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Abstract

In this thesis, we study a new class of natural metrics denoted by g and called the
vertical rescaled metric on the cotangent bundle. We calculate its Levi-Civita connection and
Riemannian curvature tensor. Also we present some new properties for bi- f-harmonic map
between generalized warped product manifolds, for example we calcul the bi- f-harmonicity
of the inclusion maps, the bi- f-harmonicity of the projection maps, and bi- f-harmonicity of
the prduct maps with harmonic factor.

Keywords:Horizontal lift, Vertical lift, Harmonic maps, Cotangent bundle, Harmonic
map, Bi- f-harmonic map, Bi-harmonic map, Generalized warped product manifolds .



Résumé

Dans cette thése, nous étudions une nouvelle classe de métriques naturelles notées par /g ,
et appelée la métrique déformé verticale sur le fibré cotangent. Nous calculons les connexions
de Levi Civita et les courbures Riemanniennes. De plus, Nous présentons également des nou-
velles propriétés pour les applications bi- f-harmonique dans les variétés produit généralisé,
par exemple nous calculons la bi- f-harmonicité de I’ application inclusion, la bi- f-harmonicité
des applications de projection, et la bi- f-harmonicité des applications avec facteur har-
monique.
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Introduction

The theory of harmonic maps between Riemannian manifolds was first established by Eells
and Sampson (Chiang’s Ph.D. adviser) [22| in 1964. In the last two decades, there were
many new developments in harmonic maps achieved by a number of mathematicians. They
were first explored by a number of physicists in the 1950s, and since then there were many
new developments in this subject. Biharmonic maps, which generalize harmonic maps, they
were first studied by Jiang [30, 31, 32] in 1986. In recent years, there has been progress in
biharmonic maps, accomplished by quite a few mathematicians.

Harmonic maps were first introduced by Sampson in the hope of obtaining a homotopy
version of the highly successful Hodge theory of cohomology in 1952. Not long after that his
then colleague, John Nash (one of the three Nobel laureates in Economics in 1994) proposed
a quite different but equivalent definition both of them were Moore Instructors at MIT at the
time.Fuller |25] also came upon harmonic maps in 1954. The definition, whether in terms of
the energy functional or the Euler-Lagrange equations, seems very natural to us today, but
it was not so obvious half a century ago.

Eells and Sampson [22] collaborated on the first paper on harmonic maps of Riemannian
manifolds at the Institute for Advanced Study at Princeton in 1964. This paper is usually
considered as the pioneering work in harmonic maps. They also published a second and third
joint paper |23, 24| afterwards.

With an eye toward the physical concept of kinetic energy (mTi’?), a harmonic map f :
(M™, gij) = (N", hqp) from an m—dimensional Riemannian manifold into an n—dimensional
Riemannian manifold is defined as a critical point of the energy functional

1 1 y o
E(f) = §/M \df |*dv = 5 Lhaﬁfi“ffg”dv, i,j=1l.m, «a,f=1.n (1)

where dv is the volume form of M determined by the metric g. In order to derive the associated
Euler-Lagrange equations, we consider a one-parameter family of maps f; € C*°(M x |0, 1], N)
from a compact manifold M (without boundary) into a Riemannian manifold N such that
fi is the endpoint of a segment starting at f(x) = fo(x) determined in length and direction
by the vector field f(x). If M is a non-closed manifold, we assume that f(z) has compact
support, which is contained in the interior of M. We now compute the first variation of the
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energy functional:
BU) = 5Bk = [ (@ Dileode = [ (@1, D)av
M M
= / div(w)dv —/ (7f, f)dv = —/ (rf, f)dv,Vf, (2)
M M M
by the divergence theorem, where 7(f) = trace,(Ddf), D is the connection on T* ® f~'TN

induced by the Levi-Civita connections on M and N, div(w) = w|jj, and w’/ = hagfofPg7 is
a vector field on M. The map f: M — N is harmonic if the tension field

T(f) = trace,(Ddf) = " [ = g7 (f5 + T80 F)),

g N ,

= gU(f5 —THRE+ TR, (3)

vanishes identically, where f* = %’%, = a?jf;;, o= ra— Ffj fi, and Ffj and F:BO,‘Y are
k3 k3 J 2

the Christoffel symbols of the Levi-Civita connections on M and N, respectively.

Let (M, g) and (N, h) be Riemannian manifolds of dimensions m and n, respectively and
let \: M — R, and p: N — R, be smooth functions. A doubly warped product manifold
G = M x) ) N is the product manifold M x N metric endowed with the doubly warped
product metric g = p?g + A?h. W.J. Lu [56] study the basic properties of f-bi-harmonic
and bif-harmonique maps of this product (i.e. for f € C*(M)). In this work we study the
basic properties of f-bi-harmonic and bif-harmonique maps of generalized warped product
manifolds M x; N where f is a smooth positive function defined by f: M x N — R,.

The thesis is organized in four chapters. In the first chapter, we give definitions of man-
ifolds, differentiable manifolds, tangent spaces, Riemannian metrics and we introduce basic
concepts of curvature, harmonic maps and biharmonic maps.

In the second and the third chapters we give definitions of tangent and cotangent bundles
of Riemannian manifolds, examples of tangent bundles and cotangent bundles of Rieman-
nian manifolds, curvature and connection in tangent and cotangent bundles in Riemannian
manifolds.

In the last chapter, we introduce a very large generalization of harmonic maps called
f-bi-harmonic maps as the critical points of f-bi-energy functional, and then derive the
Euler-Lagrange equation of f-bi-energy functional given by the vanishing of f-bi-tension field.
Subsequently, we study some properties of f-bi-harmonic maps between the same dimensional
manifolds and give a non-trivial example.



Chapter

Preliminaries

In this first chapter, we give definitions of manifolds, differentiable manifolds, tangent spaces,
Riemannian metrics and we introduce basic concepts of curvature, harmonic maps and bi-
harmonic maps. For more details, we invite the reader to consult the references ([17],[33],
[36], [37], [40], [45]). This chapter doesn’t contain any proof, we refer to the cited references
above..

1.1 Riemannian manifolds

1.1.1 Manifolds and Differentiable Manifolds

A topological space is a set M together with a family O of subsets of M satisfying the
following properties:

(1) Ql, QQEO?QlﬂQQEO,
(ii) for any index set I : (Q)aer C O = U 2 € O,
(iii) 0, M € O.

The sets from O are called open. A topological space is called Hausdorff if for any two distinct
points pi, p» € M there exists open sets O, Qy € O with p; € Q1. p2 € 2,0, Ny = 0.
A covering (Q4)aer (I an arbitrary index set) is called locally finite if each p € M has a
neighborhood that intersects only finitely many €2,. M is called paracompact if any open
covering possesses a locally finite refinement. This means that for any open covering (£2,)acrs
there exists a locally finite open covering (£2j)se; where

Ve Jaecl, QC Q.

A map between topological spaces is called continuous if the preimage of any open set is open.
A bijective map which is continuous in both directions is called a homeomorphism.

Definition 1. A manifold M of dimension d is a connected paracompact Hausdorff which
every point has a neighborhood U that is homeomorphic to an open subset Q0 of R, Such a
homeomorphism

x:U—= Q.
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is called a (coordinate ) chart .

An atlas is a family {(U,, x4)} of charts for which the U, constitute an open covering of

M.

Definition 2. An atlas {(U,, z.)} on a manifold is called differentiable if all chart transitions
zgox,’  2o(Uy NUs) — 25Uy NUp)
are differentiable of class C™ (in case U, N Uz # 0).

A maximal differentiable atlas is called a differentiable structure, and a differentiable
manifold of dimension d is a manifold of dimension d with a differentiable stricture. From
now on all atlases are supposed to be differentiable. Two atlases are called compatible if their
union is again an atlas. In general, a chart is called compatible with an atlas id adding the
chart to the atlas yields again an atlas. An atlas is called maximal if any compatible with it
is already contained in it.

Definition 3. An atlas for a differentiable manifold is called oriented if all chart transitions
have positive functional determinant.
A differentiable manifold is called orientable if it possesses an oriented atlas.

It is customary to write the Euclidean coordinates of R%, Q2 C R? open, as
x= (2", ..., 2% (1.1)

and these then are considered as local coordinates our manifold
M when z : U — Q is a chart.

Example 1. Then—sphere S* = {(z', ..., 2"*") € R*™ /S (2%)? = 1} is an n—dimentional
differentiable manifold. Charts can be given as follows : On

Uy :=S"\{(0,...,0,1)}, we put

flat vt = (a2 T)
1
= (5 T

and on Uy := S"\ {(0,...,0,—1)}, we have

fo(zt, o™y = (fa(zh, . 2™, (2t ™)
1
- 1+:::"+1""’ 1+i:+1

Definition 4. A map h : M — M’ between differentiable manifolds M and M’ with charts
{(Ua, xa)} and {(U}, x,,)} is called differentiable if all maps x3 0 h o x;' are differentiable
of class C*°, as always where defined. Such a map is called a diffeomorphism if bijective and
differentiable in both direction.

For purposes of differentiation a differentiable manifold locally has the structure of Eu-
clidean space. Thus, the differentiability of a map can be tested in local coordinates. The
diffeomorphism requirement for the chart transitions then guarantees that differentiability
defined in this manner is a consistent notion, 7.e. independent of the choice of a chart.
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Lemma 1. Let M be a differentiable manifold, (U;);c;r an open covering. Then there exists a
partition of unity,subordinate to (U;). This means that there exists a locally finite refinement
(Vi)jes of (Ui) and C° (i.e. C°° functions p; with {x € M/p;(x) # 0} having compact
closure) functions ¢; : M — R with

(1) suppyp; CV; forall j € J,
(2) 0<y;(z) <1 forallze M,jeJ,
(3) > jerpi(x) =1 forall x € M.

Note that in (3), there are only finitely many nonvanishing summands at each point since
only finitely many ¢; are nonzero at any given point because the covering (V;) is locally finite.

1.1.2 Tangent Spaces

Let = (2}, ...,2%) be Euclidean coordinates of R?,  C R? is open, xy € €. The tangent
space of Q at the point xq, T, is the space {zo} X E, where E is the d—dimensional vector
space spanned by the basis %, - %. Here, %, ey % are the partial derivatives at the
point xo. If Q C R%, Q' C R® are open, and f : Q — € is differentiable, we define the

derivative df (zo) for xo € €2 as the linear map between tangent spaces

df(il?g) : T:(:OQ — Tf(xo)Q/,

L0 0f 0
V=0"— >V ==
oxt ox' OfJ
Here and in the sequel, we use the Einstein summation convention. An index occurring twice

in a product is to be summed from 1 up to the space dimension. Thus v’ 8‘; is an abbreviation

for

0

d

%
DV g
=1

idf d_

o7 377 stands for

v

d c ;
Sy w0
i=1 j=1 Ox* 9 f7
In the previous notations, we put
TQ:=Qx E~Q xR
thus, 72 is an open subset of R? x R?, hence in particular a differentiable manifold.

m :TQ — Q, ( projection into the first factor)

(z,v) = =,

is called a tangent bundle of €2. T2 is called the total space of the tangent bundle.

Likewise, we define
df :TQ — T
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0 Of7, 0
<x,vz%) — (f(:v),vZ 8J;i <x>8_fi> :

instead of
df (z,v)
we write
df (z)(v).
If in particular, f : Q — R is a differentiable function, we have for v = Ui%
of

df (z)(v) = v' == (z) € Ty»yR = R.

ox?
In this case, we often write v(f)(x) in place of df(z)(v) when we want to express that the
tangent vector v operates by differentiation on the function f.

Let now M be a differentiable manifold of dimension d, and p € M. We want to define the
tangent space of M at the point p. Let z : U — R? be a chart with p € U, U open in M. We
say that the tangent space T,M is represented in the chart x by Tyz(U). Let 2/ : U" — R?
be another chart with p € U’, U’ open in M. Q := x(U), ' := 2/(U’). The transition map

Poxt i x(UNU) = 2 (UNU),
induces a vector space isomorphism
L:=d(z' oz ") (2(p)) : Tup)Q = Twp.

We say that v € Ty, and L(v) € Ty ()§Y represent the same tangent vector in 7, M. Thus
a tangent vector in 7, M is given by the family of its coordinate representations. This is
motivated as follows: Let f : M — R be a differentiable function. Assume that the tangent
vector w € T, M is represented by v € T,x(U). We then want to define df(p) as a linear
map from T, M to R. In the chart z, let w € T, M be represented by v = v' 8@,- € Typz(U).
We then say that

df (p)(w),

in this chart is represented by
d(f o x™")(z(p))(v).
Now
d(foa ") (x(p))(v) = d(foa""!oa’ox™")(z(p))(v)

= d(f o) (@' (p))(L(v))

= d(foa"!)(a'(p)) o d(a’ o x™)(x(p))(v).
Thus in the chart (U’,2’), w is represented by L(v). Here a fundamental idea emerges that
will be essential for the understanding of the sequel. 7,M is a vector space of dimension
d, hence isomorphic to R?. This isomorphism however is not canonical but depends on the
choice of a chart.
A change of charts changes the isomorphism, namely at the point p by the linear transfor-
mation L = d(x’ o x71)(x(p)). Under a change of charts, also other objects then are corre-
spondingly transformed, for example derivatives of functions or more generally of maps. In
other words a chart yields local representations for tangent vectors derivatives etc., and under
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a change of charts these local representations need to be correctly transformed. Or in still
other words: We know how to differentiate (differentiable ) functions that are defined on open
subsets of RY. If now a function is given a manifold, we pull it back by a chart, to an open
subset of R? and then differentiable the pulled back function. In order to obtain an object
that does not depend the choice of chart, we have to know in addition the transformation
behavior under chart changes. A tangent vector thus is determined by how it operates on
functions by differentiation.

Likewise for a differentiable map F° : M — N between differentiable manifolds, dF is
represented in local charts x : U C M — R y : V C N — R¢ by

dlyo Fox™).

In the sequel in our notation, we shall frequently drop reference to the charts and write instead
of d(yo F ox™1) simply dF, provided the choice of charts or at least the fact that charts have
been chosen is obvious from the context. We can achieve this most simply as follows :

Let the local coordinates on U be
(xl, s :Ud),

and those on V be (F*, ..., F°). We then consider F(x) as abbreviation for
(FY(2!, ..., x%), .., F(2!, ..., x%)).

dF now induce a linear map

which in our coordinates it represented by the matrix

oF~
ort | o =1,...¢c "

B =1,..d

A change of charts leads to a base change of the tangent spaces and the transformation
behavior is determined by the chain rule. If

(z', ..., 2%) = (€Y., €D,

and
(F', ..., F) — (..., ),

are coordinate changes, then dF'is represented in the new coordinates by
o0P? B 0P OF* Ox'
o¢ ) \oF« ozt 0&7 )"
Note that the functional matrix of the coordinate change of the image N, but the inverse

of the functional matrix of the coordinate change of the domain M appears here. We also
remark that for a function ¢ : N — R and a v € T, M,

(dF (v) () (F(2)) := dp(dF(v))(F(x)),
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by definition of the application of dF(v) € TpN to ¢ : N = R,
=d(po F)(v)(x) by the chain rule

= v(po F)(x),
by definition of the application of v € T,M to po F' : M — R.

Instead of applying the tangent vector dF'(v) to the function one may also apply the tangent
vector v to the "pulled back " function ¢ o F.
We want to collect the previous considerations in a formal definition:

Definition 5. Let p € M. On {(z,v)/z : U — Qchart with p € U, v € Ty,$2}
(2,0) ~ (y,w) & w = d(yox~")v. The space of equivalence classes is called the tangent space
to M at the point p and it is denoted by T, M.

T, M naturally carries the stricture of a vector space :
The equivalence class of \j(z,v1) + Aa(x,v2) (A1, A2 € R) is the one of (z, \jv; + Agvy). We
now want to define the tangent bundle of a differentiable manifold of dimension d. T'M is the
disjoint union of the tangent space T, M, p € M, equipped with the following stricture of a
differentiable manifold: First let 7 : TM — M with 7(w) = p for w € T'M be the projection
onto the "base point". If z : U — R? is a chart for M, we let TU be the disjoint union of
the T, M with p € U and define the chart

de : TU = Tz(U), (:= U T,M),
pEx(U)
where Tz (U) carries the differentiable stricture of z(U) x R?
w = da(m(w))(w) € Ty (U).
The transition maps
dx’ o (dr)™' =d(x' ox™1),
then are differentiable.r is locally represented by
romodrl,
and this maps (xg,v) € Tz(U) to xy.

Definition 6. The triple (TM, 7, M) is called the tangent bundle of M, and TM is called
the total space of the tangent bundle.

1.2 Submanifolds

A differentiable map f : M — N is called an immersion, if for any z € M

is injective. In particular, in this case m := dimM < n := dimN. If an immersion f : M —
N maps M homeomorphically onto its image in N, f is called differentiable embedding. The
following lemma shows that locally, any immersion is a differentiable embedding :
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Lemma 2. Let f : M — N be an immersion, dimM = m, dimN = n, x € M, Then there
exists a neighborhood U of x and a chart (V,y) on N with f(z) € V, such that

(i) fu is a differentiable embedding, and

(it) y"*(p) = ... = y"(p) =0 for allp € f(U)NV.

Proof. This follows from the implicit function theorem. In local coordinates (2!, ..., 2") on N,
(x',...,2™) local coordinates on M (since df () is injective )

.....

be nonsingular .
We consider
F(z,2) = (' = f1(&), 0 2" — (@),

m  ,m-+1
J

which has maximal rank in z',..., 2 ..., 2". By the implicit function theorem, there

locally exists a map

, 2

with
Flz,2) =0 & 2t =o' (2., 2"), .., 2™ =™ (z, ..., 2™),

2 = omFL (L am) 2 = (2 L, 2™,
for which (g;é) has maximal rank.
a,i=1,...m
As new coordinates, we now choose
(W oy = oM 2™, ™2 L 2™,
Zerl - SOerl(Zl7 7Zm>’ 7Zn - QOn(Zl, ,Zm)7
Then
z=f(z) & F(z,z) =0
@ <y1’ 7yn) - (:L‘17"‘7xn707 70)7
and the claim follows. ]

If f : M — N is a differentiable embedding, f(M) is called a differentiable submanifold of
N. A subset N’ of NV, equipped with the relative topology, thus is a differentiable submanifold
of NV, if N7 is a manifold and the inclusion is a differentiable embedding.

Chrts on A then are simply given by restriction of charts of N to N, and Lemma 2 shows
that one may here always find a particularly convenient stricture of the charts.
Similarly the implicit function theorem implies.

Lemma 3. Let f : M — N be a differentiable map, dimM = m, dimN = n, n,m >
n, p € N. Let df (z) have rank n for all x € M with f(x) = p. Then f~(p) is a union of
differentiable submanifolds of M of dimension m — n.
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Proof. We again represent the situation in local coordinates around z € M and p = f(z) € N.
Of course in these coordinates df (x) still has rank n. By the implicit function theorem, there
exists a neighborhood U of z and a differentiable map

g™t . 2™) Uy CR™™ — U, C R,

with
U =U; x U,
and
flx)=p<e (', ..., 2") = g(a"™, ..., 2™),
with
y* =% — g(a"™, . 2™, fora=1,..n,

y'=a% fors=n+1,..,m,
we then get coordinates for which
flz)=0<y*=0, fora=1,..,n.

(y" ™, ...,y™) thus yield local coordinates for {f(z) = p} and this implies in some neighbor-
hood of = {f(z) = p} is a submanifold of M of dimension m — n. O

Let M be a differentiable submanifold of A/ and let i : M — A be the inclusion.
For p € M, T, M can be considered as subspace of T,N', namely as the image di(T,M).
The standard example is the sphere

S" = {xr e R""! :|z| = 1} C R"*"
By the Lemme 3, S™ is a submanifold of R"*+.
Example 2. In the situation of Lemma3, we have for the submanifold X = f~'(p) andq € X
T,X = Kerdf(q) C T,M.

Proof. Let v € T,M, (¢,U) a chart on X with ¢ € U. Let v be any smooth curve in ¢(U)

with 7(0) = ¢(q), 4(0) := F(t)]i=0 = dip(v), for example, ¥(t) = (q) + tde(v).
¢ := @ () then is a curve in X with ¢(0) = v. Because of X = f~1(p),

foc(t)=pVt.
Hence df(q) o ¢(0) = 0 and consequently v = ¢(0) € Kerdf(q).
Since also dimT, X = dimKerdf(q) = m — n, the claim follows. O

For our example S™, we may choose
f R SR, f(z) = [af,

Then
T.S" = Kerdf(z) = {v € R"' : .0 = 20" = 0},
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1.3 Riemannian Metric

We now want to introduce metric structures on differentiable manifolds. Again, we shall
start from infinitesimal considerations. We would like to able to measure the lengths of curve
and the angles between tangent vectors. Then one may for example obtain the length of a
differentiable curve by integration. In a vector space such a notion of measurement is usually
given by a scalar product. We thus define

Definition 7. A Riemannian metric on a differentiable manifold M is given by a scalar
product on each tangent space T, M which depends smoothly on the base point p.
A Riemannian manifold is a differentiable manifold equipped with a Riemannian metric.

In order to understand the concept of a Riemannian metric, we again need to study local
coordinate representations and the transformation behavior of these expressions.
Thus, let x = (2%, ...,2%) be local coordinates. In these coordinates a metric is represented
by a positive definite symmetric matrix

(gij ($))i,j:1,..,d7

(i.e. gi; = gji for all i, j, ¢;;6°¢7 > 0 for all £ = (€1, ...,€%) # 0), where the coefficients depend
smoothly on x. The transformation (1.4) below will imply that this smoothness does not
depend on the choice of coordinates. There fore smooth dependence on the base point as
required in Definition 7 can be expressed in local coordinates.

The product of two tangent vectors v, w € T, M with coordinate representations (v?,...,v%)

and (w!,...,w?) (iev=1"3%, w=wi;%) then is

< v,w >:= gii(z(p))v'ew’. (1.2)

in particular, < .2, 5% >= g;;.
Similarly the length of v is given by

|lv|| :=< v,v >z

We now want to study the transformation behavior. Let y = f(z) define different local

coordinates. In these coordinates, v and w have representations (v!,..,0%) and (@', ..,&0%)

with 00 = vi2 i = wig—ﬁ. Let the metric in the new coordinates be given by hy(y).

oz’
It follows that o
hk.l(f(x))ﬂkl)l =< v,w >= g;;(z)v'w’, (1.3)
hence 8f"“' 8fl
h 9 il = g (2)viw?
kl(f(x)) al’l 8$JUW g](x)UOJ 9
and since this holds for all tangent vectors v, w,
ofF oft
hkl(f(x))%% = gij(7). (1.4)

Formula (1.4) gives the transformation behavior of a metric under coordinate changes.
The simplest example of a Riemannian metric of course is the Euclidean one.

For v = (v!,...,v%), w = (W', ...,w?) € T,R? the Euclidean scalar product is simply

i i
00w = v'W',
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where

s _ [ 1 fori=]
Y10, fori# g

is the standard Kronecker symbol.
Theorem 1. Fach differentiable manifold may be equipped with a Riemannian metric.

Proof. Let {(x4,U,) : a € I} be an atlas, (¢,)aca & partition of unity subordinate to (Uy)acr
( see Lemma 1( for simplicity of notation, we use the same index set for () and (U,), this
may be justified by replacing the original covering (U,) by a locally finite refinement).
For v, w € T,M and « € I with p € U, let the coordinate representations be (v}, ...,v%) and
(wk,...,wd). Then we put
<v,w >i= > Pa(p)vgwl-
acl
with pe U,

This defines a Riemannian metric. (The metric is simply obtained by piecing the Euclidean
metrics of the coordinate images together with the help of a partition of unity). O

Let now [a, b] be a closed interval in R, 7 : [a,b] — M asmooth curve, where "smooth
" as always, mean "of class C'*° ."
The length of + then is defined as

b
dy
L) = [ 15wl
and the energy of v as
1 [ dy 9
E() =5 [ Il @ldt

In physics, F(y) is usually called "action of 4" where 7 is considered as the orbit of a mass
point. Of course, these expressions can be computed in local coordinates.
Working with the coordinates (z'(y(t)), ...,z%(v(t))) we use the abbreviation

#(t) = (@ (1(1))
Then )
L0) = [ a0
and - | |
BO) =5 [ a5t 0 @

We also remark for later technical purposes that the length of a (continuous and ) piecewise
smooth curve may be defined as the sum of the lengths of the smooth pieces, and the same
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hold for the energy.
On a Riemannian manifold M, the distance between two points p, ¢ can be defined

d(p,q) == inf{L(7y) : [a,b] = M piecewise smooth curve withy(a) = p, v(b) = q}.

We first remark, that any two points p, ¢ € M can be connected by a piecewise smooth curve,
and d(p, q) therefore is always defined. Namely, let

E,:={q e M :pand q can be connected by a piecewise smooth curve}.

With the help of local coordinates one sees that E, is open. But then also M\ E,, = quEp E,
is open. Since M is connected and Ep # 0 (p € E,), we conclude M = E,.
The distance function satisfies the usual axioms:

Lemma 4. (i) d(p,q) > 0 for all p, q, and d(p,q) > 0 for all p # q

(ii) d(p,q) = d(q,p),
(11i) d(p,q) < d(p,r)+d(r,q) (triangle inequality ) for all p, ¢ and r € M.

Proof. (i) and (ii) are obvious. For (i), we only have to show d(p,q) > 0 for p # ¢. For this
purpose,let z : U — R? be a chart with p € U. Then there exists € > 0 with

D.(z(p)) :={y € R : |y —z(p)| < e} C (V)

(the bars denote the Euclidean absolute value ) and

q noin (D (x(p))). (1.5)

Let the metric be represented by (g;;(z)) in our chart. Since (g;;(z)) is positive definite and
smooth, hence continuous in = and D.(x(p)) is compact, there exists A > 0 with

9i; ()€ > NP, (1.6)

for all y € D.(x(p)), &€ = (£4...,&%) € R? Therefore, for any curve v : [a,b] — M with
v(a) =p, 7(b) = ¢

L(v) > L(yna ' (D(z(p)))) (1.7)
> e >0, '

because z(7y) by (1.5) has to contain a point z € d(D.(z(p)))), i.e. a point whose Euclidean
distance from z(p) is €. By (1.6), z then has distance from x(p) at least Ae w.r.t the metric

(gij)- ]

Corollary 1. The topology on M induced by the distance function d coincides with the
original manifold topology of M.

Proof. 1t suffices to show that in each chart the topology induced by d coincides with the
one of R?, i.e. the one induced by the Euclidean distance function. Now for every z in some
chart, there exists € > 0 for which D.(z) is contained in the same chart, and positive constant
A, 4 with

NUE? < gis(n)EE < p2lel forally € D(x), € € R
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Thus
ANy — 2| < d(y,x) < ply — x| forally € D(x),

and thus each Euclidean distance ball contains a distance ball for d, and vice versa, (with

B(z,0) :={y e M /d(z,y) <0}

we have . ‘ .
D)@(ZL‘) C B(I’,(S) - DW;(I'),

if o <e). O
We now return to the length and energy functionals.

Lemma 5. For each smooth curve 7 : [a,b] — M

L(1)? < 20— 0)B(), (18)
and equality holds if and only if HZ—ZH = const.

Proof. By Holder ’s inequality

b dy v [ dy >
ity < (b—a)2 22
[ 15 < 0= (157 P

with equality precisely if ||‘Z’l—Z|| = const. O

Lemma 6. If v : [a,b] — M, is a smooth curve,and ¢ : [a, 5] — [a,b] is a change of
parameter, then

L(yoy) = L(v)-
Proof. By the chain rule,

1

Lovou)= [ (gm<x<v<w<r>>>>f(¢<7>>ﬂ<w<r>> (%) ) ar

and by a change of variables,
= L(v).

1.4 Curvature

In this section,we introduce some basic notions of curvature in a Riemannian manifold and
state basic properties. The proof can be found in many books, e.g. in [11] ,[17],[26],[33],[36],|37],|40]
and [45]. Throughout, we assume all manifolds to be of class C> and the manifold topology
should be Hausdroff and satisfy the second countable axiom.

Definition 8. We define X(M) to be the set of all smooth vector fields on M.
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Definition 9. Let M be a Riemannian manifold. The Riemannian curvature tensor is the

map R : X(M)x € X(M) x X(M) — X(M) defined by
R(X,Y)Z =VxVyZ —NyVxZ — Vixy1Z,
where V denotes the Levi-Civita connection in M.

Remark 1. Various definitions of the Riemannian curvature tensor may differ by a sign.

The definition used here is also used in [11] , [26],[33],]/36],[37],[40] and [45].
Proposition 1. The map R is a (1,3)— tensor field and satisfies

1. R(X,Y)Z =—-R(Y,X)Z,

2. RX,)Y)Z+R(Y,Z) X+ R(Z,X)Y =0.
The second equation is called the First Bianchi Identity.

We want to give a local expression of R.
Let (¢ = (2,27, ...... ,x™),U) be a local coordinate system of M. We write 0; = 8;107" Let the
functions g;; and Fk on U be defined by

= 9(9;,0)) Z %0k

The coefficients g;; are called the local expression of the Riemannian metric. The Ffj are
called the Christoffel symbols of the Levi-Civita connection of M.
Using the properties of the Levi-Civita connection, it is not hard to see that

Z gk Ogji Oy
! J J
Figu = (&'E] T o T ook (1.9)

Let
R(0;,0;)0h = ZRU,@ (1.10)

The Rl]k are the components of R in the coordinate system (i, U).

R(0;,0;)0, = V,Va,00 — Vo, Vo,00 = Vo, (Zr ka,) — Vo, (Z r@@) ,
l

which by a direct calculation yields

S S S a S
ik = § Fékr E I ikl + sz B 505k (1.11)
I

Remark 2. If M is 1— dimensional, then R =0 : Let X, Y, Z € X(M) and let {E} be a
local frame field. Then we can write X = f.E,Y = g.FE for smooth functions f and g and

therefore,
R(X,Y)Z =R(f.E,g.E)Z = fg.R(E,E)Z =0
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Consider the expression
(X, Y, ZW) s (R(X, Y)Z,W), X,Y,Z € X(M).
By proposition (1), it is a (0,4)— tensor field. It satisfies the following symmetries.
Proposition 2. For all X,Y,Z € X(M), we have

(R(X,Y)Z,W) + (R(Y, 2)X, W) + (R(Z, X)Y, W) =

<R( ) ) > - <R(Y7 X)Zv W> )
(R(X,Y)Z, W) = —(R(X,Y)Z, W),
(R(X,Y)Z,W) = — (R(Z,W)X,Y)

Definition 10. Let M", n > 2 be a Riemannian manifold, p € M and o C T,M be a
two-dimensional subspace of T, M. The sectional curvature of o is defined as

<RP($7y>7x7y>p
<L, r >p< Yy >y — < x,y >

K,(o) =

where {x,y} is a basic of o.

By straightforward calculation, it is shown,that K,(o) is well defined, i.e. it is independent
of the particular choice of the basic {z,y}. We write K,(c) or K,(z,y) for a basic {z,y} of
0.

Lemma 7. Let M be a Riemannian manifold. If the sectional curvature K of M is constant
for all p € M and all two dimensional subspaces o C T, M, then

(RX,)Y)ZW)=K[< X,Z><Y,W>—-<Y, Z><XW>|, VXY, Z W € X(M)

Lemma 8. Let (M, g) be a Riemannian manifold, X > 0 and § = \.g. Let K, K be the
sectional curvature with respect to the metric g, g, respectively. Then

— 1
K= —-K.
A
Proof. Let p € M and (¢ = (2!, ....,2™),U) local coordinates around p. We will distinguish
the various objects corresponding to g, g by a bar. By (1.9), I"“ = Fm’ and therefore,by (1.11),

Rﬁjk = ka It follows that the curvature tensors R and R are equal. Thus, for =, y € T, M
linearly independent,

_ B Gp(Rp(z,9)z,y)
Kp(x7y) = §p(x,x§-§p(yay)_§p($vy)2

_ A.g(Rp(z,y)2,y)
A2[gp(z,2).9p(y,y) —9gp(z,y)?]

= %KP(:& y)
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Let (M", g) be a Riemannian manifold equipped with the Riemannian metric g.

Definition 11. For any smooth function f on M, the gradient V f is a vector field on M,
which s locally coordinates x1,xs.....,x, has the form

i O

where summation is assumed over repeated indices. For any smooth vector field F on M, the
diwergence divF' is a scalar function on M, which is given in local coordinates by

divF = detg;; F;)

1 0 (
oV d@tgij axz
Let v be the Riemannian volume on M, that is

v = y/detg;;dz,.....dz,.

By the divergence theorem, for any smooth function f and a smooth vector field F', such that
either f or F' has compact support,

/ fdivFdy = —/ <Vf, F>dv. (1.12)
M M

where < ... >= g(.,.). In particular, if ' = N for a function ¢ then we obtain

/ fdivVydy = —/ <Vf, Vi > dv. (1.13)
M M

provided one of the functions f,1 has compact support. The operator
A :=divoV

is called the Laplace (or Laplace-Beltrami ) operator of the Riemannian manifold M. From
(1.13) we obtain the Green formulas

/M FAYdy = — /M < VIV >dy= /M N (1.14)

1.5 Covering spaces

Next we recall some basic of the theory of covering spaces. For more details, see |29].

Definition 12. Let X be a topological space. A covering of X is a continuous map m :
X — X such that for each x € X there exists an open neighborhood U with the following
properties: These exists an index set A and disjoint open sets Uy C X, A € A such that
7 HU) = Uyea Un and for each X € A, Ty, Uy — U is a homeomorphism. We say that U
15 relatively covered.

In this regard,we call X the basis, X the covering space and 7 the covering map. For xz € X,
the discrete set 7= (x) C X is called the fiber over x.
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Definition 13. Two coverings m ;X1 — X and 7y ; X9 — X are called isomorphic if there
erists a homeomorphism @;71 — X5 such that my o o =m. If X, = X, and m = 7, p 18
called a covering transformation. The covering transformation of X form a subgroup of the
homeomorphism group of X, which we denote by C(X).

Example 3. The map © : R — S, defined by w(t) = €™ is a covering map. For each
keZ, pr :t—t+k is a covering transformation.

Proposition 3. (Lifting property) Let ¢, : X — X be a covering and Y be locally path-
connected and simply-connected. Fiz a point y €Y and let f 1Y — X be continuous. Then
for each T € 1 (f(y)), there exists a unique continuous map f : Y — X such that mo f = f

and f(y) = T.
Proof. See |29], Proposition 1.33 and Proposition 1.34. ]

Such a map f is called a lift of f over 7. In particular, if a : [0, a] — X is a path in X and
a point pr € 7 (a(0)) is fixed, there exists a unique path @ : [0,a] — X such that Toa = «
and @(0) = pz.

Definition 14. A covering 7 : X — X is called a universal covering if X is simply connected.

Remark 3. A universal covering m : X — X is the largest covering of X in the following
sense. If X is connected and locally path-connected and m : X — X is another covering with
X1 connected, there exists my : X — X1 such that m o mg = 7.

A universal covering is uniquely determined up to isomorphy: Let m : X1 — X and
T Xy — X be two universal coverings. Fiz v € X and T; € 7w Y(x),i = 1,2. By
proposition 3, there exists a map ¢ : X, — X, such that 7 o ¢ =m and o(T1) = T2 and a
map v : Xo — X satisfying m 0@ = w5 and Y(Ty) = T1. By proposition 3, 1o p = ids, and
po) =idg,.
In particular, if X is simply connected, each universal covering of X is isomorphic to the
trivial covering vd : X — X.
A universal covering does not always exist.Some connectedness conditions are required.

Theorem 2. If X is connected,locally path-connected and semilocally simply-connected, there
exists a universal covering of X.

Proof. See (|29]). O

Proposition 4. Let X satisfy the conditions of Theorem 2 and m : X — X be the universal
covering of X. Then

(i) The group C(X) is isomorphic to the fundamental group m (X).

(ii) For each x € X, C(X) is acting sharply transitive on ©~'(x), i.e. for T, Ty € 7' (),
there ezists a unique element ¢ € C(X) such that p(T1) = To.

Proof. For a proof of (i), see [29]. By Proposition 3 there exist unique maps ¢, ¢ : X — X
satisfying ¢(71) = Ta,(T2) = 71 and 10 ¢ = 7o ¢ = 7. By uniqueness in Proposition
3,000 =po¢=idy, so ¢, p € C(X) which proves (ii). O
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Example 4. Let RP", n > 2 be the real projective space, obtained from identifying the
antipodal points of S™. Then the canonical projection m : S™ — RP"™ is the universal covering
of RP™ and the covering transformation group C(S™) consists precisely of the maps +id :
p +— £p. By Proposition 4(i), the fundamental group m (RP™) is isomorphic to Zs.

If M is a manifold and 7 : M — M is a covering,then there exists a unique smooth
stricture on M such that 7 is a local diffeomorphism. Then all covering transformations
are diffeomorphisms on M. Since M is locally diffeomorphic to R”, there exists an universal
covering of M if M is connected. If two smooth maps m; : M; — Mi = 1, 2 are universal
coverings,there exists a diffeomorphism ¢ : M; — Mo, such that m 0 ¢ = 7.

Let (M, g) be a connected Riemannian manifold and 7 : M — M be the universal cov-
ering of M. Then we define a Riemannian metric § on M by § = T gi.e.gy(v, w) =
9r(p)(Tpm(v), Tym(w)). This metric on M is called the covering metric. It is the unique metric

on M such that 7 : M — M is local isometry.

Proposition 5. Let M be a connected Riemannian manifold and = : M — M the universal
covering of M with the covering metric. To each vector field X € X (M) we associate a vector
field 7(X) € X(M), defined by 7 (X )y = (Tpm) *(Xa()). Then we have

(i) Vi 0m(Y) = V&Y for all X, Y € X(M).
(ii) If v is a geodesic in M, then each lift of ~y over T is a geodesic in M.
(ii1i) RI(m*(X), 7 (Y))m*(Z) = RY(X,Y)Z for all X, Y, Z € X(M).
(iv) Kg(a) = K?r(@ (Tym(a)) for any p € M and any two-dimensional subspace o C T,M.
(v) If M is complete, M is also complete.

Proof. Properties (i)-(iv) are general properties of local isometries. To show that completeness
of M, let 7, be a geodesic in M, starting at p. By completeness of M, the geodesic vy = 707,
can be extend to a geodesic vy, which is defined for all time. Its lift starting at p is an extension
of 7, which is defined for all time. This proves (v). O

1.6 Space forms

We now want to describe manifolds of constant sectional curvature K. We may assume, by
similarity, that the sectional curvature K = —1, 0, 1, cf.Lemma8. Let R" be equipped with
the usual metric, that is g;; = d;; in the natural coordinate system. By (1.9) and (1.11), it
is easy to see that R = 0 and therefore K = 0. In Chapter 6 of [17], example 2.8 it is shown
that the unit sphere S* C R"*! with the usual metric has constant sectional curvature K = 1.
Both spaces are complete and simply connected.

We also want to give an example of a complete and simply connected manifold with constant
sectional curvature K = —1. Consider the half-space of R™ given by

H" = {(z1, ..., xn) |z, > 0}



1.7 Harmonic maps and biharmonic maps 26

and introduce on H" the metric
1
9 (v, w) = — (V1w + ... + vawy).
x
The space H" together with this metric is called the Poincaré half-plane model. Clearly,

H" is simply connected.

Proposition 6. The Riemannian manifold H" is completes and its sectional curvature K
satisfies K = —1.

Theorem 3. Let M" be a complete Riemannian manifold with constant sectional curvature
K. Then the universal covering M of M 1is isometric to :

(i) H" if K = —1,
(ii) R* if K =0,

(iii) S" if K =1.

Remark 4. Let M™ as above and [K| # 1. From Lemma 8, we obtain the following
(i) If K > 0 then M is isometric to S"(K), the sphere with radius \/LR

(i) If K < O0M is isometric to H"(K), the half-sphere of R™ with the metric

9o (v, w) = (v1wy + ... + Vpwy).

2
K.x2

Definition 15. The complete simply-connected Riemannian manifolds with constant sectional
curvature are called spaces forms.

1.7 Harmonic maps and biharmonic maps

Definition 16. Consider a smooth map ¢ : (M™, g) — (N™, h) between Riemannian mani-
folds, for any compact domain D of M the energy functional of ¢ is defined by

1

B(:D) = [ ldePu, (1.15)
2Jp

where |dy| is the Hilbert Schmidt norm of differential of the map ¢ given by

dp* = h(dp(e;), dip(e;))

i=1
and {e1,...,en} be an orthonormal frame on M

Definition 17. A variation of p to support in a compact domain D C M, is a smooth family
maps (P¢)ie(—ee) - M — N, such that o = ¢ and ¢, = ¢ on M \ int(D).

Definition 18. A map is called harmonic if it is a critical point of the energy functional over
any compact subset D of M. i.e

d
—FE(ps; D = 0.
dt (‘;Ot; ) —o
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1.7.1 First variation of energy

Theorem 4. Let ¢ : (M™,g) — (N", h) be a smooth map and let (¢1)ic(—ce) be a smooth
variation of ¢ supported in D. Then

d
—FE(pu; D
dt (SOU )

= [ hwrle) u,

t=0

d
where v = % denotes the variation vector field of {¢:},
t=0

7(p) = trace,Vdy = Z {Vedo(e;) — dp(Viie;)} (1.16)

i=1
is called tension field of ¢ where {ey, ...,en} is an orthonormal frame on (M™,g).

Proof. Defined ¢ : M x(—¢,¢) — N by ¢(x,t) = ¢;(x), let V? denote the pull-back connection
on ¢~ 'TN. Note that, for any vector field X on M considered as a vector field on M X (—¢, €),
we have [0;, X] = 0. Using (1.15) we obtain

_ th/Zh dir(es), dipu(ed)) v,

— 2dt/2h dé(e;,0), dp(e;, 0)) vy

- _ —_ h(d s ,d 79 g
Q/D@t; (do(e;,0),dp(e;, 0))v -,

-/ DRV e 0). dofes, 0)

d

D
dt (907% )

t=0 =0

t=0

_ /Zhv‘é’egckb ) (e 0) v,
- /DZhWé&e»vadw(ei))vg
= LZh(Viv,dgp(ei))vg. (1.17)

Define an 1-form on M by

w(X) =h(v,dp(X)), X el(TM).



1.7 Harmonic maps and biharmonic maps 28

We have
diviw = (V,w)(e)

{ei(w(e)) - W(Vgei)}

2
= 2 (Wi delen) + h(v, VEdi(ei) = hlv, do(Vefer)) )
> MVEw dplen) +h(v, 7(0), (1.18)

according to formulas (1.17), (1.18), and if

/ div(w)v, = 0 (1.19)
D
we obtain

d
—FE(py; D
dt (Soh )

- —/Dh(v,T(gp))vg.

t=0

]

Theorem 5. A smooth map ¢ : (M™,g) — (N", h) between Riemannian manifolds is har-
monic if and only if
T(p) = traceVdp = 0.

Example 5. The second fundamental form of the identity mapping
Idy : (M, g) — (M, g) is zero, i.e. Idy is totally geodesic, therefore 1dyy is harmonic.

Example 6. Let (M, g) be a Riemannian manifold and let f : M — R be a smooth function,
then

7(f) = traceVdf
= Vdf(e;, e;)
= V5df(e) —df(Vie)
= eilei(f) = (Ve (f)
= ¢g(Vgrad f,e;)
= divgradf
= A(f),

where {e;} is an orthonormal frame on M.

Example 7. If M =|a,b| be an interval of R, then a curve v : (a,b) — (N™, h) is harmonic
if
d2’ya N pa d,yﬁ d/VJ
85— =0,
dt? dt dt
therefore, v is harmonic if and only if it is a geodesic.
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1.8 Biharmonic maps

The bi-energy functional of a smooth map ¢ : (M™, g) (N™, h) is defined by

/ |7( (1.20)

Definition 19. A map is called biharmonic if it is a critical point of the bi-enerqy functional
over any compact subset D of M.

1.8.1 First variation of bi-energy

Theorem 6. Let ¢ : (M™,g) — (N™, h) be a smooth map between Riemannian manifolds,
D a compact subset of M and let {¢;}ie(—ce) be a smooth variation with compact support in

D. Then
d

EEQ(SOD D)li=o = —/Dh(va72<90))vg’

where v = %‘%\tzo denotes the variation vector field of ¢ and in locale frame at x € M, we
have

n(p) = —tracegRN( (), d(p)algo—traceg(V“’)2 (p)
- — Z RN (1(), dp(e;))do(e;) Z{V‘p Vi
VéM&T(s@)} (1.21)

T2(p) is called the bi-tension field of ¢.

Proof. Define ¢ : M x (—€,¢) — N by ¢(z,t) = p(2).
First note that

_E2 (1 D)o 0_/Zh 4 V(e 0). (ei,O)),Vdgb((ei,O),(ei,O))> Vglio. (1.22)

Calculating in a normal frame at x € M we have

d

Vi, d6(es0) = Vi, d6(0, %)+ do([(0, ). e:, 0)
= V(ei,o>d¢(0@)- (1.23)
d
Vio.g)9(Veleis0) = Vigue,0d9(0, 7). (1.24)

Vo 4, Vdo((e1,0), (€,0)) = Vi, Vi, o dolen0) = Vi, 4 do (Vi e 0))

= R0, ), dbes, 0))d(er, 0) + VY, ) V¥, o, 0

¢ ¢ M
+V[(07%)’(ei70)}d¢(6i7 ) V(O d d¢(ve, €, O)

d d
— RV (do(0, —7): do(ei, 0))dd(e;, 0) + Ve 0 Vi, 090, =)

d
_v((bvg,feip)ddo? Tt

o) (1.25)
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From where
MV (o, Vdo((€:,0), (€, 0), Vdg((es,0), (e3, 0))li=o =
(RN (v, dg(es))dip(e:), () + M(VEVEL, 7(9)) = MV Gy, v, 7()).
Let w € I'(T*M), be a 1-form to support in D, defined by:
w(X) = hViv, (), X eI'(TM).

We calculate the divergence of w

divMw = Z{ei(w(ei)) - W(Vé\fei)}

=1

_ Z{e, (Vev,7(0)) = h(VEy, v, 7(0))}

= Z{h(vivivﬁ(@))+h(VZv7VZT(s&)) h(V a0 (@)}

From the formulas (1.26) and (1.27), we obtain:

m

Z h(v?()’%)VdQﬁ((ei? 0)7 <€i> 0))7 Vd¢((6l7 0)7 <€i> 0)))|t=0 -

=1
m

D (RN (v, dg(es))do(es), T(9)) + divw = Y " h(VEw, VET(0)).

i=1 i=1
Let n € I'(T*M), be an 1-form to support in D, given by

n(X) = h(v, VX7 (p)), X e I(TM).
We calculate the divergence of 7
divtn = Z{ez’(ﬁ(ei)) —n(Vie)}

_ Z{ez (0,2 7(2)) — (v, Vi, ()}

- Z{h(vziv, VET(9) + v, VEVET(9)) = h(v, Vi, 7(2))}-

(1.26)

(1.27)

(1.28)

(1.29)
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Substituting (1.29) in (1.28), we obtain

Zh Vd¢ (617 ) (eiao»v Vd¢((6i70)7(6i’0))>’t=0:

Z h(RN (7(p), dp(e))dp(e;), v) + divMw — divMy
M
+ Z h(v, VEVET(9) = Y h(v, V., 7(9)). (1.30)
i=1 i=1

From the formulas (1.22), (1.30) and according and if

/ div(w)v, =0, (1.31)

we obtain

Palii D)o == | Zh (R (r(e). dole))dp(er) — VEVET(P) + iy, (), 0) vy

O

Theorem 7. Let ¢ : (M™,g) — (N",h) be a smooth map between two Riemannian mani-
folds, then ¢ is said biharmonic if and only if

() = —trace, R (1(p), dp)dp — trace,(V¥)*7(¢) = 0. (1.32)
1. The equation (1.32) is called the Euler-Lagrange equation.
2. Let M and N be two Riemanian manifolds with the coordinates (x') and (y®) respec-
tively, then, in the neighborhood of the points 2z € M and ¢(x) € N we have
nle) = glj{aijg;j " 32375 Tt aiiz;;]v s
09° 005 09" g NP NTY

+7

oxr' OxJ ozt 0xI
_ or? 8g0 Npo \ _ o 390 Np
1J<a +7 axk r ,3) T’ ort 8I'j ﬁav}a P ¥,

;s 25 B8 .
where 77 = g% <% e MF’“) and ¥ R3,,, designate the compo-

nents of the curvature tensor of (N”, h).
3. Any harmonic map is a biharmonic.
4. Biharomnic maps are not generally harmonic maps.
Example 8. 1. The polynomials of degrees 3 on R are biharmonic non-harmonic maps.
2. The identity map Id : (M™,g) — (M™,g) is biharmonic.

3. A smooth map ¢ : (M™, g) — (R™, <, >gn), is biharmonic if and only if AM(AMp7) =
0, forallo=1,...,n



Chapter 2

Geometry of tangent and cotangent bundle
with Sasaki metric

Sasakian metrics on tangent bundle were introduce in 1958 by the Japanese geometer Sasaki
[47]. Sasakian metrics (diagonal lifts of metrics) on tangent bundles were also studied in ([53],
[34]) . In this chapter is devoted to the geometry of 7*M endowed with the Sasaki metric
g® and obtain several important geometry consequences on curvature properties, sectional
curvature and scalar Curvature.

2.1 Basic Notions and Definition on T'M.

Let (M, g) be an n-dimensional Riemannian manifold and (7'M, 7, M) be its tangent bundle.
A local chart (U, )1, on M induces a local chart (77*(U), ", y")i=1.., on TM. Denote by
Ffj the Christoffel symbols of g and by V the Levi-Civita connection of g.

We have two complementary distributions on 7'M, the vertical distribution V and the hori-
zontal distribution H, defined by

Viuw = ker(dmzu)

9 .
= {a’—i ;a' € R},
' ()
) ) .
HCEU = f— - Z]FI‘C' ; ZGRa
(e te Oty Y Y* | (o) o <R}

where (z,u) € TM, such that T(; ) TM = Hu) ® View)-
Let X = Xi% be a local vector field on M. The vertical and the horizontal lifts of X are
defined by
)
XV =Xx" (2.1)
oy’

and

A I R
X = x = = X —y”Ffja—w}. (2.2)
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a 3

=)V = 9 then (:,-2)i—1.n is a local

ONH _ b
For consequences, we have (-:2)f = 2 and ( By 527 Dyl

oz’ ozt
adapted frame in TT M.

Note that the maps X +— X and X — XV are vector space isomorphisms between T, M
and the subspaces H, ) and V, ., respectively, and each tangent vector Z € 1, , )M can be
decomposed uniquely as

Z=X"+YV,
where X, Y € T, M.
Definition 20. ([27]).The Sasaki metric g° on the tangent bundle TM of M is given by

1. ¢(XH YH)=g(X,Y)om,

2. ¢*(XH YV) =0,

8. ¢ ( XV, YV)=g(X,Y)orm,
for all vector fields X,Y € T'(T'M).

Proposition 7. ([27]). Let (M,g) be a Riemannian manifold and ¥ be the levi-Civita
connection of the tangent bundle (T'M, g°) equipped with the Sasaki metric. Then

_ 1
(VYT pw = (VxY){! —§(Rx(X,Y)u)V,

(z,u)

~ 1
(VXHYV)(ZM) = (VXY)E;,u)"’—i(RI(u?Y)X)Ha

~ 1
(Vv YT = §(Rx(u,X)Y)H,

(@XVYV)(I,U) — 0,
for all vector fields X, Y € T'(TM) and (z,u) € TM.

Definition 21. Let (M,g) be a Riemannian manifold and F € T1(M) be a tensor of type
(1,1). Then we define a vertical and horizontal vector fields VF, HF on TM by

VF:TM — TTM
(z,u) — (F(w)),
and
HF :TM — TTM
(z,u) — (F(u)".

Proposition 8. ([12]). Let (M,g) be a Riemannian manifold and ¥ be the levi-Civita
connection of the tangent bundle (T M, g°) equipped with the Sasaki metric. If F € Ti(M) is
a tensor of type (1,1), then

(@xn HE )y = H(VxF)a) — 5 (RalXar Falu))u)”,
(FxnV )y = VITxEay + 5 (Reln, Fo(u) X,
(Vav HF) oy = (FCON ) + = (Ro(, X)) F(u))¥

(x,u) 2
(VxvVF)pw = (F(X)),

(z,u)’
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where (x,u) € TM and X € I'(TM).

Proposition 9. ([27]). Let (M, g) be a Riemannian manifold and R be the Riemann curva-
ture tensor of the tangent bundle (T'M, g°) equipped with the Sasaki metric. The the following
formulae hold.

~

LR(XV,Y")ZV = 0,
2 R(XV,YV)ZH = :R(X, Y)Z + ;lR(u,X)(R(u, Y)Z) - i5u, Y)(R(u, X)Z)KI,
SRXT YV)ZV = - [%R(Y, Z)X + iR(u, Y)(R(u, Z)X)EI,
LR(XH YV ZH = :%R(R(u, Y)Z, X)u + %R(X, Z)YI: + % [(VXR)(u, Y)Z} H
5.R(XH YH)zV = :R(X, Y)Z + ;LR(R(U, 2)Y, X )u — %R(R(u, Z)X, Y)u]:

+ % [(VXR) (u, 2)Y — (Vy R)(u, Z)X} f
6.R(XH YH)zH = %[(VZR)(X,Y)UK

+ [R(X, Y)Z + ;lR(u, R(Z,Y)u)X + %lR(u, R(X, Z)u)Y

+ %R(u, R(X, Y)u)ZEI,

for all vectors u, X,Y,Z € T, M.

2.2 Cotangent bundles T*M

Let (M,g) be a m-dimensional Riemannian manifold, 7*M be its cotangent bundle and
7 : T*M — M the natural projection. A local chart (U,z"),_1;; on M induces a local chart
(rYU), 2", 2" = Pi)i=Tami=msi On T"M, where p; is the component of covector p in each
cotangent space TM, x € U with respect to the natural coframe dz’. Let C*°(M) (resp.
C>®(T*M)) be the ring of real-valued C*° functions on M (resp. T*M) and S%(M) (resp.
SI(T*M)) be the module over C*°(M) (resp. C°(T*M)) of C* tensor fields of type (r,s).
Denote by Ffj the Christoffel symbols of g and by V the Levi-Civita connection of g.

Let X = X'—— and w = w;da’ be a local expressions in U C M of a vector and covector

x
(1-form) field X € (M) and w € I9(M), respectively. Then the complete and horizontal
lifts X, X% € SE(T*M) of X € SE(M) and the vertical lift w" € SHT*M) of w € IY(M)
are defined, respectively by

.0 oxh o
X¢ = Xt— —p 2.3
or’ Ph oxrt Oxt’ (2:3)

9 )

Ho_ xi hxi 9
X X' pl X o, (2.4)
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v 0

veooT oxt’

(2.5)

. o 0 e
with respect to the natural frame {—Z., ﬁ}’ where Ffj are components of the Levi-Civita
x

connection V on (M, g) (see [53] for more details).

From (2.4) and (2.5) we see that (=) and (dz")" have respectively local expressions of

ox?
the form
0 .y 0 0
& = NV = 4 p T 2.6
€ (alﬂ,) ot +p hzaxh ( )
, 0
& = (do")Y = —. (2.7)
ox’
The set {é,} = {é;, €;} is called the frame adapted to Levi-Civita connection V on (M, g).
The indices «, 3, ... = 1, 2m indicate the indices with respect to the adapted frame.
Using (2.4), (2.5) we have.
X" = X, XM = ()é ) (2.8)

Wo= wiE, WwYWo= (3 ), (2.9)

with respect to the adapted frame {€,},—73,, (see [53] for more details).

Lemma 9. ([53]) Let (M, g) be a Riemannian manifold, ¥V be the Levi-Civita connection and
R be the Riemannian curvature tensor. Then the Lie bracket of the cotangent bundle T* M
of M satisfies the following

(1) W, 8] =0,
(2) [XH70V] = (VXQ)Va
(3) (X" Y] = [X,Y]" + (pR(X,Y))",
for all vector fields X, Y € (M) and w,0 € IY(M).
Let (M, g) be a Riemannian manifold, we define the map
2SN (M) = (M)
w = fw

by for all X € (M), g(fw, X) = w(X), the map £ is C°°(M )-isomorphism.

Locally for all w = w;dz’ € S§(M), we have fw = gYw;2, where (¢%) is the inverse matrix
of the matrix (g;;).

For each x € M the scalar product g=' = (¢%) is defined on the cotangent space T M by

g N (w,0) = g(fw, 10) = g7 w;b;.
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If V be the Levi-Civita connection of (M, g) we have

Vi (fw) = 4(Vxw), (2.10)

Xg Hw,0) =g ' (Vxw,0) + g ' (w, Vxb), (2.11)

for all X € S (M) and w, 0 € SY(M).

In the following, we noted fw by @ for all w € I9(M).

Definition 22. (/48]) Let (M, g) be a Riemannian manifold. We define the Sasaki metric g°
on the cotangent bundle by

FXEYH) = g(X,Y)on (2.12)
P YY) = 0, (213
gs(wv,ﬁv) = g_l(w,ﬁ), (2.14)
where X,Y € S(l)(M), w, 0 € SY(M).

2.2.1 Levi-Civita connection of g*

We shall calculate the Levi-Civita connection V* of T*M with the Sasaki metric g°. This

connection is characterized by the Koszul formula:

Lemma 10. ([48]) Let (M, g) be a Riemannian manifold and (T*M, g°) its cotangent bundle
equipped with the Sasaki metric. If V (resp. V*) denote the Levi-Civita connection of (M, g)
(resp. (T*M, g®)), then we have

1) ¢*(Viun Y™, ZM) = g*(VxY)", 2™,
2) ¢"(ViuY",n") = 5" (PR(X,Y))" "),
3) 0" (Vi 2%) = o' (R(G.6)X)", 27
4) g°(Viu0",n") = ¢°*(Vx0)",n"),
5) g (VY™ 2 = Lo (RG.&)Y)", 27,
6) ¢ (Vir Y™, n") = 0,
7) g5 (VEL 0V, ZH) = 0,
) (vSV6V777V) 07
for all X,Y, Z € S4(M) and w,0,m € SY(M).

Theorem 8. ([/8]) Let (M, g) be a Riemannian manifold and (T*M, g°) its cotangent bundle

equipped with the Sasaki metric. If V (resp V*

) denote the Levi-Civita connection of (M, g)
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(resp (T*M, g*) ), then we have

(1) Vi = (V)" 4 SROXY)),
(2) V" = (Vx0)",
(3) V¥ = RGOV,

(4) V5,0V = 0,
for all X,V € S{M) and w,0 € SY(M), where R denote the curvature tensor of (M, g).

Definition 23. Let (M, g) be a Riemannian manifold and K is a tensor field of type (1,1)
on M. Then the vertical and horizontal vector fields VK and HK respectively are defined on
T*M by

VK: T"M — TT*M HK: T"M — TT*M
(z,p) = (pK)V "~ (z,p) = (K(B),
locally we have
VK = pi(da'K)Y, (2.15)
, 0
HK = p'(K(=—)" 2.16
P ()", (2.16)
., 0 .0
where p = p e :pjgjﬁ.

Proposition 10. Let (M,g) be a Riemannian manifold and (T*M,g®) its tangent bundle
equipped with the Sasaki metric. If V (resp V®) denote the Levi-Civita connection of (M, g)
(resp (T*M, g°)) and K is a tensor field of type (1,1) on M, then we have

LV VK = (wK)Y,

2.Viu VK = V(VXK)Jr%(R(ﬁ,pK)X)H,
BVLHE = (K@) + 5(R(G.0)K @),
AV HE = H(VXKH%(pR(X,K(ﬁ)))V,

for all X € S{(M) and w € SY(M), where R denote the curvature tensor of (M, g).

2.2.2 Riemannian curvature tensor of ¢°

We shall calculate the Riemannian curvature tensor R® of T*M with the Sasaki metric g°.
This curvature tensor is characterized by the formula:

R (U V)W ='VgVeW — VEVEW = Viz o W, (2.17)

for all U, V, W € S5(T*M).
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Theorem 9. (/48]) Let (M, g) be a Riemannian manifold and (T*M, g°) its tangent bundle
equipped with the Sasaki metric. If R (resp R®) denote the Riemannian curvature tensor of
(M, g) (resp (T*M, g°) ), then we have the following formulas

)R YMZT = (ROXY)Z) 4 (RO pRIX, 2))7 )
—~— 1

L (RG.pROV.2)X)" + L(R(ppR(X V)2 (218)

5 (V2R Y)Y,

) RXT 0 = SHREDX) - 2RE.ORGHYT.  @1)
3) R, 0V) 2" — (R(@.0)2)" + %l(R(ﬁ,d))R(p, §)2)"
— (R0 R(5.2)2)", (2.20)
Y R(X0NZT = S(VxR)(5,0)2)"
+%(9PL(X, 7)Y + %l(pR(X, R(p,0)2))Y, (2.21)
5) (X" Y Mn" = —((VxR)(p,7)Y)" = s(VyR)(p,7)X)"
FOROCY)Y + 4 (0R(X, R )Y))” (2.22)

6) R*(w",0 )" = o, (2.23)

for all X,Y, Z € S4(M) and w,0,n € SUM), where pR(Y,Z) = g o pR(Y,Z) and
(Vx(pR)(Y, Z) = Vx(pR(Y, Z)) — (Vxp)R(Y, Z) — pR(VxY, Z) — pR(Y, Vx Z).

2.2.3 Sectional curvature

It is known that the sectional curvature on (7*M, ¢*) for P(V, W) is given by
g (R (V, W)W, V)

g* (V. V)g? (W, W) — g5(V,IW)*’

where P(V, W) denotes the plane spanned by {V, W}
If {X;},_ 17 and {w'} be a local orthonormal frame and coframe on M, respectively, we
see that

K*(V,W) = (2.24)

i=1m

{X{ - X @)Y ™) (2.25)
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is a local orthonormal frame on T*M. Let K*(X#, YH), K*(X# 0) and K*(w",6") denote
the sectional curvature of the plane spanned by {X# YVH#} {X# 6V} and {w",0"} on
(T*M, g°) respectively, where X,Y € {X;},_17 and w,0 € {w'}

i=1,m i=1,m"

Proposition 11. ([48]) Let (M,g) be a Riemannian manifold and (T*M, g®) its cotangent
bundle equipped with the Sasaki metric. Then we have the following

) g (B (XYY XY = g(R(X Y)Y X) — 2 [pRX, )
i) 9" (R (X, 0V)0Y XT) = LI, )X,
iii) ¢*(R*(w",0Y)0Y,w") = 0.
Proof. i) From the formula (2.18), we have
GR XTIV XT) = (R Y)Y)
_ L

1 (RG.pROVY )XY + 3 (R(p, pR(X

5 (Tr PR (X Y)Y, X

=
=
T

= G(ROCY)Y X) = Jg(R(R(X V)3 Y. X))
= G(ROXCY)Y, X) = Sg(ROX, V), ROX,Y)P)

= G(R(X, Y)Y, X) = SIpROX )P

because
PR(Y.X) = R(Y, X)j. (2.26)
i1) From the formula (2.19), we have
—1 - .
GR(XM, 007, X") = Lg(RE.O)R(.0)X,X)
1.
— IRGHXI

i13) The result follows immediately from the formula (2.23)
gs(Rs(wV, 9V)9V7MV) = 0.
[

Theorem 10. ([/8]) Let (M, g) be a Riemannian manifold and (T*M, g°) its cotangent bundle
equipped with the Sasaki metric. If K (resp., K®) denote the sectional curvature tensor of
(M, g) (resp., (T*M,g*)). Then we have the following

() KXYy = K(X,Y) ~ SR Y)P
(2) KO, 0%) = LR DXP
(3) K5(wY,0") = o.
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Proof. Using Proposition 11 we have
gS<RS(XH,YH)YH,XH)
g (X, Xy (VI YT) — go (X, VI
— gs(Rs(XH,YH>YH,XH)
3

(1) KX YY) =

3
= K(X,Y) = SIpROCY)|

gS<RS(XH, QV)HV, XH)
g (X7, Xy (67, 67) — g (X7, 6V )2
— gS(RS(XH,QV)QV,XH)
1 o~
= LIRG.6X|.

(2) K*(X",0%) =

gS(RS(wV,Gv)QV,wV)
75wV, w¥)g= (87, 0) — g*(w", 0V )2
= gs(Rs(wv,QV)HV,wV).

(3) K*(w",0") =

]

Proposition 12. (//8]) Let (M, g) be a Riemannian manifold of constant sectional curvature
X and (T*M, g°) its cotangent bundle equipped with the Sasaki metric. If K° denote the
sectional curvature tensor of (T*M, g°). Then we have the following

3\2

() EXYY) = A= == [(X,9)" + g (Vo).
(2) K* (XM 07) = AZQ[Q(X,@)ZHPHQ—2g(X,9~)g()<',1v5“)9(9,1'5)Jrg(X,ﬁ)Q],

(3) K5(wY,0Y) = o.
Proof. M has constant curvature A\ then
R(X,Y)Z = )x[g(Y, )X —g(X, Z)Y}
then a direct calculations we get
IPRX,Y)* = [RY.X)p|I* = N[9(X,p)* + g(Y,D)*],
IR, 0)XI° = N[g(X,0)*pll* — 29(X,0)9(X,5)g(6. ) + 9(X. 5)*].
this completes the proof. O

Corollary 2. Let (M,g) be a m-dimensional Riemannian manifold of constant sectional
curvature and (T*M, g°) its cotangent bundle equipped with the Sasaki metric, then (T*M, g°)
has zero constant sectional curvature if and only if (M, g) is flat.
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2.2.4 Scalar curvature

Theorem 11. ([/8]) Let (M, g) be a m-dimensional Riemannian manifold and (T*M, g°) its
cotangent bundle equipped with the Sasaki metric. If o (resp., 0®) denote the scalar curvature
of (M, g) (resp., (T*M,g®)), then we have

Zm: IpR((E:, (E;)I. (2.27)

FMH

where (E;),—1.; be a local orthonormal frame on M

Proof. Let (E )i—tm and (w'),_1; be a local orthonormal frame and coframe on M,
{Ef,.. H(w )V, s (W™ V} is a local orthonormal frame on 7% M.
Using Theorem (10) and deﬁnltlon of scalar curvature, we have.

o° = iKSEHEH +2iKsEH w’)” +ZKS DY (@)

j:

T 3
= Z (. By) = SIIpR(E;, Ej)|°]

=
—_

2,7=1 i,7=1

1
+2Z ||Rp, E||2+ -y )

2,7=1
= a——ZHpR Ei, B))|I* + ZHRp,oﬂ )Eil*.
i,j=1 zg 1

In order to simplify this last expression.
From the formula (2.26) we have

wi = Zg wﬂ E)E; = Z gaboﬂ E b, = i gabgk“wiEbE

i,a,b=1 i,a,b,k=1
= Y SfwlEE; = Z WlEFE, = Zw] E;=) §E =Ej
ib,k=1 ik=1 i=1
and
> IR(E;, ENpIIP = Z |R(p, E;)Eil?,
i,j=1 t,j=1
this completes the proof. [

Corollary 3. Let (M,g) be a flat m-dimensional Riemannian manifold and (T*M, g°) its
cotangent bundle equipped with the Sasaki metric. If o (resp., 0®) denote the scalar curvature
of (M, g) (resp., (T*M,g®)), then we have

o = 0. (2.28)
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Corollary 4. Let (M, g) be a m-dimensional Riemannian manifold, (T*M, g°) its cotangent
bundle equipped with the Sasaki metric . If o (resp., 0®) denote the scalar curvature of (M, g)
(resp., (T*M, g®)), then we have

1 m
o* = o= IpREE)I, (2.29)

ij=1
where (E;) is a local orthonormal frame of M.

Corollary 5. Let (M,qg) be a m-dimensional Riemannian manifold of constant sectional
curvature X, (T*M, g°) its cotangent bundle equipped with the Sasaki metric . Then (T*M, g)
has zero constant scalar curvature if and only if M is flat.

Proposition 13. Let (M, g) be a m-dimensional Riemannian manifold (m > 2) of constant
sectional curvature A and (T*M, g°) its cotangent bundle equipped with the Sasaki metric. If
o® denote the scalar curvature of (T*M,g®), then we have

o = (m—l)A(m—%)\Hp||2). (2.30)

Proof. M has constant curvature A then R(X,Y)Z = )\[g(Y, )X —g(X, Z)Y}
and
o=m(m— 1)\,

for i # 7 we get
D lIPR(ELEDIP = 2(m — 1)N|p|*.
ij=1

This completes the proof. [



Chapter 3

Geometry of the cotangent bundle with vertical
rescaled metric

In this chapter, we introduce a new class of natural metrics denoted by /g and called the
vertical rescaled metric on the cotangent bundle 7" M. We calculate its Levi-Civita connection
and Riemannian curvature tensor. We study the geometry of (T*M, /g) and several important
results are obtained on curvature, scalar and sectional curvatures. Thus, we generalized the
results in the article [48].

3.1 Vertical rescaled metric

Definition 24. Let (M, g) be a Riemannian manifold and f : M —]0,+oo[ be a strictly
positive smooth function on M. We define the vertical rescaled metric 'g on the cotangent
bundle by

Tg( X" vy = g(X,Y)om, .
Tg(x",6") = o0, (3.2)
Tgw”,0") = fg ' (w,0),

where X, Y € SYM), w,0 € SY(M).

Note that, if f =1, then /g is the Sasaki metric [48].

Since any tensor field of type (0,s) on T*M where s > 1 is completely determined with
the vector fields of type X and w" where X € Q}(M) and w € V(M) (see [53]). In
the particular case the metric /g is tensor field of type (0,2) on T*M. it follows that /g is
completely determined by its formulas (3.1), (3.2) and (3.3).

By means of (2.3) and (2.4), the complete lift X of X € S}(M) is given by

X = XM (VX)) (3.4)

oxh

where p(VX) = pp(V; X")dz' = pu( O

h X7 ]t
+ I X7)dx'.
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Taking account of (3.1), (3.2), (3.3) and (3.4), we obtain
(X9 YY) = g(X.Y)" + fg7 (p(VX),p(VY)). (3.5)

Since the tensor field /g € SY(7*M) is completely determined also by its action on vector
fields of type X¢ and Y¢ (see [53]), we say that the formula (3.5) is an alternative charac-
terization of /g.

Remark 5. From the formulas (3.1), (3.2) and (3.3) we see that

o 0
fo = fo(e.. e, Vg
95 = "9 &) =9(5= 55" = gy
fg5 = To(e &) = fq".

Then the Mus-Sasaki metric Jg has components with respect to the adapted frame {€ataztom
gij 0
lg = e (3.6)
0 fg”
Lemma 11. (/48]) Let (M, g) be a Riemannian manifold and (T*M,”q) its cotangent bundle
equipped with the vertical rescaled metric, for all X € S{(M) and w,0 € SY(M), we have

1 X6 ") = SX(g0V V) + T(Vx0)Y 0¥ + 187 (V).

/
2. Wwg(6V,n") = 0.
Proof.
L X%g(0" ") = X"[fg7(0,n)]
= X(f)g~"(0.n) + fXg7'(0,)
- X(f)g YO,m) + fg (Vx0.n) + fg~'(0,Vxn)

= X(f)fg(QV, ") +79((Vx0)" ") +79(6", (Vxn)"),

2. wg(0",n") = W [fg (0, n)]

3.1.1 Levi-Civita connection of /g

We shall calculate the Levi-Civita connection 'V of T*M with the vertical rescaled metric
Jg. This connection is characterized by the Koszul formula:

2g(IVV, W) = Ulg(V,W)+Vy (W U) — W/ (17 V)
Ho(W,[U, V) +lg(V,[W,0)) = lg(U, [V, W), (3.7)
for all U, V, W € SL(T*M).
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Lemma 12. (/48]) Let (M, g) be a Riemannian manifold and (T*M,’q) its cotangent bundle
equipped with the vertical rescaled metric. If V (resp. 'V) denote the Levi-Civita connection
of (M, g) (resp. (T*M,q)), then we have

1) fg(vaHYHvzH) = fg((VXY)H’ZH)7

2 (V¥ n¥) = Sa(pRX Y)Y V),

3 90Vt 2%) = Lig((REG.0)X)", 27,

D GUT 8 ) = G50 0" + X 0",
) 40V 2" = Lirpayyr 2,

6) lg('Vor Y™ n") = %Y(f)fg(wvmvh
DIVt 2T = g w.0)a((grad )1, 27

8) fg(!v v0Y,n") = 0,
for all X,Y,Z € S§(M) and w,8,n € SY(M).

Proof.
The proof of Lemma 12 follows directly from Koszul formula (3.7), Lemma 9, Definition 24
and Lemma 11.

1)

2g(IVxn Y 720 = XHIgvH 70y L yHigz" XH) - Z2HIg(xH yH)
+Ho(Z" XTI +Ig(Y 7 (27, X)) = Tg(x T YT, Z1)
= X9V, 2)+Yg(Z, X)— Zg(X,Y)+P9(Z" [ X, V]
+Ho(Y", (2, X]7) = Tg(X",[Y, Z]7)
= X9V, 2)+Yg(Z,X)— Zg(X,Y) +g(Z,[X,Y])
+9(Y, [Z, X]) — (X, [Y, Z])
= 29(VxY,2)

— (VXY 2.

Tg(!N Y ") = XHfg(YHmV) YHgnY, XH) —nVg(x", Y1)
+Hg(" XY + gV [, X)) = Tg(X7 [Y T 0V])
= Jg(n", [ X", Y]
Tg((pR(X,Y))" . n").
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3)
29!V 0", 2") =

2g(FV xu6” 0"

Using first formula of Lemma

29g(FV xu 8", 0"

7)
Wg(! V0", 2") =

Using first formula of Lemma

29!V voV, z1) =

XHIg0V, Z1) 4 0V ig(z1", X1 — ZzHIg(XH 9V
+Hg(Z7 (X 0V]) + g0V, (27, X)) = Tg(X ™, [0V, Z"])
Tg(0v,[2", X™)

T9((pR(Z, X))",6")

f9~ ' (pR(Z,X),0)

f9" (PR(Z, X))10;

fpsRZ X760

fgstﬁtRfijinék

fRijiZ' X0 '

f9(R(Z, X)0, p)

f9(R(p,0)X, Z)

Fa((R(p,0)X)", 2").

= X"g6",n")+6"g(n", X") —n"g(X",6")

+g(n¥, [ XT,0V]) +79(68Y, [n", X)) — Tg(X7, 16V, 1"])
X960V . n") +1g(n", [X7,0V]) 4+ T9(6", [n", X))

11 we have

%X(f)fg(9V7 n") +79((Vx0)", n") + 796", (Vxn))
+Hgn", (Vx0)") = 1g(6", (Vxn)")
2g((Vx0)" 0¥+ X (900",

W Ig(8Y 21) + 6V 192" w") — 2 Ig(w" 6V
(21, [, 6V]) + T9(6, (27w ]) = Tg(w", [0V, 2)
— 2 g(w",6Y) + 190" 12", w"]) — Tg(w", 16", 2")).

11 we have

2V ) = o((V)6) (Y (V20)")
_i_fg(ev, (VZW)V) + fg(wV7 (VZQ)V)
2ol )

~2(f)g (. 0)

—g7 (W, 0)g((grad /)", Z").
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Where g((grad /)", Z") = g(grad f, Z) = Z(f).
8)
2/g('V 0", n") w"g(0", ") + 0" g(n",w") — n"g(w",6")
+Hgn¥, [w",0"]) + 96", [n",w"]) — Tg(w", [V, 1n"])
= w90, ") + 6" g(n", ") =" g(w", ")
Using the second formula of Lemma 11 we have 2/g(/V 0" n") = 0. O

As a direct consequence of Lemma 12, we get the following theorem.

Theorem 12. (//8]) Let (M, g) be a Riemannian manifold and (T*M,'q) its cotangent bundle
equipped with the vertical rescaled metric. If V (resp IV ) denote the Levi-Civita connection
of (M, g) (resp (T*M,’g) ), then we have

(1) IV = (Vx¥) + L pR(X, V),

@) Vat” = (Tx0)Y 4 XN+ L (RG8)X)"
g 1 / ~ \y\H

) (VYT = YUY+ RGN

(@) Vb = g, 0)grad )",

for all XY € SYM) and w,0 € VM), where R denote the curvature tensor of (M, g).

Definition 25. Let (M, g) be a Riemannian manifold and K is a tensor field of type (1,1)
on M. Then the vertical and horizontal vector fields VK and HK respectively are defined on
T*M by

VK: T"M — TT*M
(z,p) = (pK)" "’
locally we have
VK =
HK =

. .0 ij 0
where p = p pys = Dig i

HK: T*M - TT*M
(z,p) = (K(p))",

pi(dr'K)Y, (3.8)
PG 3.9)

Proposition 14. (/39]) Let (M,g) be a Riemannian manifold and (T*M,7q) its tangent
bundle equipped with the vertical rescaled metric. If ¥V (resp 'V) denote the Levi-Civita
connection of (M, g) (resp (T*M,’q)) and K is a tensor field of type (1,1) on M, then we



3.1 Vertical rescaled metric 48

have

1
1IVyWEK = (cuK)V — ég(w,pK)(gmdf)H,

20V VK = VVxE)+ g XUWVEK + 3 (RGpR)X)"

3IVAHE = (K@) + 5-g(K@) grad [l + L(RGDK ),

1
LIV HE = H(TK) + S0ROGCK @)
for all X € S§(M) and w € SY(M), where R denote the curvature tensor of (M, g).
Proof. By the Definition 25 and Theorem 12 we have:

LIV VK =7V auiyv (pi(da" K)Y)
= Wi(dxi>v(pk)(dka)v + wipka(dxi)V (dka)V

9 L
5y, P )Y — Sopig™ (o', da* K (grad )"

= (da )Y = 297w, p) grad )"

= (@K)" = 397w, pK) (grad )"

2 IV xn VK =V v (po(da” K)V)
= X" (pi)(d2" K)" + p! Vo (dz" K)Y

= p L0 X (d2F K)Y + pr(Vxdz" K)Y + 72”—;)(( F)(da K)Y
+ 2 (R(p. dr ) )"
— (V) K)” + (Txpk)” + XK + 5 (Rlp.pR)X)"

— (VXK + 3 X(OVE + L (R(G.pR)X)"
— V(VxK)+ %X(f)VK + g(R(p,pT()X)H.

The other formulas are obtained by a similar calculation. [

3.1.2 Riemannian curvature tensor of /g

We shall calculate the Riemannian curvature tensor 'R of T*M with the vertical rescaled
metric /g. This curvature tensor is characterized by the formula:

IR(U VYW =1V VoW — IV VoW — IV 5 W, (3.10)

for all U, V,W € SL(T*M).
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Theorem 13. (/39]) Let (M, g) be a Riemannian manifold and (T*M,7q) its tangent bundle
equipped with the vertical rescaled metric. If R (resp 'R) denote the Riemannian curvature
tensor of (M, g) (resp (T*M,’g) ), then we have the following formulas

DIRXHE Yy ZH =

of
2 R0 = LR@.x)" - LR, 0)RE.7) )"
+%X(f)g‘1(9>n)(gmdf) + 597 (0,n)(Vxgrad )"
4307 0RO, grad )Y = olgrad £, RG,1)X)0",
3) 'Rw",0V)Z" = f(R(®,0)2)" + " r

4) 'TR(XH 0V 2" =

5) R(XT Y)Y =

LV 3.0)2)" + SX(F)(R(D.0)2)"
L 20)(RGHX) 4 Lg116.0R (Y. 2)) grad )"
5 (0R(X.2)" + L oR(x. Rp.0)2))
1 1 v
_|_[2fg(Z Vxgrad f) — @X(f)Z(f)}H ’
LB @A)~ L (v R)p.1)X)"
FE X RE DY)~ 1Y (DRG)X)"

“Hn, pR(X,Y))(grad f)" + (nR(X,Y))"

— LRIV, R )X)"

(3.12)

(3.13)

(3.14)

(3.15)
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6) 'R(wW",0V)n" =

%I\

[g—1<w n)(R(p,0)grad f)7 — g7 (0,n)(R(p, ©)grad f)"]

Hgmdf\l[ N, )" — g7 (0, m)w" ], (3.16)

—_~—

for all X,Y, Z € (M) and w,0,nm € SUM), where pR(Y,Z) = g~ o pR(Y, Z) and
(Vx(R)(Y, Z) = Vx(pR(Y, Z)) — (Vxp)R(Y, Z) — pR(VxY, Z) — pR(Y, Vx Z).

Proof. Let X,Y,Z € SY(M) and w,0,n € SY(M). By applying Definition 24, Lemma 9,
Lemma 11, Theorem 12 and Proposition 14 we have:

1) 'R(XH Y\ ZH = IN xu!Nyu ZH — INyud N xu ZH — IN (o yuy 2.

Let K be the bundle endomorphism given by,

K:-T"M — T*M
p — pR(Y,Z).

Direct calculations give,
1
INyu!VyuZ® = IVyu [(VYZ)H+§VK}
= (VxWy2)" (PR(X VyZ))" +

—%((vxpmoc D) + X ()

(Vx(pR(Y, 2)))"

1
2
R(Y,Z))"

and
INyu!VnZ? = (VyVx2)7 + %(pR(Y, VxZ)V + %(Vy(pR(X, zZ))NY
~3(VypR(X, 2)" + LY (DER(Y. 2)"
L (R pROX, Z)Y)",

and

INixnymZ" = INVx vy Z" + IV rixayyr 27

= (V2" + LR(X.Y], 2))¥ +%Z(f)(pR(X,Y))V
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Hence, we have:

TRXE YHYzH = (R(X,Y)Z2)" + L(R(p,pR(Y, Z2))X)"

1 %4
—ﬁZ(f)(pR(X Y))".

2) fR(XH, Hv)nv = vaHfVQV’r] - ngvaXH’f]V - fV[XHﬂV]T]V.
From direct calculation we get:

INxul VgV = fVXH[%lg_l(&U)(gmdf)H}
1
= ——[g7(Vx0,n) +g (0, Vxn)] (grad f)

2
L 0. (Vxgrad T — L7160, ) (pR(X, grad £)).

2
Let K be the bundle map given by,
K:T"M — TM
p — R(p,n)X.

4f

Direct calculations give,

ngvaXHT]V = fVQV [(VXH)V + ﬁX(f)nv + gHK}
= 57 (6. Vn)(grad ) = X (1)g ™ O.n)grad )"
L RE.1)X)" + Jotorad £, B, 1)X))6"
f2

+ (R, 0) R (5, 1) X) ",

and

1 _
INixngrm' = TVigeovn' = —359 NV x0,n)(grad f)T,

which gives,

R0 = L r@ )"~ L0 RE.5 )"
X Ng ) larad £)" + 597 0,n)(Vxgrad )"

4207 (0.0 (PROX grad )" — Tolgrad f, RG,7)X)8"
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3) Applying formula (3.12) and 1% Bianchi identity.
TR(WY, 072" = IR(Z" 0V )V —TR(Z7,W")0Y
we get
-/

TR(ZH 0V )WY = 5 (R(0,0)2)"

f?
4

+$Z(f)g‘1(9, @) grad )"+ 597(0,0)(Vzgrad )"

4307 0. WRIZ, grad 1))" = Jo(grad £, R, 20,

(R(p,0)R(p, ) Z)"

and

TR(Z", W)Y = —(R(@.0)2)" — —(R(p,®)R(p,0)2)"

N | —

4307 @ OPR(Z, grad )" = Jolgrad f, RG.0)2)s"

which gives,

TRWY,0V)Z" = f(R(@,0)2)" + “—(R(p,®)R(p,0)Z)"

—9(grad f, R(p,&)2)0".

The other formulas are obtained by a similar calculation. O]

3.1.3 Sectional curvature

It is known that the sectional curvature on (T*M,’g) for P(V, W) is given by

lgUR(V, W)W, V)

TK(V,W) = 3.17
VW)= GV T W) (v 17
where P(V, W) denotes the plane spanned by {V, W}
If {X;},—17 and {w'},_15; be a local orthonormal frame and coframe on M, respectively, we
see that . ]
X X — (W)Y, = (™) ] (3.18)
W V7 Vi

is a local orthonormal frame on T*M. Let /K(X# YH) JK(XH 0V) and /K (w",0") denote
the sectional curvature of the plane spanned by {X# YV} {X# 6V} and {w",0"} on
(T*M,'g) respectively, where X,V € {X;},_17; and w,0 € {w'};_17.
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Proposition 15. (/39]) Let (M, g) be a Riemannian manifold and (T*M,”q) its cotangent
bundle equipped with the vertical rescaled metric. Then we have the following

) RO Y MY X = g(R(X, Y)Y, X) — L pROX V)|
i) T RO 0)8Y XY = LR B)X 4 (1) 4 La(Vgrad £.),
i) g UR(Y 0787 ") = {llgrad 1]
Proof. i) From the formula (3.11), we have

Ig(R(XM, Y)Y Xy = g(R(X,Y)Y,X)—
+Lg(RG. PRIV, 2))Y, X)
= YR Y)Y X) = gy X)ppROV2)),

L (R (5, pR(Y. 2))Y, X)

and

—_——

pR(Y,X) = R(Y, X)p, (3.19)

because for Z € S4(M),

—_—— —_——

gpR(Y,X),Z) = gu(pR(Y,X))*Z" = gug"* (pR(Y, X)) Z"
= OFpu R XYIZ = gy R, XY 2"
= g(R(X,Y)Z,p) = g(R(Y,X)p,Z),

then gUR(XH, YH)YH, X) = g(R(X, Y)Y, X) ~ L [pR(X, V)2

i1) From the formula (3.12), we have
o (In(xH gVgV Y H —f? NI 1 2 1
1
+§g71(67 e)g(ngrad f7 X)
e E 1 1
i13) The result follows immediately from the formula (3.16)

T9('R(w",0V)8",w") = ;—;IlgmdeIQ[fg_l(w,Q)z—fg_l(f),@)g_l(w,w)}

1
- ZHgmdeQ-
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Theorem 14. (/39]) Let (M, g) be a Riemannian manifold and (T*M,'q) its cotangent bundle
equipped with the vertical rescaled metric. If K (resp., 'K) denote the sectional curvature
tensor of (M, g) (resp., (T*M,'q)). Then we have the following

WXV = KY) = L ree )|
1

X))+

@KX"0) = LIRG.OXI+

2f (ng’f’(de, )

KW 0") = llorad

Proof. Using Proposition 15 we have

TgUR(XT, Y)Y H, XH)
Tg(XH, XH)lg(YH Y H) — Jg(XH, Y H)?
= Jg(R(XT, YY" XT)

=GR Y)Y X)L prex v P

(1) /K(X? vH) =

3

= K(XY) = “LpR(x, V)|
Tg(R(X 1,6V )9V, X 1)

Fg(XH, X)Ig(67,0V) — Jg(X 7, 6V)?

1
= ?fg<fR(XH7 QV)QV’ XH)

= Lire.ox

(2) 'K (X7 6V) =

1 2
HX(JC)

lg(/R(w",0V)0", W)
Tg(w¥,w")Ig(0V,0V) — fg(w¥,0v)?
1
ng(fR(wvv QV)QV’ wV)
_ 2
= gplorad fI2.

2f 9(Vxgrad f, X).

]

Proposition 16. (/39]) Let (M, g) be a Riemannian manifold of constant sectional curvature
A and (T*M,7q) its cotangent bundle equipped with the vertical rescaled metric. If 'K denote
the sectional curvature tensor of (T*M,’g). Then we have the following

ROV = = P 4 o)
@Ky = L [gx.y - 20(X. 0)g(X. 5)a(0.5) + 9(X,5)’
1 2
+HX(f) 2f (ngradf, )7
3K 0Y) = ogllgrad

452
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Proof. M has constant curvature A then
then a direct calculations we get

IpRX, V) = R X)p|* = X*[g(X,p)* + g(Y,)*],
IR, OXIP = N [g(X,0%[p]* — 29(X. 0)g(X,5)g(0. 5) + 9(X,)*],

this completes the proof. [

Corollary 6. (/39]) Let (M, g) be a m-dimensional Riemannian manifold of constant sec-
tional curvature and (T*M,'q) its cotangent bundle equipped with the vertical rescaled metric.
If f be a constant, then (T*M,%q) has zero constant sectional curvature if and only if (M, g)
is flat.

3.1.4 Scalar curvature

Theorem 15. (/39]) Let (M, g) be a m-dimensional Riemannian manifold and (T*M,’g) its
cotangent bundle equipped with the vertical rescaled metric. If o (resp., fa) denote the scalar
curvature of (M, g) (resp., (T*M,'q)), then we have

o = o3 IR(EL B+ (a0 +

m +
4f

Ylgraas?).  (320)

1,j=1

m

where (E;);—17; be a local orthonormal frame on M and A(f) = Zg(VEigrad I, E:)

=1

Proof. Let (E;);—1., and (wh); T be a local orthonormal frame and coframe on M,
1 1

EH’... ,Eg,—(wl)v,---  —

= VI VF

(w™)V'} is a local orthonormal frame on T™*M.
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Using Theorem 14 and definition of scalar curvature, we have.
lo = ZKEHEH+22fK z,— +ZfK— WV
4,7=1 3,j=1 4,5=1 \/_
= > K(E! EF) +2ZfK ZfK wHY)
i,j=1 3,j=1 ,5=1
= " [K(B:, By) = =L IpR(Es Ey)]
ij=1
1
2 LNR(p,wi)Ei|* + d
+ le |1 R(p, w?) E5l|” + i Ei(f)* + 2f 9(Vggrad f, E;)]
2
+3° rlorad 1
i,7=1
I <
= O-__ZHREZ’E H2 ZHRP,LU]EHQ
3,j=1 ZJ 1
m 2 M 2
+2—ngad flIF+ ?A(f) 4f2 ||97“adf||
<
= 0——Z||RE“E I” + ZHRP;WEHQ
3,7=1 ZJ 1
m m? + 2mf 9
+—A(f) + ——5—llgrad f
FAG) + T grad £
In order to simplify this last expression.
From the formula (3.19) we have
W = Zgwﬂ E)E; = Z gabwﬂ EE— Z gabgka
i,a,b=1 i,a,b,k=1
= > GwlE'E Z wiEr'E; = Zwﬂ =Y 0B =E;,
ibk=1 i k=1 i=1
and
Z IR(E;, EplI* = Z IR(B, E;) B[,
7,7=1 2,7=1
then
Y lIpRESENIF = ) |R(B,w)E?,
i,j=1 hj=1
this completes the proof. O
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From Theorem 15, we deduce the result.

Corollary 7. (/39]) Let (M, g) be a flat m-dimensional Riemannian manifold and (T*M,'q)
its cotangent bundle equipped with the vertical rescaled metric. If o (resp., Jo) denote the
scalar curvature of (M,g) (resp., (T*M,’g)), then we have
2f
7 (f)+— 7

Corollary 8. (/39/) Let (M,g) be a m-dimensional Riemannian manifold, (T*M,%q) its
cotangent bundle equipped with the vertical rescaled metric and f be a constant. If o (resp.,
Jo) denote the scalar curvature of (M, g) (resp., (T*M,’q)), then we have

lgrad f]1?). (3.21)

lo = o——£2 IpR(E;, E;)|I?, (3.22)

ij=1
where (E;) is a local orthonormal frame of M.

Corollary 9. Let (M,g) be a m-dimensional Riemannian manifold of constant sectional
curvature X, (T*M,’q) its cotangent bundle equipped with the vertical rescaled metric and f
be a constant. Then (T*M,’q) has zero constant scalar curvature if and only if M is flat.

Proposition 17. (/39]) Let (M,g) be a m-dimensional Riemannian manifold (m > 2) of
constant sectional curvature A and (T*M, fg) its cotangent bundle equipped with the vertical
rescaled metric. If Jo denote the scalar curvature of (T*M,’g), then we have

P B S 2y , ™M m+2f

7 = (= DA(m = GAIP) + 5 (A + T
Proof. M has constant curvature A then R(X,Y)Z = A[g(Y, Z)X — g(X, Z)Y]
and

lgrad f11?). (3.23)

o=m(m— 1)\,
for i # 7 we get
Do lpR(ELEDIP = 2(m = 1)N|p|P,
ij=1

this completes the proof. O



Chapter I

Bi- f-harmonic Maps on Generalized Warped
Product Manifolds

In this chapter, we introduce a very large generalization of harmonic maps called f-bi-
harmonic maps as the critical points of f-bi-energy functional, and then derive the Euler-
Lagrange equation of f-bi-energy functional given by the vanishing of f-bi-tension field. Sub-
sequently, we study some properties of f-bi-harmonic maps between the same dimensional
manifolds and give a non-trivial example. Furthermore, we also study the basic properties of
f-bi-harmonic maps on a generalized warped product manifold. bi- f-harmonic maps gener-
alize not only the f-harmonic maps but also bi-harmonic maps, whereas f-bi-harmonic maps
only generalize the bi-harmonic maps. Thus, we generalized the results in the article [56].

4.1 Some results on generalized warped product mani-
folds

In this section, we give the definition and some geometric properties of generalized warped
product manifolds

Definition 26. Let (M™,g) and (N", h) be two Riemannian manifolds, and
Gy =7"g+ N°n*h, (4.1)

where w: (z,y) € M X N — x € M andn: (x,y) € M x N — y € N are the canonical
projections. For all XY € T(M x N), we have

GA(X,Y) = g(dn(X), dr(Y)) + Nh(dn(X), dn(Y)), (12)
and we denote by X Ng,, Y, the linear map:
Zel(TM)xT'(IT'N) — (X NG,s YV =Gy(Z,Y)X — G (Z,X)Y (4.3)

Proposition 18. (/46]) Let (M™,g) and (N™, h) be two Riemannian manifolds. If V denote
the Levi-Civita connection on (M X N, G)), then for all X1,Y) € T(T'M) and X5,Y, € I'(T'N)
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we have:
VxY = VxY + X(In))(0,Y:) + Y (In\)(0, X>)
1 1
- §h(X2,Y2)(gmdM/\2, ﬁgradN)\Q), (4.4)

where X = (X1, X,), Y = (V1,Y2) and VxY = (VY Y}, VY Ya).

Proposition 19. (/46/) Let (M™,g) and (N",h) be two Riemannian manifolds. and X :
M x N — R be smooth positive function. If R and R denote the curvatures tensors of product
manifold (M x N, G) and generalized warped product manifold (M x N, G)) respectively, then

R(X,Y)Z — R(X,Y)Z = (V! gradyr In XA + Yy (In N gradar In X, 0) A G5(0, X2)Z
— (V¥ gradyr In AX;(In ) gradar In X, 0) A GA(0,Y2)Z
1
+ 57 (0, Vi grady In A = Y (In Ngrady In ), 0) A GA(0, X,)Z
0, VA, grady In XA — Xo(In M) grady In X, 0) A GA(0,Y2)Z
N2|grada I A2 + |grady n A2)(0, X2) A G (0, Y2)]

+ [X1(Z2(In X)) + X2(Z1(In 1))](0,Y?)
— [Y1(Za(In X)) + Y2(Z1(In X))](0, X?),

—(
—(

for all XY, Z e T(TM) x T'(TN), where X = (X1,X3), Y = (V1,Y2) and Z = (Zy, Zs).

4.2 Generalized bi-f-harmonic map
Definition 27. The bi-f-energy functional of smooth map ¢ : (M™,g) — (N™, h) is defined
by
1
Fasle) = 5 [ Foelolro)Po, (4.5

where 1 (z,y) € M x N — f(z,y) € (0,400) be a smooth positive function, ¢ is called
bi- f-harmonic if it is a critical point of the bi- f-energy functional.

4.2.1 First variation of the bi-f-energy

Theorem 16. (/38/) Let ¢ : (M™,g) — (N™, h) be a smooth map and let {@i}i(—€e <t <€),
be a smooth variation of . Then

d
GEraleleo == [ hlras(o). o), (4.6
M
where v = %hzo denotes the variation vector field of {y;}t,
1
To,7(p) = =trg(V#)? for(p) = fotrgRY (7(p), dp)dp — §|T(90)|2(97"ade) o, (4.7)

where f, is a smooth function x € M™ — f,(z) = f(z,¢(z)) € (0, +00).
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Proof.
Let ¢ : I x M — N be a smooth map satisfying for all ¢t € I and all x € M

¢(t’ 33) = gpt(ﬂf),
and
¢(0,z) = p(z).

The variation vector field v € T'(¢ 'T'N) associated to the variation {¢;}cr is given for all
x € M by

d
’U(LE) = d(O,m)Qﬁ(E)?
we have
d 1 8
GEele = 5 [ S a@Nir@ol Do,
1 0
- 3 | G a@loslrer) (1.9
b1 @) @) Jom v
First, note that:
0 .
O (e lon = (7ot o)l
d(:p,ap(x))f(oa ’U(ZE))
= dgo(x)f:v(v(x))a
where f, is a smooth function y € N — f.(y) = f(x,y) € (0, +00). Hence

o @ lomlre@F = 2o o @)lr(0)P

= hl(grad” £2) e, o))l
= Wy ()P lgrad” £2) iy, v(a) (4.9)

Other hand:
Let {e;}™, be an orthonormal frame with respect to g on M, such that VMej =0atxec M
for all 4,7 = 1,...,m. Then calculating at = gives

%fw<x>%|f<%>|$:0 = o) TR, ()
= fo@h(Vo7(01), 7(0)) =0
= ST (@m0, T(9)). (1.10)
For a given X € I'(T'M), note that [, X] =0, we get
V4, do(X) = Vol ) + do([ 5 X]) = V().
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Thus at z, becomes

Vo) = DV Vide(e)

¢ V‘% do(e;) + R¢(%, e))do(e:) )
-y (Vivzﬁidw%) R (o), doe0)do(c)

= Y ViVide +ZRN dp( ) do(e;))do(e;). (4.11)

Substituting (4.11) into (4.9) and Taking into account the symmetric properties of Riemann-
Christoffel tensor field, we have

GE@lo = [ L(VEVEDrle) + MRV (0 dete)dples, ()

- /M Foh(V2 V2 0,7(0)) — BB (dp(er), 7(9))dg(er, v)v,

= AJ h(lf?’giva, f<,07-<90)) - h(fwtrgRN(d90<*>? T(@))d@(*)a U)Ug
(4.12)

Denote by v the outward unit normal vector of M in M and by i : 9M — M the canonical
inclusion. Note that

h(try(VEV*), fo1(¢)) = h(v, try(VPV? f1(p)) + d?h(v, V¥ 7 (),
where

d?h(v, V¥ for(p)) =h(trg(VZV?v, for(p)) + M(VEv, VE fo7(0))
=h(v, trg(VEV? o7 () + ViV, VE fo7(0))-

By using the Divergence theorem, we can write (4.12) as

GEr@lico = [ WLV oy + [ (T for(e

#h(v, V¥ fr( ), + /M B(fstr, B (7(0), do)dip, v)v,
h(trgh(VPV? fu7(p) + fotrg RN (1(¢), d)dep, v)v,

w [ Wi s = [ i)
h(tryNVeN? f,1(p) + fotr, RN (T(0), dp)dp, v)v,. (4.13)

I I
:\ z\z\
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Thus, (4.13) gives

GEeslico == [ Bt (T2 Ler(0) = Fotry B (1), dodo, o),
M

Particular Cases
(1) If f =1, then 75 s(¢) = T2(¢p) is the natural bi-tension field of ¢.

(2) Let f: M — (0,400), be a smooth positif function. If f(x,y) = f(x), for all (z,y) €
M X N, then

To.1(p) = —try(V?)2 f1(p) — ftry RN (1(p), di)de.

Next, we give the relation between bi- f-tension field 75 ;(¢) and bi-tension field 7 (y).

Proposition 20. (/38/) Let ¢ : (M™,g) — (N™, h) be a smooth map. Then the relation
between bi- f-tension field 7 ¢(p) and bi-tension field m5(p) is

2,1() = fom2() — Af)T(90) = 2V LaisyT(0) — %IT(@O)IQ(gTade) o, (4.14)

where f, is a smooth function x € M™ — f,(z) = f(z,¢(z)) € (0, +00).

Proof. Let {e;}", be an orthonormal frame with respect to g on M, such that Vﬁfej =0 at
x € M forall i, =1,...,m, we have

tro(VO)2 for(p) = vaw for(p

= 1,30 (VEVET(0) +elef T(9) + 26 NVET(9))

=1

= fotry(V)21(0) + A(f,)7(p) + 2V} (T (0.
Combining (1.21) and (4.7), we obtain (4.14). O

Example 9. Let M = (R*,dx?), N = (R,dy?), ¢ : M — N be a smooth function, and let
f:Mx N — R, be a C? function. From Theorem 16, we have

rg@le = [ @ o) + &) 5L (5. 0(0) + 56" @ o

If f(x,y) = €™, by (4.14) ¢ is bi-f-harmonic if and only if

#"(z) + ()" () + 5o (@) = 0. (1.15)

A local solution of the equation (4.15) is ¢(x) = ax + b, a,beR.
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4.3  Bi-f-harmonic map equations on generalized WPM

4.3.1 Bi-f-harmonicity of the inclusion maps

Proposition 21. (/38]) Let f : N — (0,400) be a smooth function and (M™,g), (N™, h)
be two Riemannian manifolds and xq be an arbitrary point of M. Then the bi-f-tension fields
of the inclusion

&(N,h) — (MX)\N,G)\)
Yy = (Jfo, y))
are given by:

n2ety

To,7(0) = <— 5
— 1 f(y)l(n® — 4n — 4)|gradyy)|Plgradyy + nAy f(y)e* gradary
+2ne®[2grady f (y) () graday + 2(2 — n)e* 2grady f (y) () grada), 0)

(o, (n — 2)f () (gradn(An7y) + 2Ricciy(grady?)
+ )2 —n)*|gradny)|* = 2(2 — n)Axy)]gradny + ne® f(y)grady (|gradyy)|?
)

fW)grady(lgrady]? — € f(y)[2n°e? |grady~y|* — 4AN7) graday

(n — )( n)

+ f(y)tracen(gradary)(+(7))(*) + f(y)grady(|grady~)|®

+ f(y)[2n(n — 4)e*"|graday)|*]gradyy + 2n6 gradyy|*grady f(y))
— 2 =n)f(WANfW)gradyy — (2= 1)V 0y gradny

— 2lgradyygrady f(y)) ).

where Az, y) = @),

Proof. Let {e,}!, be an orthonormal frame on N. Similar to the proof of |[15], Theorem 1],
we have

7(¢) = {—ne*(gradyy,0) + (2 — n)(0, gradyy)} o ¢.
_ n?et )
72(¢) ={- (grada(|graday|, 0)
+ (n —2)(0, gradn(An7y) + 2Ricciy(gradyy)
— e?[2n?e? |gradyy|? — 4ANY)](graday, 0)
— e®[(n*® — 4n — 4)|gradny)|?](gradary, 0)
+[(2 = n)’lgradyy)|* — 2(2 = n)Ax))(0, grady)
+ [2n(n — 4)e*|gradyy)’)(0, gradyy)
+ne?[(0, grady(|gradyy)|?) + tracen (gradyy) (*(7))(0, ¥))]

L (= 2>2<6 =0, grady (|gradsy)[2)} 0 6.
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Furthermore, we have

V2 i 1)) = Vo graay s 7()

= —ne*'2grady f(y)(7) (grada, 0) + |grady|*(0, grady f(y))]
+ (2= n)[(0, V3, wan sy 97adn) + lgradyy|*(0, grady f (y))]
—2(2 —n)e?grady f(y)(7)(gradyy, 0).

Combining these equations with (4.14), we obtain

_ n2 4
To.0(¢) = ( - (y)grady (|graduy|® — € f(y)[2n*e* |grady~y|* — 4AN7)]graday

— e f(y)[(n* — 4n — 4)|gradny) Plgradary + nAy f(y)e* gradary
+ 2ne* 2grady f (y) () gradyry + 2(2 — n)e* 2grady f (y) (v)gradasy, O)

+ (0.0 = 27 (1) grady (D) + 2Riccin (grady7))
+ f(y)[2n(n — 4)e*"|graday) [*|gradny)

+ (W2 — n)?gradyy)|* — 2(2 — n) An7)lgradyy)
f(y)

+ f(w)tracen(grady)())(=) + 2O p)rady (grad)

— (2= n)f(y)Anf(y)gradyy + 2ne* |gradyy*grady f(y))
+ne” f(y)grady (lgradyy)* = (2 = n) V),

grady f(y gTCLdN’}/
— 2]gmdN'y|2gmde(y))>.

[
Corollary 10. (/38]) Let f : (N,h)
¢: (N, h) —

(0, +00) be a smooth function. The inclusion map
(M xx N,G)) is an bi-f-harmonic map if and only if X and f satisfy

n2€4'y

5[ W)gradu(lgraday* — e f(y)[2n* e |graday|* — 4An7y)lgradary
— e f()l(n® — 4n — 4)|gradny) Plgradyy + nAy f(y)e* gradyy

+ 2ne® [2grady f(y)(y)gradyy + 2(2 — n)e2729mde(y) (v)gradyy = 0.

f(w)(gradn(Any) + 2Riccin(gradyy))
2n(n — 4)627|gmdM7)|2]9mdN7)
(2 = n)?|gradny)P® = 2(2 = n)Any)lgradny) +ne® f(y)grady (|graday)|*

tracex(grady) (=()(=) + 0O f(g)gradn(gradyy)

— (2—n)f(y)An f(y)gradyy + 2ne* |gradary | grady f(y))
—(2—- n)V;ﬁade(y)gmdNy - Q\gmdeﬂngde(y)) =0.




4.4 Bi- f-harmonicity of the projection maps 65

4.4 Bi-f-harmonicity of the projection maps

We know that the second factor projection map m : M X, N — N satisfies 7(my) = 0,
whereas the first projection map m; : M x, N — M satisfies 7(m;) # 0 with non-constant
positive function A. This shows that 7y automatically becomes an bi- f-harmonic map. Thus,
we only need to consider the projection map 7.

Proposition 22. ([56]) Let f : M x, N — (0, +00) be a smooth function. The bi- f-tension
field of 71 : M xx N — M 1is given by

2
n
o (m1) = nf (v, y)try (VM) grady In X + ?f(x,y)gmdM(\gmdM In A]%)

+nf(z,y)Ricci™ (grady In \) — n(Anrs, v f (2, y))grady In A
— QnVé\fadegmdM In Al
Corollary 11. (/56]) The projection map 7 is a proper bi- f-harmonic map if and only if A
and f satisfy
£, y)tr (VM) grady In X + gf(x, y)grady (|grady; In \|?)
+nf(z,y)Ricci™ (grady In \) — (Aprs,n f(7,y))grady In A
— 2V 0, pgrada In Al = 0.

Proposition 23. ([38]) Let f : M x, N — (0, +00) be a smooth function. The bi- f-tension
field of mg : M x, N — N s given by

—2
To,f(me) = — f(z, y)nA4 grady(AxIn ) + 2Ricci(grady) In A

+ 2 grady(lgrady In A\|*) + (4 — n)|grady In )\]2]

n—2 2n — 2)?
)\4 f(xay)AN ln)\gradN In )\ + %
e =

-2 1
(n—2) <2gradN(ln AN f+ FVN grady In )\>.

grady f

f(@,y)lgrady In AJ*

f(x,y)Ap In Agrady X\ + Anrsyn(z,y)grady In A

-2

Proof. Similar to the [[15],Corollary 4], we have

T(my) = n)\4 grady In

and
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-2
To(mg) = _n/\4 [gmdN(AN In \) + 2Ricci(grady) In A

- grady(|grady In A\|*) + (4—n)|gradN1n)\|2]
n—2 2(n — 2)?
+ T An1InAgradyIn X + %|g7“adM In AJ?
2(n—2
+ %AM In AgradyA.
T (’I’L -

2 1
T(my) = ) (29radN(ln NS+ FVé\fnadegradN In )x),

(g9radas f,55 gradar f)
from which, we get

-2
To,f(m2) = — f(z, y)n)\4 [gradN(AN In \) + 2Ricci(grady) In A

n —
+

6gmd]\;(|gmal]\; InA?) + (4 — n)|grady In )\]2]

n—2 2n — 2)?
2\ f('ra y)AN In )\gTCLdN In )+ %

2(n — 2) (2—mn)
T 2
-2 1
(n—2) <2g7"adN(ln AN f+ FVN grady In )\>.

grady f

f(@,y)lgrady In AJ*

f(x,y)Ap In Agradn A + Anrsyn (2, y)grady In A

-2

]

4.5 Bi-f-harmonicity of the product maps with harmonic
factor

Now, we will consider two types of product maps given by

¢1: M xy N — (M x N,G), o1 (z,y) = (z,9(y)), (4.16)

and
¢ M x N — (M x\ N,G,), do(z,y) = (z,9(y)). (4.17)

Proposition 24. (/38]) Suppose that ) : M — N are harmonic maps and f € C°(M X, N)
is a positive function. For the product map ¢ : (M X \N,G)) — (M x N, G), its bi-f-tension
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field is given by

72,0 (1) = (72,4(m1), 0)
+ f(x, y)n)\—_2 (o, Ty(dib(grady In\) — (n — 6)VY ., di(grady In A))

+ f(fL",y)2(nXL 2

+ (n — 2)|grady; In M?] <O, dy(grady In /\>

T Aann f () 2

22
(4 —2n)
+ 2 (0, de (grada )@

[Ax(InX) + A2Ap(In X) 4 (n — 4)|grady In A]?

(0, dyp(grady In X))

))-

Proof. Similar to the proof of [|15],Theorem 6|, we have

grad vin A

_ 2(0,dw(gradN In\)),

n
7(¢1) = n(grady In X, 0) + =

Ta(p1) = — (ngmdM(A(ln()\))) + 2nRicci™ (grady; In A, 0>
2

n
5 (gmdM(\gmdM(ln )\)\2), 0)

n

9
+ 5 (0, Ju(di(grady T A) = (0 = 6) V), rdti(grady n X))

2(n—2
NELEDS
+ (n — 2)|grady; In M?] <0, dy(grady In /\>. (4.18)

[Ax(In\) + M Ay (In\) + (n — 4)|grady In A|?

Furthermore,we get

Z&;ade)\NfT(gbl) g'r(szf 2grad f (g?“adM 111 >\7 O)
1
+ (n— 2)V(gmde 3 grady f) (0, dw(ﬁgrad]v In \))
(n—2) gradys In X
— n(ngdegTadM In ) 0)+ T(O, V%(gmde)dw(T),
(4.19)

Putting (4.18) and (4.19) together, we have
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2.5 (01) = f72(d1) — (Aaen f (2, 9))7(1) — 2VgiadMX ey T(01)
- (nf(x, y)grady (A(In(N\))) + 2nf(z,y)Ricei™ (grady, In A, O)

2

- f(a, y)% (9radus(lgradas(in )/, 0)
+ f(x, y) ¥ 2 (0 Jy(dp(grady In X)) — (n — 6)VZTGdN mad¥(grady In A))
1) P2 A (0 A) + A2A (I A) + (1 — 4)|grady In AP

\
+ (n — 2)|grady; In \|?) (O, dy(grady In )\> — n(Ans,nf(2,y))(grady In X, 0)

F Panon f () 2

A
4 —2n grady; In A
+ (A—)<0 Vastoradn W (—5—)). (4.20)

(0,dy(grady In X)) — 2n(VY, ., .grady In X, 0)

gradas f

By using proposition 24, (4.20) can reduce to

72,7(¢1) = (72,4(m1), 0)
+ f(x, y)n)\—_42 (O, Jy(dp(grady In X)) — (n — G)V;fmdN madY(grady In /\)>
+ f(z, y)Q(nAZ 2
+ (n — 2)|grady; In M\?] (0, dy(grady In /\>

[An(In ) + NAy(InA) + (n — 4)|grady In A|?

+ (g (29) 50, d (grady 1Y)
(4 —2n) )

gradys In A
22 (O de gradys f) dw<—

+

]

Corollary 12. (/38]) If N s a surface of dimension 2 dim N = 2 then the bi-f-tension field
of is given by T ¢(¢1) = (72,¢(m1),0).

Proposition 25. (/38/) Suppose that i : M — N is a harmonic map and f € C*°(M x N)
is a positive function. For the product map ¢o : (M X N,G) — (M XN, G)), its bi-f-tension
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field is given by
ro(92) = (= F@,p)e()ir,V2grada? = f(w,y)di(Axe(®))grady
— o )e() Riceins(gradag ) + N2 ()2 grady (grady¥7P)

+ flw,y) | 2d0(gradye()) In A+ e(¥), di(AY I X) | grady 2

— (V) Aprxn f (2, y)grady N\’
+ 2grady f(e(y))grady N’ + 2e() V1 g, sgrady X’ + 2grady In A)(f)grady A

+ Q[Qe(w)ngradN In A2 — %dw(AN In\) — |dip(grady In \)|?
— 2dy(gradye(v))) In )\] grady\?, O)

+ fla,y)| - 2d0(Ane(w))
— (3e(¥) + d(grady In A) In X + e(1)(2e() — 1)(A?|gradas In A|?)

)
(O —f( >| rady N [*di(gradye(y)) + e(1)dyp(AyIn )

- e(w)|gmdN In \| }gmdN In A

+ f(z,y) [10d¢(gradN In A)In A+ 2(1 — 2e(v)))(A2|gradas In A|? + |grady In A|?)

+ e(v)|grady In A\ (w —8— 4>\)] dp(grady In N) — 2e(y) f(x, y) Jy(grady In X)

+2f (2, y) Sy (dy(grady T X)) + de() f(z, y)(e(y) — 1)9mdN(|gmdN I A)
+2(2+e(¥))f(x, y)ngdN wagrady In X — 4f(z,y)V" gradye(p)ITadN A

— 4lgrady In M2 f(z,y)d(gradye(y))

+ f(@,y)(1 = 2e(¥))d(grady (|grady In A]*))

f(z,y)
)\2

— 2dy(gradye()) In )\] grady\? + 4f (z,y)V? grady nA9TadN I A
+ f(2,Y)Vgrady mad(grady In X) + f({B y)di(grady In X)(dip(grady In X) In \)
— 4(Aarxn f(2,y))d(grady In A) — (AMfo(l‘ y))grady\’

+2 2( AQ) |grady N’ Pgrady f — 8(grada f)(In A)dy(grady (In X o )

— 4V grady rdt (grady(In X o ) — 2(dip(grady (In X o 1)) (In N)grady f
+ %(dw(gmdw(ln Ao ) (f)grady A’ + 4e(¥) V] 1y rgrady In A

n [26(¢)2|gmdN In A2 — ld@b(AN In \) — |dv(grady In \)J?

2
—2(grady In \)(f)grady In X — 2|grady In A|*grady + ﬁgmdN)\Q). (4.21)

Proof. Let {e;}i2, be an orthonormal basis on (M, g) and {e;}7_; on (N, h). Then {(e;,0), (0,¢;)}
is a local orthonormal basis on the direct product manifold M x N. Since 7(v)) = 0 and
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e(v) = 3_7_, M(di(e;), dib(e;)), we have
7(¢2) = traVde,

- Z( (es,0) (€3, 0 V(ei,o)(€i70)>
+ Z (V(o au(e;) (0, di(es)) — (0, dw(vi\;ei))

= (0,7(1)) + 20, dy(grady(In X o)) — e(2p)(grady N2, %gmd]v)\z)

= 2(0, d(grady(In X o)) — e()(grady N2, ﬁgradN)\Q)

Furthermore, we get
NV taron fwa T(02) = —grady f(e())(grady A, 0) — e(¥)(V 3 oay, rgradaA?, 0)

2&2) lgrady (0, grady f)

+ 4(grady f)(In X)(0, dyp(grady(In X o 1))
+2(0, Vgrady sdi (grady(In A o 1))
+ (dp(gradn(In X o 1))))(In X)(0, grady f)

— %(d@b(gradN(ln Ao Y)))(f)(gradu\?, %gradN)\Q)
—2e(V)(grada f)(In N)(0, grady In X) — 2grady(e(1))(0, grady In \)
— 2e(1) ((O, V;\LadegradN InA) + (grady In X)(f)(0, grady In \)

1
ﬁgmdNAQ)).

+ |grady In A|*(0, grady f) — (grady In \)(f)(gradayA\?,

tra(V®)’r(¢s) = Z (V(ei7o)v( ~ V0, 0(e00 > (¢2)

+

Z (v (0,dp(e;)) v (0,dip(e;)) Vv(o dv(e;) (0,d(ej) ) <¢2)
= (w)(trgVngdM)\Q 0) — dv(Ane())(grady A2, 0)
D lgradu (0, 7(0) ~ 5lgrada X0, i (gradye(s)

]gmd )\2]2 (¢ )) (gmdM)\Q,O)

2e()AM In X — 2e(¥)|grady A*|* — 2dip (Ae(v))
—de(V)dy(grady In A) In A | (0, grady In ) — 4(0, ngdNe(w)gradN In\)

—6e($)(0, Vi iy rgrady I A) — 4(0, di (gradye(y)))
+ (1= 2e(¥))(0, d(grady(|grady In A*)))
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1
+ (555 = X = 8)e()lgrady I A + 28 In X + 2lgradys In A

+ 8dy(grady In X\) In A + 2dip (A In )\)} (0, d(grady In \))
+ [2dyp(gradye(¥)) In A + e(w), dp(AN In A)} (grady A2, 0)
— 2e(¥)(0, tr,V2grady In \)

+ _2d1/}(g7“adN In A\ In A — 2e(4)|grady ln)\|2] (0, (1))

+ -2 (¥)*|grady In \)? — —dw(AN In\) + ;T( V) — |d(grady In \)|?

—2dip(gradye()) In X | (grady\?, %gmdN)\Q)

+ 2(0, tr, V2dip (grady In \)

+4(0, VY og magrady I A) + (0, Vragy madip(grady In X))
+ (0, dyp(grady In \)(dy(grady In ) In X)).

traR(7(¢s), do)do = > R(r(42), (€:,0))(es, 0)

=1

+ Z}_%(T(qéz), (0,dv(e;))(0, dip(e )

= —e(Y)(Ricciy(gradyM?),0) + %6(1#)2(gmdM(|gradM)\2|2), 0)

2/\2|gradM/\ ?(grady\?),0)

+2 [(1 —2e(¥))(N|grady In A|* + |grady In A|?)
+ dip(grady In X) In X + h(7(¢), grady In ) — AM In A
— |grady In A|* — dyp(An1In N)| (0, d(gradys In N))

e(V)(h(1(v), grady In ) — dip(grady In \) ln)\)] (0, grady In \)

+
)
o
oy

, R(dy(grady In ), dip(e;))dij(e;)

|
[\
®
—
N~—

(0, R(grady In X, dip(e;))dy(e;). (4.23)

(4.22)

[e<w><AM I+ |gradas In AP) + 2e()(e() — 1) (X2|grady In A?)
YA (AnIn ) + 2(e(y) — Dd(grady In A) In X — e(1))|grady In A

4(e(w) = 1) [e()(0, grady(|grady mAP)) = (Vi 1 grady In A)
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Putting (4.22) and (4.23) together, we have

To(pa) = —e(w)(trgv2gmdM)\2, 0) — d(Ane(®))(grady X2, 0)
- %|g7‘adM)\2|2(O, di(gradye(¥))) — e(¥)(Riccipy (gradyA*), 0)

+ el (grada(lgrady P, 0)

n [ — 2dip(Ane(d)) — (3e(1h) + 1)dip(grady In A) In A
+e()(2e(v) — 1)(N|grady In A]?)
+e()dyp(AxyInN) — e(¥)|grady In Aﬂ (0, grady In \)

[10d¢(gradN InA)In A+ 2(1 — 2e(¢))(N2|grada; In A|* + |grady In A|?)

+ e(t)|grady In A (W 8= 40 (0, dp(grady n 1))

—2e(1)(0, Jy(grady In X)) + 2(0, Jy(dy(grady In X)))
+ de() (e(v) — 1)(0, grady(|grady In A|?))

+2(2 4 €(¥))(0, V) pan magrady nX) — 4(0,V0 -
— 4\gmdN In A|*(0, dz/J(gmdNe(z/J))) + (1 —2e(¥))(0, dip(grady(|grady In A|*)))

+ | 2e())? |g7"alen/\|2——d1/)(AN1n)\) \dip(grady In \)|?

grady In )

—2dip(gradye(v)) In X | (grady A2, ﬁgmdN)\z)

+ [2dp(gradye)) In A + e(s), dp(AN In A)] (grady A2, 0)

+4(0, VY ag magrady I A) + (0, Vragy madip(grady In X))
+ (0, dip(grady In \)(di(grady In X)) In X)).

Top(¢2) = [ (2, 9)7a(d2) — (Aaran (2,9))7(d2) =2V iy T(2)
= ( — [z, y)e()tryV2grady X’ — f(z, y)dib(Ane(y))grady X’

~ Fle)e(w) Riccire(grady?) + L0 c()2grady (grady 22

+ f(z,y) [de/)(gradNe(w)) In A+ e(v), dp(AN In \) | grady A2
— e(V)Anrsn f (2, y)grady N + 2grady f(e(1)) grada A2
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+2e(Y)V ) ay, parady X’ + 2grady In N)(f)grady A* + 2 [26(¢)2|grad]v In A%

- %d@b(AN In\) — |d(grady In \)|? — 2di (gradye(y)) In /\] grady )2, 0)

4 (0.~ grady v (gradyew) + 1) [~ 200(Ae(w)

— (3e(v) + 1)dyp(grady In X) In A + e()(2e(v) — 1)(A2|grady, In A|?)
+e()dy(Ay I — e(¥)|grady In Aﬂ grady In A

+ f(z,y) [10d¢(grad]v InA)In A+ 2(1 — 2e(¢))(N%|grady, In A2

+ |grady In A\|*) + e(¥)|grady In )\|2($ —-8— 4)\)}dw(gmdN In\)
—2e(¢) f(z,y)Jy(grady In X) + 2f(z,y)Jyp(dp(grady In X))

+4e(V) f(xz,y)(e(v) — 1grady(|grady In A[?)

+2(2+e(¥))f(x, y)V;bmdN magrady In A —4f(z, y)V;pmdNe(w)gmdN In A
— d|grady AP f (z, y)dv(gradye(s))

+ f(2,y)(1 = 2e())di(grady (|grady In A]*))

1
+ ‘f(i;y) [26(¢)2|gmdz\f AP = Sdd(AnInA) = |dib(grady In )
— 2dy(gradye(v))) In A} grady\* + 4f(z, ?J)V_:}bmdN magrady InA

+ f(l’, y)vgradN In Ad¢(gradN In )\>
+ f(z,y)di(grady In X)(dip(grady In X) In X)

—4(Apxn f(z,y))d(grady In ) — %(AMfo(ZL’, y))grady\?
+ 262(;02) lgrady N Pgrady f — 8(grady f)(In X)di(grady(In X o 1))

— AV graay rdp (grady(In X o)) — 2(dyp(grady(In Ao ¢)))(In X)grady f
+ %(d@/}(grad]v(ln Ao ) (f)gradyX® + 46(¢)V]gvmdegmdN In A

2
—2(grady In \)(f)grady In X — 2|grady In A|*grady + gradN)\2>.

A2
O

Corollary 13. [38] Suppose that i) : M — N is a harmonic map and f € C®°(M x N)
is a positive function. For the product map ¢o : (M x N,G) — (M x, N,G,) is a proper
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bi-f-harmonic if and only if the warping function X\ is a non constant solution to
— fla,y)e)tryVigrady X’ — f(z,y)dp(Ane(s))grady\*
— f(z,y)e(y)(Ricciy (gradyN?) + f(x2, y)e(¢)2gradM(]gradMA2]2)
+ flw,y) |20 (gradye(y)) In A

+e(1), dyp(AN In )\)} grady )\ — e(V) A f (2, y)grady \?

+ 2grady f(e(¥))grady \* + 26(¢)V§fadegradM)\2 + 2grady In \)(f)grady \?
1

42 [ze(¢)2|gmdN In A2 = Sdy(Ay In \) = |dis(grady n \)[?

— 2dy(gradye(y)) In )\} grady\* = 0.

LD gy 2P gradye(ss)
+ f(z,y) [ —2dy(Ane(¥)) — (3e(v) + 1)dy(grady In X) In A
+ e

¥)(2e() — 1)(N*|grada In A[?)
+e()dy(Ay InN) — e(y)|grady In Aﬂ grady In A

+ f(z,y) [10dw(gmdN I A In A+ 2(1 — 26(4h)) (A2 gradas In A2 + |grady In A[?)

+ e(¥)|grady In A|? (2—/\2 —8— 4)\)}dw(gmdN In\) —2e(y) f(z,y)Jyp(grady In X)
+ 2f(x,y) Jy(dib(grady In N)) + de() f(z, y) (e(v) — 1)grady(|grady In A\|?)
+2(2+e())f(x, )ngdN magradyIn X\ —4f(z,y)V gmdNew)gmdN In A

— 4lgrady I AP f (2, y)dy (gradye(y)) + f(2,y)(1 = 2e(y))di(grady (|grady In A*))

+ f(i;y) [26(w)2|gmd1v In AI* — 1dw(AN In\) — |dy(grady In \)|?

—de(gmdNe(w))ln)\}gmdN)\ +4f(x,y)V gmlenAgmdN In A
+ f(2,Y)Vgrady mad(grady In X) + f(z,y)dy(grady In N)(dy(grady In ) In X)
— 4(Apxnf(z,y))dy(grady In ) — %(AMfo(x y))grady\?

+2 2( AQ) |grady\*[Pgrady f — 8(grada f)(In N)di(grady (In X 0 4))

— AV graay rd (grady(In X o ) — 2(dy(grady(In X o ¥)))(In N grady f
+ %(d@b(gradN(ln Ao ))(f)grady? + 46(77/))ngd rgrady In A

2
—grady)\? = 0.

—2(grady In \)(f)grady In X — 2|grady In \|*grady + 2



CONCLUSION

Let (M, g) be an n-dimensional Riemannian manifold and 7*M be its cotangent bundle
equipped with a Riemannian metric of Sasaki type which rescale the vertical part by a positive
differentiable function. The main purpose of the present work is to discuss curvature proper-
ties of T*M and on the other hand we give the definition and some geometric properties of
generalized warped product manifolds and we present some new properties for bi- f-harmonic
map between generalized warped product manifolds and from here we find if N is a surface of
dimension 2 then the map ¢; : M x, N — M x N is biharmonic if and only if the projection
maps 7 : M X N — N is biharmonic.
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