∞ ≤ 1 + log(T )

| − 1 +
1

T
− log(T )|

ψ∗(η∗)

∫ T

1

φg(s)ds

+
1 + log(T )

| − 1 +
1

T
− log(T )|

ψ(η∗)

∫ T

1

φh(s)ds

+ψ(η∗)

∫ T

1

φf (s)dsG
∗

:= l.
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Step 3: N maps bounded sets into equicontinuous sets of C(J, IR).
Let t1, t2 ∈ J , t1 < t2 and let Bη∗ be a bounded set of C(J, IR) as in Step 2. Let y ∈ Bη∗

and h ∈ N(y). Then

|h(t2)− h(t1)| ≤ log(t2)− log(t1)

| − 1 +
1

T
− log(T )|

∫ T

1

|g(s, y(s))|ds

qs+
log(t2)− log(t1)

| − 1 +
1

T
− log(T )|

∫ T

1

|h(s, y(s))|ds

+

∫ T

1

|G(t2, s)−G(t1, s)||v(s)|ds
s

≤ log(t2)− log(t1)

| − 1 +
1

T
− log(T )|

ψ∗(η∗)

∫ T

1

φg(s)ds

+
log(t2)− log(t1)

| − 1 +
1

T
− log(T )|

ψ(η∗)

∫ T

1

φh(s)ds

+ ψ(η∗)

∫ T

1

φf (s)ds

∫ T

1

|G(t2, s)−G(t1, s)|
ds

s
.

As t1 → t2, the right side of the above inequality tends to zero. As a consequence of Steps
1 to 3, together with the Arzelá-Ascoli theorem, we can conclude that N : C(J ; IR) →
P(C(J ; IR)) is completely continuous.

Step 4: N has a closed graph.
Let yn → y∗, from (H2)-(H4) and hn → h∗. We need to show that h∗ ∈ N(y∗). Now,
hn ∈ N(yn) means that there exists vn ∈ SF,y, such that, for each t ∈ J,

hn(t) = Pyn(t) +

∫ T

1

G(t, s)vn(s)
ds

s
.

We must show that there exists v∗ ∈ SF,y, such that

h∗(t) = Py∗(t) +

∫ T

1

G(t, s)v∗(s)
ds

s
.

Since F (t, .) is upper semi-continuous, then for every ε > 0, there exists a natural
number n0(ε) such that, for every n > n0, we have vn(t) ∈ F (t, yn(t)) ⊂ F (t, y∗(t)) +
εB(0, 1) a.e. t ∈ J.

Since F (., .) has compact values, then there exists a subsequence vnm(.) such that
vnm(.)→ v∗, as m→∞, and v∗(t) ∈ F (t, y∗(t)) a.e. t ∈ J.. For every w ∈ F (t, y∗(t)), we
have

|vnm − v∗| ≤ |vnm − w|+ |w − v∗|.
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Then

|vnm − v∗| ≤ d(vnm , F (t, y∗(t))).

We obtain an analogous relation by interchanging the roles of vnm and v∗, and it follows
that

|vnm − v∗| ≤ Hd(F (t, yn(t)), F (t, y∗(t))) ≤ l(t)‖yn(t)− y∗(t)‖∞.

Therefore,

|hnm(t)− h∗(t)| ≤
∫ T

1

|g(s, ynm(s))− g(s, y∗(s))|ds

+

∫ T

1

|h(s, ynm(s))− h(s, y∗(s))|ds

+

∫ T

1

G(t, s)|vnm(s)− v∗(s))|ds.

Since ∫ T

1

G(t, s)|vnm(s)− v∗(s))|ds ≤
∫ T

1

G(t, s)
|l(s)|
s

ds‖ynm(t)− y∗(t)‖∞
≤ G∗‖l‖∞‖ynm(t)− y∗(t)‖∞

and g and h are continuous, ‖hnm(t)− h∗(t)‖∞ → 0 as m→∞.

Step 5: A priori bounds on solutions.
Let y be such that y ∈ λN(y) with λ ∈ (0, 1]. Then there exists v ∈ SF,y such that, for
each t ∈ J ,

h(t) = Py(t) +

∫ T

1

G(t, s)v(s)
ds

s
.

This implies by (H́8)-(H́10) that, for each t ∈ J , we have

|h(t)| ≤ 1 + log(T )

| − 1 +
1

T
− log(T )|

∫ T

1

|g(s, y(s))|ds

+
1 + log(T )

| − 1 +
1

T
− log(T )|

∫ T

1

|h(s, y(s))|ds

+

∫ T

1

G(t, s)|v(s)|ds
s

≤ 1 + log(T )

| − 1 +
1

T
− log(T )|

∫ T

1

φg(s)dsψ
∗(‖y‖∞)

+
1 + log(T )

| − 1 + 1
T
− log(T )|

∫ T

1

φh(s)dsψ(‖y‖∞)

+

∫ T

1

φf (s)dsG
∗ψ(‖y‖∞).
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Thus,
‖y‖∞

Aψ∗(‖y‖∞) +Bψ(‖y‖∞) + CG∗ψ(‖y‖∞)
≤ 1.

Then by condition (4.28), there exists M > 0 such that ‖y‖∞ 6= M . Let U = {y ∈
C(J, IR) : ‖y‖∞ < M}. The operator N : Ū → P(C(J, IR)) is upper semicontinuous and
completely continuous. From the choice of U, there is no y ∈ ∂U such that y ∈ λN(y),
for some λ ∈ (0, 1]. As a consequence of the nonlinear alternative of Leray-Schauder, we
deduce that N has a fixed point y ∈ Ū which is a solution of the problem (4.12)-(4.14).
This completes the proof. 2

4.2.3 The nonconvex case

We present now a result for the problem (4.12)-(4.14)in the case of nonconvex values.

Theorem 4.9 Assume (H́3)- (H́6)-(H́7)and the following hypotheses hold:

(H́8) There exists k∗∗ > 0 such that

|h(t, u)− h(t, ū)| ≤ k∗∗|u− ū| for each t ∈ J and all u, ū ∈ C(J, IR).

If
(T − 1)(1 + log(T ))

| − 1 +
1

T
− log(T )|

k∗ +
(T − 1)(1 + log(T ))

| − 1 +
1

T
− log(T )|

k∗∗ + kG∗ < 1, (4.31)

where k = ‖l‖L1 , then the problem (4.12)-(4.14) has at least one solution on J.

Remark 4.10 By (H́6), we can see that SF,y is nonempty for each y ∈ C(J, IR), so F
has a measurable selection (see [41], Theorem III.6)

Proof. We shall show that N satisfies the assumptions of theorem of Covitz and Nadler
(1.42). The proof will be given in two steps.

Step 1: N(y) ∈ Pcl(C(J ; IR)) for each y ∈ C(J, IR).
Indeed, let (yn)n≥0 ⊂ N(y) be such that yn → ȳ in C(J, IR). Then ȳ in C(J, IR) and there
exists vn ∈ SF,y such that for each t ∈ J ,

hn(t) = Py(t) +

∫ T

1

G(t, s)vn(s)
ds

s
.

Using the fact that F has compact values and from (H5) we may pass to a subsequence if
necessary to get that vn converges weakly to v in L1

w(J, IR) (the space endowed with the
weak topology). An application of Mazurs theorem implies that vn converges strongly to
v and hence v ∈ SF,y. Then for each t ∈ J

hn(t)→ h̃(t) = Py(t) +

∫ T

1

G(t, s)v(s)
ds

s
.
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So, h̃ ∈ N(y).

Step 2: There exists γ < 1 such that Hd(N(y), N(ȳ)) ≤ γ‖y − ȳ‖∞ for each y, ȳ ∈
C(J, IR).

Let y, ȳ ∈ C(J, IR) and h1 ∈ N(y). Then there exists v1 ∈ F (t, y(t)) such that for
each t ∈ J,

h1(t) = Py(t) +

∫ T

1

G(t, s)v1(s)
ds

s
.

From (H3) it follows that

Hd(F (t, y(t)), F (t, ȳ(t)) ≤ l(t)|y(t)− ȳ(t)|.

Hence, there exists w ∈ F (t, y(t)) such that

|v1(t)− w| ≤ l(t)|y(t)− ȳ(t)|, t ∈ J.

Consider U : J → P(IR) given by

U(t) = {w ∈ IR : |v1(t)− w| ≤ l(t)|y(t)− ȳ(t)|}.

Since the multivalued operator V (t) = U(t) ∩ F (t, ȳ(t)) is measurable, there exists a
function v2(t) which is a measurable selection for F , so that v2 ∈ F (t, ȳ(t)), and for each
t ∈ J,

|v1(t)− v2(t)| ≤ l(t)|y(t)− ȳ(t)|, t ∈ J.

Let us define for each t ∈ J,

h2(t) = Pȳ(t) +

∫ T

1

G(t, s)v2(s)
ds

s
,

where

Pȳ(t) =
(

1

T
− log(T ) + log(t))

−1 +
1

T
− log(T )

∫ T

1

g(s, ȳ(s))ds− (1 + log(t))

−1 + 1
T
− log(T )

∫ T

1

h(s, ȳ(s))ds.
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Then for each t ∈ J

|h1(t)− h2(t)| ≤ (1 + log(T ))

| − 1 +
1

T
− log(T )|

∫ T

1

|g(s, y(s))− g(s, ȳ(s))|ds

+
(1 + log(T ))

| − 1 +
1

T
− log(T )|

∫ T

1

|h(s, y(s))− h(s, ȳ(s))|ds

+

∫ T

1

G(t, s)|v1(s)− v2(s)|ds
s

≤ (T − 1)(1 + log(T ))

| − 1 +
1

T
− log(T )|

k∗‖y(s)− ȳ(s)‖∞

+
(T − 1)(1 + log(T ))

| − 1 +
1

T
− log(T )|

k∗∗‖y(s)− ȳ(s)‖∞

+ kG∗‖y(s)− ȳ(s)‖∞

≤

(T − 1)(1 + log(T ))

| − 1 +
1

T
− log(T )|

k∗ +
(T − 1)(1 + log(T ))

| − 1 +
1

T
− log(T )|

k∗∗ + kG∗


× ‖y(s)− ȳ(s)‖∞.

Thus

‖h1 − h2‖∞ ≤

(T − 1)(1 + log(T ))

| − 1 +
1

T
− log(T )|

k∗ +
(T − 1)(1 + log(T ))

| − 1 +
1

T
− log(T )|

k∗∗ + kG∗

 ‖y(s)− ȳ(s)‖∞.

For an analogous relation, obtained by interchanging the roles of y and ȳ, it follows
that

Hd(N(y), N(ȳ)) ≤

(T − 1)(1 + log(T ))

| − 1 +
1

T
− log(T )|

k∗ +
(T − 1)(1 + log(T ))

| − 1 +
1

T
− log(T )|

k∗∗ + kG∗


×‖y − ȳ‖∞.

So by (4.31), N is a contraction and thus, by theorem of Covitz and Nadler , N has
a fixed point ywhich is solution to (4.12)-(4.14). The proof is complete. 2

4.2.4 An example

We apply Theorem 4.8 to the the following problem ,

H
c D

αy(t) ∈ F (t, y), a.e. t ∈ J = [1, e], 1 < α ≤ 2, (4.32)
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satisfying the boundary conditions,

y(1)− y′(1) = 0, (4.33)

y(e) + y′(e) = 0. (4.34)

Set
F (t, y) = {v ∈ IR : f1(t, y) ≤ v ≤ f2(t, y)},

where f1, f2 : J×IR→ IR. We assume that for each t ∈ J, f1(t, ·) is lower semi-continuous
(i.e., the set {y ∈ IR : f1(t, y) > µ1} is open for each µ1 ∈ IR), and assume that for each
t ∈ J, f2(t, ·) is upper semi-continuous (i.e., the set {y ∈ IR : f2(t, y) < µ2} is open for
each µ2 ∈ IR). Assume that there are p ∈ C(J, IR) and ψ : [0,∞) → (0,∞) continuous
and nondecreasing such that

max(|f1(t, y)|, |f2(t, y)|) ≤ p(t)ψ(|y|), t ∈ J, and all y ∈ IR.

From (4.20), G is given by

G(t, s) =



1

Γ(r)

(
log

t

s

)r−1

+
1 + log(t)

T ∗Γ(r)

(
log

e

s

)r−1

−(1 + log(t))(r − 1)

eT ∗Γ(r)

(
log

t

s

)r−2

, 0 < s < t,

1 + log(t)

T ∗Γ(r)

(
log

e

s

)r−1

+
1 + log(t)(r − 1)

eT ∗Γ(r)

(
log

t

s

)r−2

, t < s < T,

(4.35)

where

T ∗ =
1− 2e

e
.

Assume that there exists a constant M > 0 such that

M∫ e

1

p(s)dsG∗ψ(M)

< 1.

It is clear that F is compact and convex valued, and it is upper semi-continuous (see
[46]). Since all the conditions of Theorem 4.8 are satisfied, the boudary value problem
(4.32)-(4.34) has at least one solution y defined on J.
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Definition 4.11 The Mellin transform of a function ϕ(t) of a real variable t ∈ IR+ =
(0,∞) is defined by

(Mϕ)(p) = M [ϕ(t)](p) = ϕ∗(s) =

∫ ∞
0

ts−1ϕ(t)dt s ∈ C

Definition 4.12 [73] The Euler Gamma function Γ(z) is defined by the so-called Euler
integral of the second kind

Γ(z) =

∫ ∞
0

tz−1e−tdt re(z) > 0

This integral is convegent for all complex number z ∈ C re(z) > 0. It follows that the
Gamma function is the Mellin transform of the exponential function.

Property 1 From the definition of the Gamma function, we can find

•
Γ(n) = (n− 1)!

•
Γ(z + 1) = zΓ(z) rez > 0

Definition 4.13 [85] The Beta function B(z, w) is defined by the so-called Euler integral
of the first order

B(z, w) =

∫ 1

0

xz−1(1− x)w−1dx, re(w) > 0

It is connected with the Gamma function by the relation

B(z, w) =
Γ(z)Γ(w)

Γ(z + w)

Theorem 4.14 (Mazur)[87] Let {xn} be a weakly convergent sequence to x in a Banach
space E. then, there is a sequence of convex combination of elements of {xn} which
converges strongly to x.
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Theorem 4.15 (Arzela-Ascoli theorem)[75] Let A be a subset of C(J ;E);A is relatively
compact in C(J ;E) if and only if the following conditions are met:

(a) The set A is bounded ie :
∃k > 0 : ‖f(x)‖ ≤ k,∀x ∈ J and ∀f ∈ A.

(b) Set A is equicontinuous ie :
∀ε > 0,∃δ > 0 : |t1 − t2| < δ ⇒ ‖f(t1)− f(t2)‖ ≤ ε for all t1, t2 ∈ J and all f ∈ A.

(c) For all x ∈ J : set {f(x), f ∈ A} ⊂ E is relatively compact.

Theorem 4.16 ( Fubini’s theorem)[53]
Suppose A, B are complete measure spaces.|f(x, y)|d(x, y) is A×B.measurable. If∫

A×B
|f(x, y)|d(x, y) <∞

where the integral is taken with respect to a product measure on the space overA×B,then∫
A

( ∫
B

|f(x, y)|dy
)
dx =

∫
A

( ∫
B

|f(x, y)|dx
)
dy =

∫
A×B
|f(x, y)|d(x, y)
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Conclusion:

In this thesis, we studied the existence of integrable solutions for fractional implicit
differential equations with Caputo-Hadamard fractional derivative of order α ∈ (1, 2] and
the problem for fractional implicit differential equations with the Caputo- Hadamard frac-
tional derivative order α ∈ (0, 1] with nonlocal condition .
Our results are based on Banach contraction principle and Schauder fixed point theorems
which are given in chapter 2.

In chapter 3, we gave sufficient conditions for the existence of solution for boundary value
problems for implicit fractional differential inclusions with Caputo fractional derivative
order α ∈ (0, 1] and nonlocal condition and boundary value problems for implicit frac-
tional differential inclusion of order α ∈ (0, 1] with nonlocal condition.

In the fourth chapter, we studied the existence solutions for boundary value problems
for Hadamard-Caputo fractional differential inclusions of order r ∈ (1, 2] with nonlocal
and integral condition.
Our results are based on the nonlinear alternative of Leray- Schauder for the convex case.
In the nonconvex case, our result relies on the fixed point theorem for contraction multi-
valued maps due to Covitz and Nadler.

In the future, we will study the boundary value problem for implicit fractional differential
equations and inclusions by the Monch’s fixed point theorem combined with technique of
measure of noncompacteness of Kuratowski and physical interpretation of this problems.
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