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Abstract:

This thesis investigates meromorphic solutions of linear differential and differential-
difference equations in the complex plane using Nevanlinna theory. We study the
growth, order, and fixed points of solutions to equations whose coefficients are entire or
meromorphic functions of [p,q]-order. In particular, for differential-difference
equations, we analyze the growth and the zero distribution of meromorphic solutions.
For differential equations, we extend previous results from the unit disc to the entire
complex plane and provide generalizations for both homogeneous and non-
homogeneous equations, offering a unified framework for understanding the behavior
and oscillation of meromorphic solutions.

Keywords. Nevanlinna theory, Linear delay-differential equations, linear differential
equations, entire functions, meromorphic functions, growth of solutions, [p, q]-order.
Résume :

Cette thése est consacrée a I'étude des solutions méromorphes d'équations différentielles
linéaires et d'équations difféerentielles aux différences linéaires dans le plan complexe a
I'aide de la théorie de Nevanlinna. Nous étudions la croissance, I'ordre et les points fixes
des solutions d'équations dont les coefficients sont des fonctions entiéres ou des
fonctions méromorphes d'ordre [p,q]. En particulier, pour les équations différentielles
aux différences, nous analysons la croissance et la distribution des zéros des solutions
méromorphes. En ce qui concerne les équations différentielles, nous étendons les
résultats préceédents obtenus dans le disque unité a I'ensemble du plan complexe et
proposons des généralisations pour les équations homogenes et non homogénes, offrant
ainsi un cadre unifié pour comprendre le comportement et I'oscillation des solutions
méromorphes.

Mots-Clés. Théorie de Nevanlinna, équations différentielles aux différences linéaires,
équations différentielles linéaires, fonctions entiéres, fonctions méromorphes,
croissance des solutions, ordre [p,q].
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Introduction

In 1929, the Finnish mathematician Rolf Nevanlinna developed his celebrated theory of
value distribution [51], which laid the foundation of modern Nevanlinna theory. Its ori-
gins can be traced back to the classical theorems of Sokhotskii-Casorati (1868), Weier-
strass (1876), Picard (1879), Hadamard (1892), and Borel (1897), among others. These pio-
neering results were later unified and significantly refined within the framework of Nevan-
linna theory (see [18], [20], [24], [27] [53], [62], [63], [65]). This brief historical overview
illustrates the board scope of the theory, whose importance has become increasingly evi-
dent through its applications to functional equations, differential equations, complex dy-
namics, and Diophantine equations.

In particular, Nevanlinna theory has been extensively applied to the study of complex
differential equations and their meromorphic solutions (see [30], [34], [35]). Early con-
tributions in this area were made by E Nevanlinna [51], R. Nevanlinna [52] and K. Yosida
[64]. However, the first systematic application of Nevanlinna theory to differential equa-
tions was carried out during the 1940s and 1950s by H. Wittich (see, for example, [59],
[60], [61]), whose pioneering work laid the foundation for subsequent developments. His
results have since been generalized and extended in numerous studies, particularly con-
cerning the growth and oscillation of meromorphic solutions. These investigations estab-
lished important connections between the growth of the coefficients and that of the so-
lutions, as well as between the exponent of convergence of their zeros, a line of research
initiated by Bank and Laine (see [1], [2]).

Nevanlinna theory has also been successfully extended to several settings, including
the unit disc D (see [27], [23], [35], [55]), the punctured complex plane C\ {zp}, and the
entire complex plane C (see [4], [9], [58], [38]). The latter setting, in particular, plays a
central role in this thesis.

Bank and Laine were among the first mathematicians to investigate the oscillation of
solutions of second-order linear differential equations with entire coefficients. In 1982,

they studied in [36] the zero distribution of solutions of the differential equation

f"+Af =0,

where A is either a polynomial or a transcendental entire function. Later, In 1996, Kwon



[33] investigated the hyper-order of solutions of the differential equation
f"+A@f'+B()f =0,

where A(z) and B(z) are non-zero entire functions of finite order.
More recently, Li and Wang [45], as well as Cao, Xu, and Chen [12] investigated higher-
order linear differential equations, while Li and Cao [44], Liu, Tu, and Shi [49] and Belaidi

and Belmiloud [9] studied the [p, gl-order of solutions of equations of the form

O LA @ fF Ve 1 ALR f +A0(2) f =0, 1)

and showed that, under suitable conditions on the coefficients, the solutions may have ei-
ther finite or infinite order. In recent years, remarkable progress has also been achieved in
the study of complex difference equations, with many important problems being solved.
A major breakthrough was the establishment of the difference analogue of the lemma on
the logarithmic derivative, obtained independently by Halburd and Korhonen ([28], [29])
and Chiang and Feng [19]. Consequently, considerable attention has been devoted to the

study of meromorphic solutions of complex linear difference equations of the form

A2 f(z+cp) +An1 (D f(z2+cp—1) +--+A1(2) f(z+c1) + Ap(2) f(2) =0,

where ¢y, ..., c1 are distinct non-zero complex constants. Significant results have been ob-
tained, particularly in the case where one coefficient has maximal order or, among the
coefficients of maximal order, exactly one possesses strictly larger type than the others
(see, [19], [37], [38], [47], [57], [58] and [67]).

This thesis consists of an introduction and six chapters.

The first chapter provides a concise overview of the fundamental concepts and basic
definitions of Nevanlinna theory that are required through the thesis.

The second chapter is devoted to the study of the growth of meromorphic solutions of

the homogeneous linear differential-difference equation
An(@ P (z+ )+ + AL f (2 + ) + Ay (D) fz+¢9) =0, )

where the coefficients A;j(z) (j =0,...,n) are entire functions of the same order and
¢j(j=0,...,n) are complex constants. Under suitable assumptions on the coefficients, we
extend the results obtained by Lan and Chen [38].

The third chapter investigates meromorphic solutions of the homogeneous and non-



homogeneous linear delay-differential equations

Y Y Asi(@fP(z+c) =0, 3)
=0 j=0
and
n m .
Y Y Asj(2f P (z+cy) =F(2), 4)
s=0j=0

where ¢s(s =0,...,n) are complex constants, and A;;(z)(s =0,...,n,j =0,...,m) together
with F(z) are entire or meromorphic functions of the same order. Under appropriate as-
sumptions on the coefficients, we extend both the results established in Chapter 2 and
those of Wu and Zheng [58].

The fourth chapter studies the growth of meromorphic solutions to the homogeneous
linear differential equation (2) and the differential-difference equation (3), where the co-
efficients A(z)(j =0, ..., n) are entire functions of the same order, while A;;(2)(i =0,...,n, j
0,...,m) are meromorphic functions of finite order. Our results improve and extend those
obtained by Lan and Chen [38].

The fifth chapter investigates the growth and fixed points of solutions of the homoge-

neous linear differential equations (1) and

A2 fR(2) + A1 fE V(@) +--+ A1) f(2) + Ao(2) f(2) =0,

where the coefficients A;(z)(j =0, ..., n) are entire functions of order [p, g]. We extend the

results of Belaidi and Belmiloud from the unit disc to the entire complex plane.

Finally, the sixth chapter generalizes and extends several results of Belaidi and Belmiloud

[9] concerning equation (1) by considering meromorphic coefficients of [p, g]-order and

transferring the corresponding results from the unit disc to the entire complex plane.



Chapter 1

Notations in Nevanlinna Theory of

Meromorphic Functions

1 The Characteristic Function of Nevanlinna

We recall some definitions, basic notations, and main results of Nevanlinna’s theory of

meromorphic functions that will be need later, see ([6], [27], [34]).

1.1 Jensen’s Formula

Theorem 1.1.1 (/34]) Let f be a meromorphic function such that f(0) #0,0c0 and let a,, ay, . ..
and by, b, ... denote the zeros and poles of f, respectively, where each zero and pole is

counted according to its multiplicity. Then, we have

1 27
lnlf(O)I:—f In|f(rexpi@)lde+ ). In—— — Y In——.
21 Jo waer  10il e 1ag]

Definition 1.1.2 (/34]) For all real x = 0, we define

Inx if x>1,
0 if 0sx<1.

In" x:=max(lnx,0) := {
Lemma 1.1.3 (/6], [34]) We have the following properties:
(i) nx<InTx, x=0.
() In"x<In"y (0<x<y).

Gii) Inx=InT x—In" %, x=0.

(iv) |Inx|=In* x+1In" %, x=0.



) ln+( ;.l:lxj) =¥%,In"xj, x; 20(j=0,...,n).

(vi) 1n+( ;.’zlx]-) 527:11n+xj+lnn, x;j=0(j=0,...,n).

1.2 Counting Function

Definition 1.1.4 (function a- points, see([27], [34])) Let f be a meromorphic function. For
any complex number a, we denote by n(t, a, f) the number of zeros of the equation f(z) = a

in the disc|z| < t (each zero being counted with its order of multiplicity). Also, let n(t,o0, f)

be the number of poles of f in the disc |z| < t (each pole being counted with its order of
multiplicity). The counting function of f is defined by

1 ):frn(t,a,f)—n(o,a,f)

a " dt+n(0,a f)lnr,f#£aeC

N(r,a,f):=N (r,

and

" n(t,00, f)—n(0,00, f)
t

N(r,00, f) ::N(r,f):fo dt+n (0,00, f)Inr.

N(r, a, f) is called the counting function or function a-points of f in thedisc|z| < r.

Similarly, the distinct counting function of f is defined as:

dt+7(0,a, f)Inr,f#aeC

N(r,a,f) ;:ﬁ(r’ fia) :forﬁ(l‘,a,f) —tﬁ(O,a,f)

and

N(r,00, f) :=N(r, f) :forﬁ(t,oo’f) _tﬁ(o,oo,f)dt+ﬁ(0,oo,f)lnr,

whereTi (¢, a, f) denotes the number of distinct zeros of the equation f(z) = a and 7 (t,00, f)

denotes the number of distinct poles of f in the disc|z| < t.

Example 1.1.5 Let f(z) = %{M}, where a € C*. Then z=0 is a simple pole of f. Hence, the
counting function is given by
r n t,oo; —-n wa)
N(r,f):f ( f)t ( f)dt+n(0,oo,f)lnr
0

T1-1
:f —dt+Inr
0 t

=Inr.

Lemma 1.1.6 (/6], [34]) Let f be a meromorphic function with a-points «,a2,...,0, such



that0 < || < logl|---<|ay| <r. Then

ro .
In—,j=1,...,n.
o]

[rieed) [ alean-noan,, 5

A

t O<lajl=r

Proposition 1.1.7 (/34]) Let f be a meromorphic function with the Laurent series expan-

sion around the origin
+00 .
f(@=)> cjz),(cmeC*,mez).
j=m

Then

1 21 ) 1
Inlc,,| = Efo | f(rexplio})|de +N(r, f) —N(r,?).

1.3 Proximity Function

Definition 1.1.8 (/34]) For a meromorphic function f, we define the proximity function by

m(r, a, f) m(r ! ) ! fZTtanr ! dg,a#
) ) :: ’— = T~ .. - ) w,
f—al 2mlo | f(rexplio}| tp

and o
1
m(r, f) = —f In" | f(rexplig})| de.
21 Jo

Example 1.1.9 The proximity function of Nevanlinna of the meromorphic function f(z) =

expaz
z

(aeC*) is given by

1 27
m(r,f):gf0 In* |f (rexplig})|de

1 2n - |expf{arexplig}} d
21t Jo rexplig}
lalr Inr

om 2

1.4 Characteristic Function

Definition 1.1.10 (/34]) The characteristic function of a meromorphic function [ will be
defined as
T(r,f):=N(r,f)+m(r,f).

Example 1.1.11 From Examples 1.1.5 and 1.1.9, we have

lalr Inr

N[r,f):lnr,m(r,f):T—T,



SO
lalr Inr

T(r,f) = - +T.

1.5 First Main Theorem of Nevanlinna

Theorem 1.1.12 (/27], [34]) Let a € C and let f be a meromorphic function. Suppose that

f — a has the Laurent expansion around the origin, of the form

+00 X
f(z)—a:chz],cn;:’O,nEZ.

j=n

Then

T(r,f1 ):T(r,f)—lnlcn|+q)(r,a)

where

| (r,a)| <In*|al +1n2.

Remark 1.1.13 The first main theorem can be formulated as

1
T(r,f_a):T(r,f)+O(1),r—>+oo

forallaeC.

Proposition 1.1.14 (/27]) Let fi, f>,..., fn be meromorphic functions and let a,b,c,d € C
such that ad — bc #0. Then, forallr = 1, we have

(i) T(r,ifi) SiT(r,f,-)+lnn.
i=1 i=1

(ii) T(r, - fi)SZT(r,f,-).
=1

i=1

@iii) T(r,f")=nT(r,f),neN.
(i) T(r,af)=T(r,f)+01),acC*.

@) T(r,f+a)=T(r,f)+0Q).

(i) T(r, ?}::Z) =T (r, f) + O(1), with assumptionf # _—Cd.

Example 1.1.15 Let f(z) = gzggﬁ Then

T(r,f) ( 2exp{z}+3)

b 5exp{z}+7
T (r,expz)+0(1)

-
—+0().
Tt



Theorem 1.1.16 (/34]) let f be a meromorphic function and let

R(p < IS @+ an 1 f" (@) +-+ag
by (@) + by [ N2+ + by

where n,m = 1 are integers, ay, ..., an, by,...,by, € C, and a, by, #0. Then
T (,R(2)) = max{n, m} T (r, f(2)) + O(1).

Example 1.1.17 We compute the characteristic function of f (z) = tanh z. We have

sinh(z)

cosh(z)

_ exp{z} —exp{-2z}
 explz} +exp{-2z}
exp{2z} -1
expi2z} +1°

f(z)=tanhz=

Thus,
T(r,f)=T(r,exp{2z}) +O(1) = i—r +0().

2 Growth and value Distribution of Meromorphic Function

2.1 The Order of Meromorphic Functions:

Definition 1.2.1 (/20], [27], [63]) The order of a meromorphic function f is defined by

)

o(f) i timsup P "S)

F— 00 Inr

where T (r, f) is the characteristic function of Nevanlinna.

If f (2) is an entire function, then the order of f is defined as

p(f) :=1imSUPM =limsup InT(r.f)

F— 400 nr r—+00 Inr
where M (r, f) = rlnlax|f(z)| :
zl=r

Example 1.2.2 Let f(z) = %{M} (a € C* be a meromorphic function. From Example 1.1.11,

we haveT (r, f) = “4- + 137 Then

p(f) =limsup

F— 00 Inr

Proposition 1.2.3 Let f and g be two meromorphic functions. We have

9



@) p(f +g) =max{p(f), p()}-
(i) p(fg) =max{p(f), p(g)}.

In particular, ifp (g) <p(f), then
p(f+g)=p(fg)=p(N).

2.2 The Type of Meromorphic Functions:

Definition 1.2.4 (/20], [27]) Let f be a meromorphic function of order (0 < p(f) < +00).
Then, the type of f is defined by
. T(rf)
1(f) :=limsup o

r—+oo

If f is an entire function, then the type of f with (0 <p(f) < +o0) is defined as

_ InM (r, f)
™(f) :hrfgfgopw

exp az (
z

Example 1.2.5 From Example 1.2.2, the order of the meromorphic function f(z) = ae

C*) isequal p(f) = 1 and therefore its type is given by

lalr , Inr
T(f):limsupM:@.

r—+oo r Ul

2.3 The Exponent of Convergence:

Definition 1.2.6 (/34]) Let f be a meromorphic function and let (ay) ,en be a sequence of
zeros of f such that a,, #0 and

lim |a,|=+oo.
n—+oo

The exponent of convergence of the sequence of zeros (an) nen Of f is defined by

A(f) :inf{a >0: flanl‘o‘ < +oo}.
n=1
Example 1.2.7 Consider the entire function f(z) =expz—1. We have
f(2)=0<= z,=2nn,(n€ ),
and

lim |z,|=+oo.
n—+oo

10



Then, the exponent of convergence of f is given by

+00 1
)\(f):inf{(x>0:2 <+oo}
n=1 |Zl’l|a
+00 1
:inf{(x>O:Z <+oo}
n=1 |2nT[|(x
=inf(]1, +o0l)
=1.

Definition 1.2.8 (/34]) Letf be a meromorphic function. Then, the exponent of conver-
gence of zeros A(f) of f is defined by

f

)

lnN(r, l)
N =R T

where N (r, %) is the integrated counting function of zeros of f in {z:|z| < r}. Similarly, the

exponent of convergence of zeros distinct of f is defined by

A(f) :=limsup

F—+00 Inr

lnN(r, %)

)

whereN (r, %) is the integrated counting function of f of zeros distinct in{z:|z| < r}.

Example 1.2.9 Let f(z) = expiz}. Then, f has no zeros, soN (r, %) = 0. Hence,

A (exp{z}) = A (exp{z}) = 0.

Definition 1.2.10 (/34]) Let f be a meromorphic function. Then, the exponent of conver-

gence of pole of f is defined by

)

A (%) = limsupw

r—+oo  Inr
where N (r, f) is the integrated counting function of pole of f in {z:|z| < r}. Similarly, the

exponent of convergence of pole distinct of f is defined by

)

X(%) = limsupM

r—+00 lnr

whereN (r, f) is the integrated counting function of f of pole distinctin{z: |z| < r}.
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Example 1.2.11 Let f(z) = %. Then, f has a simple pole and N (r, f) =Inr. Hence

1y (1
3
f f
Proposition 1.2.12 (/34]) For every meromorphic function f, we have

Af)=e(f)-

3 Thenotion ofiterated p-order and [p, g]-order of a mero-

morphic function

To generalize certain results concerning the properties of solutions of differential equa-
tions, we first introduce the notions of iterated p-order and [p, g]—order for meromorphic
functions in the unit disc D = {z eC:lz|l < 1} and in the complex plane C. We recall some
fundamental definitions that will be used later. For all r € R, we define exp, r := " and
exXp 17 = exp (expp r) , p € N. We also define for all r > 0 sufficiently large log, r :=logr
and log,, , r := log (logp r) ,p € N. Moreover, we denote by exp,r =log,r = r;log_, r :=

exp; r and exp_; r :=log; r, see ([25]).

Definition 1.3.1 [11] Let p = 1 be an integer. Then, the iterated p-order of a meromorphic
function f inD is defined by

log, T (r, f)
(f) =limsu B
er(f r—»l‘p log (%)

If f is an analytic function in D, the iterated p-order of f is defined by

log? ., M(r, f)
oM, p(f) :limsupL

) h M 3 = .
P g (L) e M D =l )

Definition 1.3.2 [3] Let p = q = 1 be integers. Then, the [p, ql-order of a meromorphic
function f inD is defined by

If f is an analytic function in D, the [p, q]-order of f is defined by

10g+ 1M(r) f)
PM,[p,q1 (f) :limsup’“—

——, where M(r, f) =max | f(z)|.
r—1-  log, (=) |zl=r

12



Definition 1.3.3 ([44]) Let p = q = 1 be integers, and let f be a meromorphic function in
C. Then, the [p, q]-order of f is defined by

. log;T (r, f)
Pip.al (f) -:llgiipw-

For an entire function f, we also define

) log;HM(’";f) ) log;T(r,f)
Plp.q) (/)= lmsup— o =imsup—

, where M(r, f) :Ilnlax|f(z)|.
zl=r
Example 1.3.4 Let f(z) =exp(exp2z%). Thenps1;(f) =3.

Remark 1.3.5 It is easy to see that 0 < pyp, 4 (f) < oo for any p = q = 1, By Definition 1.3.3,
we have that pp11)(f) = p(f) is the classical order, pip1) = p2(f) is the hyper-order, and
P1p,11 (f) =pp(f) is the iterated p—order.

Proposition 1.3.6 (/4], [5]) Let p = q = 1 be integers. If f and f, are non-constant mero-

morphic functions of [ p, q| —order, then we have

D Pipg) (1) =Pipal (5) (i £0), 0(pg) () = P(pg) () and ppy ) (fi+) = pppg (1)
(aeC"),

(@) P(p,q) (1) =P(p.q) (A1),
(i) p(p,q) (fi+ o) <max{p(q () P(pa) ()}
(i) Pp,q (f1f2) = max{p[p’q] (f1):Pp.a) (fz)} if Pp.q) (f1) > Ppp,q1 (f2), then we obtain
Pp.q] (fl + f2) =Plpq] (f1f2) =P[p.q] (fl) :
3.1 The [p, g]-exponent of convergence of a meromorphic function:

Definition 1.3.7 ([44]) Let p = q = 1 be integers, and let f be a meromorphic function. The

[p, ql-exponent of convergence of the sequence of zeros of f is defined by

log, N (r, %)
Mp.ai (f) = hrIEngPW

whereN (r, %) is the integrated counting function of zeros of f in{z,|z| < r}.
Similarly, the | p, q] -exponent of convergence of the sequence of distinct zeros of f is defined

by

1og;N(r, l)
- o i
Mpa) ) =limeup =5

13



whereN (r, %) is the integrated counting function of distinct zeros of f in{z:|z| <r}.

Definition 1.3.8 [43] Let p = q = 1 be integers and f be a meromorphic function. Then,

the [p, ql-exponent of convergence of the sequence of fixed points of f is defined by

log; N (r, —flz)
A —z):=l _
pa (f=2) lrrn—>—?-uoop log, 7

Similarly, the [p, q]-exponent of convergence of the sequence of distinct fixed points of [ is
defined by

] 1og;N(r, ﬁ)
Aip,g] (f—2) ::hrTJsrgopT

4 The Measure and Density of Sets

4.1 Linear and Logarithmic Measure:

Definition 1.4.1 (/62]) The linear measure of a set G c (0, +o0) is defined as

+00
m(G) ::f0 Xg(t)dt,

and the logarithmic measure of a set G c (1, +00) is defined by

+00
Im(G) ::f XGt(t)dIf,
1

where xg(t) is the characteristic function of a set G.

Example 1.4.2 The linear measure of the setE = [1,6] c (0, +00) is

+00 6
m(E):f XE(t)dt:/ dt=5.
0 1

The logarithmic measure of the setF = [e2,e] < (1,+00) is

+00 t 65 dt
lm(F):f XF()dt:f 4t s,
1 A e2 t

4.2 The density linear and logarithmic:
Definition 1.4.3 (/62]) The upper density of the set E c (0, +00) is defined as

_ En|o,
dens(E) :limsupm.
r—+o00

14



The lower density of the set E c (0, +o00) is defined by

En|o,
dens(E) = liminfw.
B— r—-+00 r

Example 1.4.4 The upper and lower densities of the set E = [2,5] c (0, +00) are

m(ENIO, ) =dens(E) = liminf—m Enio,n) =0.

dens (E) =limsup iml "

r—+oo

Definition 1.4.5 The upper logarithmic density of a setF c (1, +00) is defined by

- Im@EFnI1,
logdens (E) :limsupm.
r—+00 logr

The lower logarithmic density of the set F < (1, 4+00) is defined by

ImEFEnIL,
logdens (E) = 1iminfm.
—_— Ir—+00 logr

Proposition 1.4.6 (/4]) For allH c (1, +o0) the following statements hold:
(i) IfIm (H) = oo, then m (H) = co.
(i) Ifdens(H) >0, then m (H) = oo.

(iii) Iflogdens(H) >0, then Im (H) = oco.
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Chapter 2

Growth of Solutions of the Homogeneous

Linear Differential-Difference Equations

1 Introduction and Statement of Main Results

In this chapter, we use the standard notations of the value distribution theory of mero-
morphic functions developed by Nevanlinna (see [27], [34], [62]). This theory provides a
fundamental framework for studying the growth and distribution of meromorphic func-
tions and serves as the basis for our discussion of difference equations and their solutions.

Recently, many results have been obtained for complex difference equations, moti-
vated by the development of difference analogues of Nevanlinna theory. A key result in
this direction is the difference analogue of the lemma on the logarithmic derivative, ob-
tained independently by Halburd—Korhonen [28] and Chiang-Feng [19]. In particular, the
study of linear difference equations plays an important role, especially for equations of

the form

A2 f(z+n)+---+A1(2) f(z+1)+Ap(2) f(2) =0, (2.1

and

An(2)f(z+cp)+--+A1(2) f(z+ 1) =0, (2.2)

where ne N*, Aj(z) (j=0,...,n) are entire functions, and ¢; (j =1,..., n) are distinct com-
plex numbers.
Chiang and Feng [19] investigated the growth of solutions of homogeneous linear dif-

ference equations with polynomial coefficients and established the following result.

Theorem 2.1.1 [19] LetAy(2),...,An(2) be polynomials. If there exists an integer [(0 < | < n)
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such that
deg(A;)) > max {deg(A;)}
0<j<n,j#l

holds, then every meromorphic solution f(# 0) of equation (2.1) satisfies p(f) = 1, where
deg(A;) denotes the degree of the polynomial A;.

In [46], Liu and Mao investigated the growth of meromorphic solutions of equation
(2.1) under the condition that most of its coefficients share the same order, there by ex-
tending the earlier result of Chiang and Feng. Their main conclusion is summarized in

the following theorem.

Theorem 2.1.2 [46] Let A;(z) = P;(z) exp{h;(2)}(j =0,1,...,n), where hj(z) = ajkzk +ee
ajo are polynomials with degree k(= 1), P ;(z) (# 0) are entire functions ofp(P;) < k. If ajr(j =
0,1,...,,n) are distinct complex numbers, then every meromorphic solution f(# 0) of equa-

tion (2.1) satisfiesp(f) = max {p(Aj)}+1.
<jsn

By imposing certain conditions on the coefficients in the case where there is no dom-
inant coefficient., Lan and Chen [38] studied the growth and oscillation of meromorphic
solutions of a homogeneous complex linear difference equation (2.2). Under suitable
conditions on the coefficients, they obtained estimates for the order of growth of mero-
morphic solutions and studied the relationship between the exponent of convergence of
zeros and the order of growth of entire solutions of the above linear difference equation

and obtained following results.

Theorem 2.1.3 [38] Let¢j, j = 1,..., n be different constants and let
Aj(z)=Pj(z)expih;(2)} +Q;(2),(j=1,..,n),

where hj(z) are polynomials of degree k = 1 and P j(z)(# 0) and Q j(z) are entire functions
whose order is lower than k. Among the leading coefficients of hj(z), j € 1,..., n, with the
maximal modulus, there exists a term unequal to the other terms. If f(z)(# 0) is a mero-

morphic solution of equation (2.2), thenp(f) = k+1.

Corollary 2.1.4 [38] Letk and Aj(z), j =1,..., n be defined as in Theorem 2.1.3, letB;(z), i =
1,..., m be entire functions whose order is lower than k, and let ¢, j = 1, ..., n+m be different

constants. If f(z)(# 0) is a meromorphic solution of the equation
Bm(2) f(z+cnam) +--+B1(2) f(z2+ Cp1) +An(2) f(z+ cp) + - + A1(2) f(2+ 1) =0,

thenp(f)=k+1.
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The aim of this chapter is to improve and extend the results of Theorem 2.1.3 and
Corollary 2.1.4 by studying the growth of meromorphic solutions of the homogeneous

linear differential-difference equation
AnRfP(z+cp) +--+ AR f (2 +c1) + Ag(2) f(z+ co) =0, (2.3)

where cj, (j =0, ..., n) are distinct complex constants and A;(z)(j =0, ..., n) are entire func-

tions. We present the following two results.

Theorem 2.1.5 [39] Letcj, j=0,...,n be complex constants and let

Aj(2)=Pj(z)exp{hj(2)} +Q;(2), (2.4)

where hj(z) = ajxz + ajj_1 25!

+-+-+ajo are polynomials of degree k = 1 and P j(z)(# 0)
and Q j(z) are entire functions whose order is lower than k. Suppose that|aox| > maxi<j<pila;jgl}.

If f(2)(# 0) is a meromorphic solution of equation (2.3), thenp (f) = k+ 1.

Corollary 2.1.6 [39] Let k,A;(z)(#£0), j =0,..., n satisfy the assumptions of Theorem 2.1.5,
letB;(z),i=1,..., m be entire functions whose order is lower than k, and let cj, j =0,...,n+

m be complex constants. If f(z)(# 0) is a meromorphic solution of equation

Bn(2) f" ™ 2+ cpm)  +++B1@ UV (2 + Cpe1) + An(@) f (2 + Cn) + o+

(2.5)
Al(Z)f,(Z+ c1) +A0(z)f(z+ co) =0,

thenp (f)=k+1.

2 Some Auxiliary Lemmas

For the proof of our results, we need the following lemmas.

Lemma 2.2.1 [13]Suppose that f (z) is a meromorphic function withp (f) =p < +oo. Then,
for any given € > 0, one can find a set E € (1, +00) of finite linear measure or finite logarith-

mic measure such that
|f(2)| < exp{r®*®}

holds for all z satisfying|z|=r € [0,1] UE asr — +oo.

Lemma 2.2.2 [19] Letn;, 12 be two arbitrary complex numbers and let f (z) be a meromor-
phic function of finite order p. For any given € > 0, there exists a subset E € (0, +00) of finite
logarithmic measure such that for all z satisfying |z| = r € [0,1] UE, the following double

inequality holds:
flz+m)

p—1+e}.
flz+1n2)

exp{—rP 1% < <expir
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Lemma 2.2.3 [2]1] Let f(z) be a transcendental meromorphic function of finite order p,
and let € > 0 be a given constant. Then, there exists a subset E € (1,+00) that has finite
logarithmic measure, such that for all z satisfying |z|=r ¢ [0,11UE, and forall k,j,0< j <

k, we have:
f(k) (2)
f(j) ()

< rlk=Dp-1+e)

3 Proof of Theorem

Proof of Theorem 2.1.5: Contrary to our assertion, we assume that p(f) < k+ 1. Let
hj(2) = ajez"+ ki (2), (2.6)

where a i # 0 are complex constants and h}“ (z) are polynomials with deg(h}f) <k-1,j=
0,...,n. We set
|aok| > ajil,00#0;,0; =arg(ajr) €0,2n),1< j < n.

We now choose 0 such that

cos (kO +0g) =1. 2.7
Thus, by 0; #09,1 < j < n, we find
cos(k0+6;)<1,1<j<n. (2.8)
Denote
a=lagl, b= max {lajl},c= max {bcos(kB+86;)} <a (2.9)
<jsn =Jj=n
and
ﬁzorgjgl{p(Pj),p(Qj)} <k. (2.10)
Clearly,

P; Q
p (P_o) < 1réljas)gl{p(l’]),p(Po)}‘ =B, p (P_o) < Org%{p(Po),p(Q])} <pB.

By Lemma 2.2.1, for any given ¢ satisfying
0<2e<min{l,k+1-p,k—p,a—c},

there is a set E; < (1, +00) with finite logarithmic measure such that for all z satisfying
|z|=r & [0,1] UE;, we have
P;(2)
Py(2)

Q;j(2)
Py(2)

p+e
< ol

rﬁ+s
- )+ = —= It =

<e ,0<j=n. (2.11)
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By the definition of the order of entire function, for any given € > 0 and all sufficiently

large z,|z| = r, we get

rk—1+s

k—1+¢
<e d

1P <e

‘e‘hS(Z) l<j=<n. 2.12)

Applying Lemma 2.2.2 and Lemma 2.2.3 to f(z), we conclude that there is a set E; <
(1,+00) with finite logarithmic measure such that for all z satisfying |z| = r ¢ [0,1] UE,,

we haveforl<j<n

fPG+c¢))
fz+cop)

fPz+c)) flz+¢))
fz+c¢j) f(z+c)

< pllo=149) 7. 2.13)

By substituting (2.4) into equation (2.3), we obtain

k
app <
‘_e 0k

<

. (2.14)

i e‘ha" (2) f(j) (z+ Cj) Pj (2) edjkzk+h7 (2) + Qj (2)
j=1 f(z+co) Po(z2) Py(2)

+ ‘e_h(’; (2 Qo(2)
Py(2)

Let z = re'®, where r € [0,1] UE; UE,. Substituting (2.7)-(2.9) and (2.11)-(2.13) into (2.14),

we find

n
k fra_ k-1+e .p—l+e .pP+e Nk k—1+€ k—1+€ .p+e
oa SZr](p L+€) or +r +r (ebcos(k6+9])r +r +1)+er +rbre
j=1

Thus for 0 < 2e <min{l,k+1-p,k—p,a— c}, we obtain

ark

e <(n+ 1)rn(p—1+€)e(c+£)rk+2rk_1+€+rp_1+€+rF3+E

< (n+1)rre-re ezt g 5
Dividing both sides of (2.15) by (n+ 1) r"(P~1+¢) ee+2or and letting r — +o0, since 0 < 2 <
a—c, we get +oo < 1. This is a contradiction, hence p(f) = k+ 1.

Proof of Corollary 2.1.6 Assume that p = p(f) < k + 1. By using the similar steps as in the
proof of Theorem 2.1.5, we also obtain (2.6)-(2.12). By Lemma 2.2.1, there is a set E3
(1, +00) with finite logarithmic measure such that, for any given € > 0 and all z satisfying

|z|=r ¢€[0,1] UE3, we obtain

rPr+e

|Bj(z)|§e ,1<j<m,
where
pr= max {p(B))} <k.
l=j=m
We have

Bj(2)
Py(2)

y= max {p(B;(2),p(Po)} < k, p( )s max {p(B;),p(Po)}.
1=j=m 1=j=m
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By applying Lemma 2.2.2 and Lemma 2.2.3 to f(z) we conclude that there is a set E; c
(1, +00) with finite logarithmic measure such that, for all z satisfying |z| = r ¢ [0, 1] UE,4, we

haveforl<j<n+m

f(f)(Z+Cj) _ f(j)(z+Cj) f(Z+Cj) - rj(p_Hs)erp_Hs, (2.16)
f(z+co) fz+c¢j) flz+c)
and
Bj(2) a .
<e ,n+l=sj=sn+m 2.17)
Py (2)

By substituting (2.4) into (2.5), we find

() 2P, _
‘_e“Oka < ie—ha‘(z)f] () PjD apzhensa  Qi(2)
i1 f(z+co) Po(2) Py(2)
(2.18)
Kok fPz+¢))Bj-n(2)
~hj(2) j)Pj-n —h*(2) Q@)
+ Z e 0 + )e 0 Z P(())(Z) .

jan+l f(z+co) Po(2)

Let z=re' where r ¢ [0,1] UE; UE, UE3 UE,. Substituting (2.7)-(2.9), (2.11)-(2.12), (2.16)
and (2.17) into (2.18) we obtain

n
k Fr_ k—1+€, .p—1+e_ .p+e Nk k—14€
ear SZ r](p 1+s)er +r +7 (ebcos(k9+9])r +r +1)
=

mtn : k—1+¢ —1+¢ +e k—1+¢_ ,.p+e
+ Z r](p—l+s)er +rP +rY +e +7
)
j=n+1
thus,
eark < nrn(p—1+€)e(c+s)rk+2rk_l+€+rp_1+€+rﬁ+8 " mr(m+n)(p—1+€)erk_1+£+rp_1+£+rY+€ " erk‘“8+rﬁ“rs
_ k _ k—1+€, .p—1+€_ .Y+€ k—1+¢ ,.p+e
< nrn(p 1+£)e(c+2£)r + mr(m+n)(p 1+s)er +7r +r + er +7r . (2.19)

Dividing both sides of (2.19) by e*” “ and letting r — +oo, we obtain 1 < 0 since 0 < 2e <

min{l,k+1-p,k—P,a—c, k- y}. Thisis a contradiction, thus p(f) = k + 1.

4 Examples

Example 2.4.1 The entire function f(z) = e* is a solution of the following differential-

difference equation

Ar(2)f(z+ 1) +A1(2) f'(z+i)+Ag(2) f(z—4i) =0,
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where Ag(z) = — (4iz% — 4inz? + 2z(4n + i) + 2im) €317716)
A1(2)=—[2z° —2)el=2iz+1) - (2z° +4iz—1)],

As(2) = (2% — im)e 2#* — (z+ 1),

Po(z) = —(4iz3 —4inz? +2z(An + i) + 2in), ho(2) =8iz + 16, Qo(z) =0,
P1(2)=-(22° - 2),h1(2) =—2iz+1,Q1(2) =— (22> + 4iz - 1),

Py(2) =2z% —im hy(2) = —2iz+1,Qx(2) = —(z + i).

Furthermore, p(P;(2)) =0, j=0,1,2 and
lao1| = 18| =8 > max{|an |, a2 |} = max{| - 2i],| - 2i[} = 2.
Hence, the conditions of Theorem 2.1.5 are satisfied. We see that for j =0,1,2
p(f)=2=p(Aj)+1=deg(h;)+1=1+1=2.

Example 2.4.2 The entire function f(z) = % is a solution of the following differential-

difference equation
Bi1(2)f"(z+2)+A1(2) f'(z— 1)+ Ag(2) f(z+2) =0,

whereB,(z) = z* — im,

A1(2)=—(42° +inz?)et* 2,

Ao(2) =4z°(4z* — 423 +in(z—1))e 8478 —4[42°5 +162° + 172* — in(42z° + 162+ 17)],

Po(z) =4z%(4z* —4z3 + in(z— 1)), ho(2) = —8(z— 1), Qo(2) = —4[425 +162° + 17z* — in(4z? +
16z+17)],

P1(2) = —(4z° +inz?), hi(z) =4z -2,Q;(2) = 0.

Moreover, p(Pg) =p(P1) =0 andp(B;) =0 < p(A;) =p(A2) =1,

lao1l=1—-8=8>|an|=4]=4.
Thus, the conditions of Corollary 2.1.6 are satisfied. We see that for j =0, 1

p(f)=2=p(Aj)+1=deg(hj) +1=2.
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Chapter 3

Growth of Meromorphic Solutions to
Homogeneous Complex Linear Delay

Differential Equations

1 Introduction and Statement of Main Results

In this chapter, we study the growth and oscillation of meromorphic solutions of complex

homogeneous linear delay-differential equations of the form

n m .
Y Y Ai@fPV(z+c) =0, (3.1)
§=0 j=0

n m .

Y Y Asj@fP(z+c)=E (3.2)
=0 j=0

where ¢, s =0, ..., n are complex numbers, and Agj(2),s=0,...,n, j =0,...,m,F(z) are entire

or meromorphic functions of the same order.

Historically, Naftalevi¢ [50] was among the first to apply operator theory and the it-
eration method to the study of meromorphic solutions of complex differential-difference
equations. Moreover, only a few studies have investigated complex differential-difference
equations from the viewpoint of Nevanlinna theory. Recently, Wu-Zheng [57], Zhou-
Zheng [68], and Chen-Zheng [17] have studied the growth of solutions of homogeneous
and non-homogeneous linear differential-difference equations (3.1) and (3.2) in the case
where only one coefficient is a dominant, and have estimated lower bounds for the order

of meromorphic solutions.

The study of the properties of meromorphic solutions of complex difference equa-
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tions has become an important topic in Nevanlinna’s theory and its difference analogues.
Several authors have examined the growth properties of meromorphic solutions of com-
plex linear difference equations (2.2). Chiang-Feng [19] studied the growth of meromor-
phic solutions of homogeneous linear difference equations in the case where there exists
only one coefficient with the maximal order. After that, Liu and Mao [46] investigated the
growth of meromorphic solutions of difference equation when the coefficients may have

the same order and the same type, and derived the following theorem.

Theorem 3.1.1 [46] LetAj(z) = hj(z) exp{P;(2)}+D;(2),j=0,1,.., k whereP;(z) = aj,z" +
-+-+ajo are polynomials with degree n(= 1), hj(z)(# 0),D(z) are entire functions with order
less than n. If ajn, j = 0,1,...,k are distinct complex numbers, then every meromorphic

solution f(z)(# 0) of equation
A f(z+ k) + A1 (D f(z+k—1)+---+A1(2) f(z+ 1)+ Ap(2) f(2) =0

satisfies p(f) = Om.au%c{p(Aj)} +1.
<j<

In 2015, Wu and Zheng [58] have investigated a more specific case of the coefficients
Aj(z), j=0,..., n, than those considered in Theorem 3.1.1, and obtained the following re-

sult, which extends and improves the previous result for equation (2.2).

Theorem 3.1.2 (/58]) Letn, ke Nt andAj(z) =B;(z) exp{P;(2)}+D;(z) exp{Q;(2)}+R;(2), j =
0,...,n, whereP;(z) = ajkzk +-+ajo,Qj(z) = b]-kz’C +-++bjo, j =0,..., n are polynomials
with degree k and satisfy |aji| = |bjx| > 0,B(2),D;(2),R;(2), j =0,..., n, are meromorphic
functions and satisfy maxo<j<n {p (Bj),p(D;),p (Rj)} =0 < k,Aj(2) —Rj(2) £0,j =0,..., n.
Letcj, j =1,..., n be distinct non-zero complex constants, such that for all j #i,|a;r| = |a;i/,

and

arg(a;r) #arg(aji), orarg(a;) = arg(a;x), la;r| > la;il

and

arg(a;i) #arg(bjy), orarg(a;r) = arg(bjx), la;k| > bl

hold simultaneously. Then every meromorphic solution f(z)(# 0) of equation (2.2) satisfies
p(f) = k+ 1. Further, if (z)(Z 0) is a meromorphic function with p(y) < k+ 1, then for
every meromorphic solution f(z)(# 0) of equation (2.2) with p2(f) < 1, we have A\(f — @) =
p(f)=k+1.

Very recently in [38], Lan and Chen have investigated the growth properties of mero-
morphic solutions of equation (2.1), by imposing certain restrictions on the coefficients
of the difference equations when there is no dominant coefficient and obtained the Theo-

rem 2.1.3. By combing complex difference and complex differential equations, Liu, Laine
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and Yang [47] developed new results on complex differential-difference equations, an area
with important applications that is currently attracting increasing attention (see [54], [56],
[57]). More recently, in [39] we improved and extended the main results of Lan and Chen
[38] for the difference equation (2.1) to linear differential-difference equation (2.3) and
achieved Theorem 2.1.5 and Corollary 2.1.6. In relation to Theorem 3.1.1, a natural ques-
tion arises: What happens if the entire coefficients are replaced by meromorphic coeffi-
cients while preserving the restriction on the coefficients in equation (3.1). In this direc-

tion, we obtain the following results.

Theorem 3.1.3 [40] Let c5, s =0, ..., n be distinct complex constants and let
Asj(2) =Psj(2) expihs;(2)} + Qs (2),s=0,...,n,j=0,..,m, (3.3)

where h;j(z) = asjkzk + asjk_lzk_l + o+ asjo, (asjx # 0) are polynomials of degree k =
1,P;;(z)(# 0) and Qs;(z) are entire functions whose order is lower than k. Suppose that
lajorl > max{|asjx,0<s<n,0<j<m,(s,j)#(,0)}. If f(2)(# 0) is a meromorphic solu-
tion of equation (3.1), then

p(fl=k+1.

Theorem 3.1.4 [40] Let k,n,m e N*,
Asj(2) =Psj(2) expihsj(2)} + Qsj(2),$=0,...,n,j=0,...,m

where hgj(z) = asjkzk+ asjk_lzk_l +---+asjo, (asjx #0), are polynomials with degree k, and
P;;(2)(#0),Q;;(2) are meromorphic functions satisfyingmax{p(Ps;),p(Qs;),0< s<n,0< j < m} =
o <k, letcg,s=0,..., n be distinct non-zero complex constants. Suppose that for (s, j) #(1,0)

we have

arg(ajor) #arg(asjr), laokl = lasjkl,

or

arg(ajor) = arg(asjr), laokl > las;jkl,

then every meromorphic solution f(z)(Z 0) of equation (3.1) satisfies
p(fl=k+1.

Furthermore, if p(2z)(Z 0) is a meromorphic function with p(p) < k+1, then for every mero-

morphic solution f(z) of equation (3.1), we have

AMf—@)=p(f) =k+1.
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2 Some Auxiliary Lemmas

For the proofs of our results, we will use Lemmas 2.2.1-2.2.3, see Chapter 2, as well as the

following lemmas.

Lemma 3.2.1 [10] Suppose thatP(z) = (a+ if)z* +--- (a, P are real numbers such that || +
IBl #0) is a polynomial with degree k(= 1), and w(z)(# 0) is a meromorphic function with
p(w) < k. Set g(z) = w(z) exp{P(2)}, z = rexp{iB}, 6(P,0) = acos(nB) — Psin(nb). Then for any
given € > 0, there exists a set Hy < [0,2n) with linear measure zero, such that for any 6 €

[0,2m) \ (Ho UH,), there exists ro = ro(0,€) (> 0) such that for |z| = r > ry, we have

(i) If6(P,6) >0, then

exp{(l —E)S(Re)rk} <|g(rexpi®)| < exp{(l +s)6(P,6)rk}.

(i) If5(P,0) <0, then

exp{(l +8)6(P,6)rk} < |g(rexp i6)| < exp{(l —E)B(Rﬂ)rk},

whereH; ={0 € [0,2n[: 6(P,0) = 0} is a finite set.

Remark 3.2.2 [10] Let P(z) = akzk + -+ ap(ayx #0) be a polynomial with degree k and
z=rexp{ib}, we denote
O(P0) = |ay|cos(arg ax + k9).

Lemma 3.2.3 [40] Let F(2),A;j(2),s =0,...,n, j =0,...,m, be meromorphic functions of fi-
nite order such that Ay, (2)F(z) # 0 and let c5, s =0, ..., n be distinct non-zero complex con-

stants. Suppose that f(z)(# 0) is a meromorphic solution of equation (3.2). If
p(f) > max{p(F),p(As),s=0,...,n,j=0,..,m}, (3.4)

then we have A(f) = p(f).

Proof. Suppose that A(f) < p(f). From Hadamard’s theorem, we can write f in the form

H; (2)
H»(2)

f2)= exp {h(2)}, (3.5)
where H;, H, (# 0) are the canonical product formed by zeros (poles) of f such that

AHy) =pH1) =A(f) <p(f),

(3.6)
A(Ho) =p(Ho) = A (3] <p().
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In addition, we have

h(z)=apz? +---+ a1z + ap,

is a polynomial with degh(z) = p = 1, where ay, a,-1,..., ap are complex constants such
that a, # 0. Furthermore, from (3.5) we can rewrite f W (z), j =1,..,m in the following

form: 0
. H J
V%) = ﬁexp{h(z)} = (2) expih(2)}, (3.7)
Hj(z)

where y j(z)(j = 1,..., m) are meromorphic functions formed by H;, Hz, h(z) and their deriva-

tives. Substituting (3.7) into (3.2), we obtain

Y Y wilz+cy)expih(z+cy)} =F(2). (3.8)

s=0j=0
By dividing both sides of (3.8) by exp{apzp }, we get

n m

Y. Y wjlz+cs)expllpapes+ cl,g_l)z”_1 +---}=F(z)exp{-a,z”} (3.9
§=0 j=0

By (3.4) and (3.6), from the left side of (3.9), we obtain

n m
p| XY wilz+co)expllpapcs+ap-1)z" " +--+}
SZOjZO

< max m{p(Asj),p(Hl),p(Hz),p(eXp(papcs +ap-)z" )}

T 0=s=n,0<j<

=deg((papcs +ap-1)zP ' +---)=p-1,0<s<n,
and on the other hand, from the right side of (3.9), we have
p (F(2) expi{—a,z"}) = p.

This is a contradiction, hence

A =p(f).

3 Proof of the Theorems:

Proof of Theorem 3.1.3: Contrary to our assertion, we assume that p=p(f) < k+1. Let

hsj(2) = asjrz" + h};(2), (3.10)

27



where a;j #0 are complex constants and £ i (2) are polynomials with deg(h; j) <k-1,s=

0,..,n,j=0,.., m. We set
lajok! > lasjkl, 010 #05,05; =arg(asjx) € 0,2m),0<s<n,0=< j<m, (s, j) #(1,0).

We now choose 0 such that
cos(kO+0;) =1. (3.11)

Thus, by 65; =09, (s, j) # (1,0), we find

cos(k0+6,;) <1,0<s=<n,0<j=<m,(s,j) #(,0). (3.12)
Denote
a=|aprl,b= max ilasirl},c= max ibcos(kO+0;;)} <a, 3.13
| lOkl (s,j);l(l,O){l s]kl} (s,j);rf(l,O){ ( s])} ( )
and
b= OSssI?,ggjsm{p(st)’p(Qsj)} <k.
Clearly
P .
p(P—s]) < max{p(Ps;),p(P;0)} =Pp,0=s<n,0< j<m,(s,j)#(1,0)
10
and

p(g—;]) < max{p(Qs;),p(Pi)} =P,0<s<n,0<j<m.
0

By Lemma 2.2.1, for any given ¢, with 0 < 2e <min{l,k+1-p,k—f,a—c}, there is a set
E; c (1, +00) with a finite logarithmic measure such that, for all z satisfying |z| =r ¢ E; U
[0,1], we obtain

Ps;(2)

P | = exp{rﬁ+€},0 <s=n0<j<m,(s,j)#(,0),

(3.14)

Qsj (2)
Pjo(2)

<exp{rP*¢},0ss<n0<j<m.

It is clear that the functions exp{—hz‘o(z)} and exp{h;‘j(z)},o <ss=n0=<sj=sm(sj)#
(1,0), are of regular order whose degree is lower than k — 1 respectively. Thus, for all large

z,|z|=r, we get

|lexp{—hj,(2)}] < exp {rF-1*e},

(3.15)
‘exp{h:j(z)H < exp{rk_”e},o <s<n0<j<m,(sj)#£U,0).

Applying Lemma 2.2.2 and Lemma 2.2.3 to f, we conclude that there is a set E; < (1, +00)
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with finite logarithmic measure such that, for all z satisfying |z| = r € E, U [0, 1], we can

write for (s, j) €{0,...,n} x {0,..., m}

@))
'f (2+¢5) (3.16)

'f(”(z+cs) f(z+cs)
flz+cp)

flz+cy) f(z+cl)

exp{rp—1+s} rj(p—l+€), s#1.
rie-1+e) s=1.

Equation (3.1) gives

f(f (z+c5) - f(H)z+c)
—-Aj(2) = Asi(zg)—— Aji(z)———. (3.17)
’ séﬂjzo T F e a) ]ZI P Fet o)

By substituting (3.3) into equation (3.17), we obtain

—exp{ajrz’}

W (z+cy) () Qsj(2)
= L Os;z!lZ;nO ff(z+cl) eXp{_hZO(Z)}(PSJ(z) exp{as]kz +h; (Z)} Pfé(z))

(3.18)

[P (z+ep) Qi;(2)
I vy P (z)}(Po(Z) eXp{“leZ +hy (Z)} Pl;(Z))

+ exp{ hlo(z)} Qi (2)

Py(2)°

Let z=rexp{i0B}, where r ¢ [0,1] UE; UE,. Substituting (3.11)-(3.16) into (3.18), we find

eXP{Iamklrk}

n m i
< Z Z ri P18 exp {rk_“‘c‘ + Pt rﬁ”‘} (exp {bcos(kﬂ + st)rk + rk_Hs} + 1)
s=0,s#1 j=0

+]erj(p—1+€) exp{rk‘”‘S + r‘3+€} (exp{bcos(ke +6lj)r]C + rk_“s} + 1) + eXP{Tk_HE + rﬁ+€}'

Thus

exp {ark} <(n+1)(m+1)r™P %9 exp {cr’C york-lrey pplvey rﬁ+8}
< (n+1)(m+1)rme-1+ exp{(c+2e)rk}. (3.19)
Dividing both sides of (3.19) by (1 + 1) (m + 1) exp (¢ + 2&) r*r™®~1%8) and letting r — +oo,
we get +oo < 1. Thus, this is a contradiction, hence p(f) = k + 1.

Proof of Theorem 3.1.4: If p(f) = +o00, then the theorem is hold. We suppose p(f) =

+00. Set

I ={(s, /) #(1,0),arg(ajox) #arg(as k), | awk| = |asji} -
I = {(s, ) # (1,0),arg(ajor) = arg(as i), lajor! > |asjkl} -

It is clear that I;,I, do not intersect with each other and I=1; ul, ={0,...,n} x {0, ..., m} \
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{(1,0)}. Now, we may choose 6y € (0,27) such that cos (argao + k8p) = 1 (if k = 1 and
arg(ajox) = 0, then we replace [0,27n) in Lemma 3.2.1 by [-7, 37“), if k = 2 this kind of 6y can
always be chosen). Set z = rei® 0 e0,2m).

For (s, j) € I;, there exists sufficiently small €; > 0 such that for all 0 € (0p —€,,00 +¢€1) <

(0,2m), we have
cos (arg(ajox) + k8) > [max {cos (argay; + k6),0} .
S, J)elh
Since |ajok| = lasjkl > 0, (s, j) # (1,0), then we see that

8(huo,0) > max {8 (hs;,0),0}.

For (i, j) € I, there exists sufficiently small €, > 0 such that for all 0 € (0 —¢€2,0¢+¢€2) <

(0,2m), we have
cos (arg(ajor) + kB) = cos (arg(asjr) + k6) > 0,0 < s<n,0< j < m, (s, j) #(1,0).
Since |ajok| > lasjkl, (s, j) # (1,0), we see that
8 (hy,0) > max {8 (hs;,0)} > 0.
(s, )€l
Let €g = min{€;, €»}. Then for any 0 € (6y — €9, 08¢ + €¢) < (0,27), we have

8 (hy9,0) =81 > max {5 (hs;,0),0} = 5,. (3.20)
(s,j)el

p-1-k k-g 86:-6, .
L, —=— 5 ,261+62}),theree)ﬂstsasetE3c

(1,+00) with a finite linear measure, such that for all z satisfying |z| = r ¢ [0,1] U E3 and

By Lemma 2.2.1, for any given € (0 <e< min{

r — +00, we have

|Psj(2)| < exp{r°*},

Qsj(2)| =exp{r°*t},s=0,..,n,j=0,.., m. (3.21)

By Lemma 3.2.1, (3.20) and (3.21), for the above ¢, there exists E4 < [0, 27) with linear mea-
sure zero and a finite set E5 = {0 € [0,271) : § (K9, 0) = 0}, such thatforall 6 € (8 — €, 0¢ + €p)\
(E4 UE5), there exists ro = r9(0,€) > 0, such that for r > rp=r9(0,e) and0<s<n,0<j <

m, (s, j) # (1,0) we have

|Asj(2)] = |Psj(2) exp {hsj (2} +]Qsj(2)]
< exp{(l +8)62rk} +exp{r°t}

s2exp{(1+s)82rk+r°+'°~}, (3.22)
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and

1A10(2)] = [Pio(2) exp {hio(2)}] — Q0 (2)]
2exp{(l—E)Slrk}—exp{r(”e}. (3.23)

By applying Lemma 2.2.2 and Lemma 2.2.3 to f, for the above € , we conclude that there
is a set Eg (1, +o0) with finite logarithmic measure such that, for all z satisfying |z| =1 &

[0,1] UEg, we can write for0<s<n,0< j<m,

fPGre) | _|fPres)||flere)| | exp{rPmirehr/®79, sy, 324
flz+ep fzve) | feren|™ rie-1+e), s=1. '
Equation (3.1) gives
n m + s +
ApGI= Y Y |As(z )|‘ (Z C) Z|Al]( )|'f 'z i (3.25)
5=0,s#£1 j=0 (z+¢p)

Let z=rexp{iB}, where argz=0¢€ (0 —¢€,0¢ +€9) \ (E4 UE5),|z| =r ¢ [0,1] UE3 UEg. Substi-
tuting (3.22)-(3.24) into (3.25), for sufficiently large r, we have

exp {(1 -€)8 rk} —exp{r°™t}

<2n(m+1)r™P" 19 exp {(1 +e)0rk+rotey rp_“s} +2mrMmPT1+e exp {(1 +e)8,rk + r°+8}

<@n(m+1)+2m)r™P~ 1% exp {(1 +€)8,rk +rote 4 rp_“s}. (3.26)
Since (0 <g< min{l, #, k;—", 2681118522 }), then we get
1+€)d,<(1-2€)0;,0+te<k—c¢,
and
exp {ro*¢}

—0,r¢[0,1]UE3UEg, r — +00.
exp{(1—£)5;rk} 710, 1 UEs U s >

Then, from (3.26) for sufficiently large r, we obtain

1

5 €Xp {(1 - 8)81rk} <@n(m+1)+2m)r™P~ 1% exp {(1 +€)8,rk + rote 4 rp_1+‘°‘},
i.e.,

exp {(1 —e)81 7" — (1 +e)8, 7% - r‘”s} <2@2n(m+1)+2m)rmP 148 exp [pp-lvel
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which gives
exp {351 Tk} <2@2n(m+1)+2m)r"mP 148 exp [P+l < exp {rP71H2€1 (3.27)
Thus, (3.27) implies k < p — 1+ 2¢, and by € > 0 is arbitrary, we obtain
p(fl=k+1.

Set g(z) = f(z) — ¢(2), by substituting g into equation (3.1), then g solve the equation

Y Y A2z +c) ==Y Y Agj(29W (z+cy).

s=0j=0 §=0j=0

Since p(y) < k +1, then ¢(z)(# 0) does not solve (3.1), that is,

n m )
YN A (@9 (z+¢5) 20,
s=0j=0
and
n m )
o —ZZASj(z)q)(f)(z+cs) <max{p(As;),0<s=<n,0< j<m,p(p)}
s=0j=0

<k+1=<p(f).

Therefore, by Lemma 3.2.3, we obtain A(g) = p(g). Hence

A =A(f—@)=p(f).

4 Examples

Example 3.4.1 The entire function f(z) = exp{z?} is a solution of delay differential equa-

tion

A "2+ 1) +Ax(2) f(2) + A1 (2) f(z+ ) + Ag1(2) f1(2) + A9 (2) f (2 + i) + Ago(2) f(2) =0,
where

Ago(2) = —2(2z° +4iz—1)expi(3+4i)z—1}, Aig(2) =2(z+1) expldiz}— (22> +2iz° —22—2i),

A1 (2) = 2Z% + 1) exp{—iz+1} — 2nz® + ), A11(2) = —(exp{diz} — (z° - 1)),

Ap2(2) =—(zexp{—iz+ 1} —mz), A12(2) =exp{(3+2i)z},
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In this equation, we have p(Ps;(z)) =p(Q;;(2)) =0,(s=0,1,j=0,1,2) and

lago1| =13 +4i| =5 >max{lajkl, (s, j) #(0,0)},5=0,1,7=0,1,2
=max{| —il,14i],| - il, 142,13 + 2i[}

=4.
Thus, the conditions of Theorem 3.1.3 are verified. We see that for s=0,1,j=0,1,2
p(f)=2=p(Asj) +1=deg(hs)) +1=1+1=2,
we have

Example 3.4.2 The entire function f(z) = exp{z?} is a solution of delay differential equa-

tion
A [ (=20 +Ap@) [ (z+1+20) +A1 () [ (z—20) + Ao (2) f (2 + 1+ 20)
+A10(2) f(z—20) +Ago(2) f(z+1+2i) =0,
where
Ago(2) =2 2’1 {=3iz+3 4'}+2(Zz_1) Aro(2) ( 22° (A+4i)z+ 1)+ 2iz’
z)=2——————exp{—-3iz+3-4i}+ ———, z)=— — ex Dz -1,
00 zZ2+2inz—1 p iz2—ax’ 10 Z2—im P z—2i
Ag1(2) ( expi(—2—4i)z— 4} + 2z~ 1) )
Z2)=—|—=————exp{(-2-4i)z—4i ,
01 2+(0+20z P (iz2—4m)(z+1+2i0)
A1 (2) ( -1 (2+5i)z+4) + )
zZ)=— ex )2 - |,
= (z=20)(z2+2inz—-1) P z2—4iz—4
Aoy (2) = 2 expl(2—4i)z—4il+ 21
02 = 2 iR+ (A+8i)z+8i-5) P (iZ2—4m) (222 + (4+80)2+8i—5)’
M@=t explaiz 1+ e +2i
2= B _giz—1z P (22222 —8iz—7)
We have
la101] = 4+ 4i] = 4v2 > max{| asjl, (s, j) # (1,0)}
= max{| - 3i|,| -2 —4i|,12+5il,12 — 4i], |4i|}
=12 +5i]
- /29,
and

arg(aio1) # arg(as;jx), (s, j) # (1,0).
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Moreover p(P;(z)) =p(Qsj(2)) =0,s=0,1, j =0,1,2. Hence, the conditions of Theorem 3.1.4

are satisfied, we see that

p(f)=2=p(Asj)+1=1+1, 0=s<1,0=<j<2.

Set @(z) =exp{z} + 1, withp(p) =1<2. Then

Af-@)=p(f)=2.

Example 3.4.3 The function f(z) = expiexp z} is a solution of the following delay differn-

tial equation:

A f (z+20) +Ao1 (&) f (2= i) +A1(2) f (2 +20) + Ago(2) f (2= i) =0,

where
Ago(2) z (@+40)2), App(@) =~ 222 i3z 4 2i)
Z)= ————————eX i)z}, z)=—————exp{3z +2i},
00 iz2—-12z+6i P 10 4z4 +im P
Ao1(2) il expl(3+4i)z+ 1}, Ay (2) 22 +2iz 2z
Z)=——————————€X z+i}, z) = ———— exp{2z},
01 iz2—-12z+6i P 1 4z +im p

We havep(P;;(2z))=0,s=0,1,j=0,1 and

|a001| = |4+4i| :4\/§> maX{|as]k|y(Syj) #(070)}
=max{|3 +2i|,|3+4il,[2}
=5,

and

arg(apo1) # arg(as;jx), (s, j) # (0, 0).

Hence, the conditions of Theorem 3.1.4 are satisfied, we see that

p(f)=+too>p(As))+1=1+1=2,0<s<1,0=<j<1.

Set @(z) = cos(2z), withp(p) =1< 2. Then
A(f =@)=p(f) = +oo.

Example 3.4.4 The entire function f(z) = exp{z?} — 1 which is a solution to the following
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delay-differential equation

An@f'(z+D)+An (2 f'(z+ 1) +A1(2) f(z+1) +Ag(2) f(z + 1) = F(2),

where ; , .
Ago(2) = £ R,Am(Z) = —i,Alo(Z) = _Zz_z. exp{—2iz},
z+1 2(z+1)? z+1i
An(2) = i exp{—2iz},F(z) = % exp{—2iz} — 2 - H’
(z+1)? z+i z+1
and

max 1{p(Asj),p(F)} =1<p(f)=2.

0<s<1,0<j<

Hence, the conditions of Lemma 3.2.3 are satisfied. We see that

AN =p(f)=2.
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Chapter 4

Properties of Solutions of Certain

Complex Delay-Differential Equations

1 Introduction and Statement of Main Results:

In this chapter, we investigate the growth properties of solutions to homogeneous linear
differential-difference equations (2.3) and (3.1). Our study extends and further develops
the results previously established by Lan and Chen. In the recent ten years, complex dif-
ference and difference equations have attracted increasing attention. Many results on the
complex difference equations have been obtained, see, for example ([7], [8], [14], [15],
[38], [37], [67]) for further details.

Indeed, the investigation of meromorphic solutions to complex linear difference equa-
tions has become an important topic in complex analysis and in the theory of difference

equations. Consider the homogeneous form
Ap(@) f(z+cp) +Ap-1(2) f(z+Cp-1) +---+A1(2) f(z+ 1) + Ao(2) f(2) =0,
together with its non-homogeneous counterpart
An(2) f(z+cp) +Ap-1(2) f(z2+ Cp-1) +---+A1(2) f(z+ 1) + Ao(2) f(2) = F(2),

where A;(z) (j=0,...,n) and F(z) are entire or meromorphic functions, and ¢; (j =1,...,n)
are distinct constants.

In 2008, Chiang-Feng [19] investigated the growth of meromorphic solutions to cer-
tain homogeneous linear difference equations in the case where only one coefficient at-

tains the maximal order. They established the following result.

Theorem 4.1.1 [19] Let Ay(2), ..., A, (z) be entire functions for which there exists an integer
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1,0<1<n, such that
p(Ap> max {p(A;)}.
1<j<n,j#l

If f (2) is a meromorphic solution to the difference equation
Ay ) f(z+n)+--+A1(2) f(z+ 1)+ Ap(2) f(2) =0,

thenp(f)=pAp +1.

Laine and Yang [37] studied the growth of meromorphic solutions of homogeneous
linear difference equation in which the leading coefficients depends on the type but not

on the order, and obtained the following result.

Theorem 4.1.2 [37] Let ¢j, j = 1,...,n be distinct complex constants. Let Ay(z),...,An(2)
be entire functions of finite order such that among those having the maximal order p =
max{p(A;),0 < j < n}, exactly one has its type strictly greater than the other. If f(z) 0 is a

meromorphic solution of the equation

A2 f(z+cp)+--+A1(2) f(z+ 1) +Ao(2) f(2) =0,

thenp(f)=p+1.

In this chapter, we combine the theories of differential and difference equations to
investigate the properties of solutions of the complex linear delay-differential equations
(2.3) and (3.1). We extend previous results for equation (2.3) and establish the following

results.

Theorem 4.1.3 [42] Let cj, j =0,..., n be distinct constants and let Ay(z), ..., A,(z) be entire
functions such that

p(Ag) > lrgj?gl{p(Aj)}.

If f (2) is a meromorphic solution of the equation (2.3), then
p(f) =p(Ag) +1.
Theorem 4.1.4 [42] Let Ay(z), ..., A, (2) be entire functions of finite order such that
p(Ag) =max{p(A;),0< j<n},
and

T™(Ag) > max{tm(A;),1 < j < n}.
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If f(2)(# 0) is a meromorphic solution of the equation (2.3), then

p(f) =p(Ag) +1.

In [38], Lan and Chen investigated the growth of meromorphic solutions of difference

equations when there is no leading coefficient. They established the following result.

Theorem 4.1.5 [38] Letcj, j =1,..., n be different constants and let Aj(z)(Z0), j=1,...,n be

entire functions of finite order. Suppose that f (z) is a finite-order entire solution of equation
An(@)f(z+cp)+--+A1(2) f(z+¢1) =0,

such that
p(f)>max{p(A;):1<j=n}+1.
Then f(z) takes every finite value d infinitely often and \ (f —d) =p(f).

In this chapter, we study the complex oscillation of certain complex delay-differential

equations by establishing the following results.

Theorem 4.1.6 [42] Let cj, j = 1,2 be different non-zero constants, let hj(z), j = 0,2, be
polynomials, and let A(z)(#0), j =0, 1,2, be entire functions such that

max{p(A;),0 < j <2} <max{deg(hy), deg(hy}.
If f (2) (£ 0) is a meromorphic solution of the equation
Az(2) explha(2)} f" (2 + c2) + A1(2) f'(z + c1) + Ao (2) explho(2)} f (2) =0, 4.1)

then
p(f) = max{deg hg,deghy} + 1.

Theorem 4.1.7 [42] Let cj, j =0, ..., n, be distinct complex constants and let Aj(z)(#£0), j =
0,..., n, be entire functions of finite order. Suppose that f(z) is a finite-order entire solution

of equation (2.3) such that
p(f) =zmax{p(A)), j=0,..,n} +1.
Then f(z) takes every finite value d # 0 infinitely often and

Af=d)=p(f).
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Theorem 4.1.8 [42] Let c5, s =0, ..., n be distinct complex constants, and let A;;j(z)(# 0),s =
0,...,n; j=0,..., m be meromorphic functions of finite order. If f (z)(# 0) is entire solution of

finite order of equation (3.1) such that
p(f) >max{p(As),s=0,..,n;j=0,..., m},
then f(z) takes every finite value d(#0) infinitely often and

Af-d)=p(f).

2 Some Auxiliary Lemmas:

In this section we use Lemmas 2.2.2, 2.2.3(see chapter 2), Lemma 3.2.1, Remark 3.2.2 (see

chapter 3) as well as the following lemmas

Lemma 4.2.1 [19] Letny, M2 be two complex numbers such thatn; #n and let f be a finite

order meromorphic function. Let p be the order of f(z), then for each € > 0, we have

f(Z+ﬂ1)) (H-1+e
2T -0 .
(r fz+n2) r )

Lemma 4.2.2 [27] Let f be a meromorphic function and let k = 1 is an integer. Then

f(k)
SR -

whereS(r, ) =0(ogT(r, f) +logr) outside a set E c (0, +oo) of finite linear measure. If f is
of finite order of growth, then

m (r, %k)) =0(logr).

3 Proofs of the Theorems and Corollary

Proof of Theorem 4.1.3. Suppose that f(z) is a finite order meromorphic solution of equa-
tion (2.3) such that
p(f) <p(Ag) +1. (4.2)

From p(Ag) > max<;j<n{p(A;}, let us choose p such that

II?]?S;{F)(A]')} <p<p(Ag). (4.3)
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Since (4.2) and (4.3) hold, then we may choose € > 0 such that

p(f)+2e <p(Ap) +1and p +2e < p(Ay). (4.4)
Equation (2.3) gives '
n fPz+c))
—Ap(z) =) Aj(z)———. 4.5
0(2) ]Zl (@ Fet e (4.5)

By Lemma 4.2.1 and Lemma 4.2.2, for any given € > 0 and for all z satisfying |z| = r, we

have

f(f)(z+c]) - f(f)(z+c])f(z+c])

" f(z+co) " flz+c)) flz+co)

( f(])(Z+Cj)) ( flz+¢))
sm|r,——|+m|r, ————

= p(f)-1+e | . (4.
< f(z+cj) T, Flzrco) O(r )+O(logr). (4.6)

Then we deduce from (4.5) and (4.6) that

n fP%+cp) &

m(r,Ap) Sj;m(r, m +j;m(r,A])+lnn
n fUNZ+CJ n
; ( et +]Z:1T(r,A])+lnn

< OQ(rPI-1+ey 4 O(logr) +nr**® +Inn

< o(rPA0)—8y,
This is a contradiction. Hence, p(f) = p(Ag) + 1.

Proof of Theorem 4.1.4. Suppose that f(z)(# 0) is a finite order meromorphic solution

of equation (2.3) such that p(f) < p(Ap) + 1 and set
T=max {tmMA;)} < TmM(Ap).
1=j=n

By equation (2.3), we can write

[Pz +c)

|Ag(2)| < Z!A (2)] Fetc

4.7)

Now take € > 0 small enough to satisfy p(f) +2¢ < p(Ap) + 1. Fix also o such that
T<0<0+3e<T1TM(Ay).
Applying Lemma 2.2.2 and Lemma 2.2.3 to f(z), we conclude that there exists a set E;

(1, +00) with finite logarithmic measure such that, for all z satisfying |z| = r ¢ E; U [0, 1], we
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can write for1 < j < n:

f(f)(z+cj)
f(z+co)

f(j)(z+cj)
f(Z+Cj)

flz+¢))
f(z+co)

< PPN g pP(D1re) (g g)

By the definition of type and substituting (4.8) into (4.7), we find

M(r,Ag) < nr"®N=148) expy {(T +¢) rPAo) +rp(f)_1+€}

<O (exp{(o+2¢) rP(A0) Y,

hence Ty (Ag) < 0 + 2¢. A contradiction. Therefore, p(f) = p(Ap) + 1.

Proof of Theorem 4.1.6. Suppose that f(z) is a meromorphic solution of equation
(2.3), and that f(z) is not identically zero.
Equation (2.3) gives

}f"(Z+Cz) f'(z+¢c1)

—Ap(2) expiho(2)} = Ax(z) expihy(2) +A;(2) 4.9)
0 P11 2 P2 @ 1 @
For any given € > 0 and sufficiently large r, we have
A1 (2)| < exp{rPAn ey, (4.10)

By Lemma 2.2.2 and Lemma 2.2.3 to f, we conclude that there is a set E, < (1, +o0) with

finite logarithmic measure such that, for all z satisfying |z| = r ¢ E2 U [0, 1], we can write for

j=1,2

f(j)(z+cj) f(j)(Z+Cj) flz+¢)) < piG(H-1+e) eXp{rp(f)_He}. 4.11)
f(2) flz+c¢))  f(2)

Case 1: Suppose that deg(hg) = n = deg(hy) = m.

By Lemma 3.2.1, there exists a set E3 c [0, 27) with linear measure zero and a finite set E4 =
{6 € [0,2m) : 8(hg,0) = 0}, such that for all 6 € (0,27) \ (E3 UEy), there exists ry = ry(0,€) > 0,
such that for r > ry =1 (0,€), 6(hy,0) =8y >0 and &(h,,0) =06, >0

|Ag(2) expiho(2)} = exp{(1 —€)8(hy,0)r"} (4.12)

and
|Az(z) expihy(2)} < exp{(1+€)d(hy,0)r"™} (4.13)

Let z = rexp{i0}, where argz=0¢€ (0,2m) \ (E3 UEy), |z| =7 ¢ [0,1] UE; UE,. By substituting
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(4.10)-(4.13) into (4.9), we obtain

expi(1 —€)3(ho,0)r"™} < exp{(1 +€)8(hy, 0) ™ + rP =14} 20N -1+0)
+ exp{rp(AoHs + rp(f)—1+£}rp(f)—1+€

< exp{(1 +€)8(hy, 0)r™ + rPU71He 4 ppWBo)tey  20(N-1+8) (g 14)
If n > m, then for 0 < € < n—p(Ap) we have

exp{(1—¢€)8(ho,0)r" — (1 +€)8(hy, 0)r™ — rPP0*e) = exp{(1 -0 (1)) (1 —€)S(ho,0) 1™}
Sexp{rp(f)_”e}rz(p(f)_“s), (4.15)

which implies n < p(f) — 1 + €. Since € > 0 is arbitrary, we obtain

p(fl=zn+1.

If n=m and for any given 0 < € < min{n —p(Ao), %}, the inequality (4.14) again implies

n<p(f)—1+¢, and by € > 0 is arbitrary, we obtain
p(f)=n+1.

Case 2: Suppose that deg(hy) = n < deg(hy)=m .

By Lemma 3.2.1, there exists a set E5 < [0, 2m) with linear measure zero and a finite set Eg =
{0 € [0,2m) : 8(hy,0) =0}, such that for all 6 € (0,21) \ (E5 U Eg), there exists ro = ry(0,€) > 0,
such that for r > rg =r¢(0, €), 6(hg,0) >0 and 6(h,,0) < 0 we have (4.12) and

|A2(z) expihy(2)} < exp{(1 —€)8(hy,0)r"}. (4.16)

Let z=rexp{iB}, where argz=0 € (0,2n) \ (E5 UEg), |z| =r ¢ [0,1] UE; UE,. By substituting
(4.10)-(4.12) and (4.16) into (4.9), we obtain for 0 < € < m — p(Ayp)

exp{—(1—€)8(h2,0)r™ + (1 —€)d(hg,0)r" — rPA0*e) —exp{— (1 -0 (1)) (1 —€)8(h2, 0) 1™}

)—1+€y ,.2(p(f)—1+€)

< exp{r*V tr
which implies m < p(f) — 1 + €. Since € > 0 is arbitrary, we conclude that

p(f)=zm+1.

Proof of Theorem 4.1.7. Suppose that A(f — d) < p(f). Then f(z) can be represented

42



as
f(2) =H(2) exp{h(2)} + d, (4.17)

where H(z) (# 0) is the canonical product (or polynomial) formed by the roots of f(z) such
that

p(H) =AMH) =A(f - d) <p(f), (4.18)

and

h(z):akzk+ak_lzk_l+---+ao, (4.19)
is a polynomial with deg{h(z)} = k = p(f) = 1, where ar(#0), a;, (j =0,...,k — 1) are con-
stants. So from (4.17), we can write f(z)(j =1, ..., n) in the following form

P2 = (H2) expth(2)}) = ¢ () exph(2)}, (4.20)

where ¢ ;(z) are entire functions formed by H(z), h(z) and their derivatives. Substituting
(4.17) and (4.20) into (2.3), we obtain

A (2)Pp(z+cp)expih(z+cp)t+ -+ A1 (2) 1 (z + c1) explh(z + c1)}

+Ao(2)H(z + cp) exp h(z + ¢p) + dAp(z) =0,

that is,

A, (2)bp(z+cp) exp{akzk + (kaygcy, + ak_l)zk_l +---1
+---+ A1 (2)P1 (2 + c1) explagz® + (kage, + a1z 1 +--}
+Ag(2)H(z + ¢o) explarz® + (kagco + ar_1) 2" L +---} = —dAy(2), 4.21)

dividing both sides of (4.21) by exp{ayz*}, we find
An(2)dn(z+cp)expllkagcy + ag_1)z" 1+

+---+Ag(2)H(z + co) expi(kaxco + ar_1) 2" ' +---} = —dAg(2) exp{—arz"}. (4.22)

We are comparing the order of two sides of equation (4.22). The order of the left-hand
side of (4.22) is

p

Y Aj(2)b;(z+cj) expi(kagc; + ag_1) 2" +- ~~})
j=0

< max {p(Aj),p(H),p(eXp{(kaij +ag_1) 25! +...})}

0<j=n

:deg((kakcj + ay_1) Zk1 +) =k-1, j=0,..,n,
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while the order of the right-hand side of (4.22) is equal
p (—dAo(z) exp {—akzk}) = k.
Thus a contradiction arises. Hence
Af—d)=p(f).

Proof of Theorem 4.1.8. Suppose that A(f —d) < p(f). By using the same steps as in
the proof of Theorem 4.1.7, we get (4.17)-(4.19). Substituting (4.17) and (4.20) into (3.1),

we obtain .
Y Aij(@djz+c:) explaz® + (kagc; + ar_1)z" 1+
i=0 j=1
n n
+ 3" Ap(2)H(z +¢;) explagz® + (kagc; + ar-1)z" "+ 3 =—d Y As(2). (4.23)
i=0 i=0

Dividing both sides of (4.23) by exp{az*}, we have

n m

Y Y Aij(2dj(z+ci) expllkagc; + ar-1)z" "+
i=0j=1

n
+Y Aj(2)H(z + ¢;) expi(kagc; + ap_1)z" 1+
i=0

n
= —dexp{-arz"} Y Aso(2). (4.24)
i=0
We are comparing the order of two sides of equation (4.24). The order of the left-hand
side of (4.24) is

n m ) k-1
p(ZZAij(z)q)j(mc,-)e(k“kwk—”z "
i=0 j=1

) i k-1 vee
+ Y Ajg(2)H(z + ) ekakci+ai-Dz+ )
i=0

< max {p(Aij)rp(H),p(e(kakci"'ak—l)zk_l+~-.)}

T 0<i=n0<js<m

:deg((kakci + ak_l)zk_l +e ao) =k-1,0<i<n,

while the order of the right-hand side of (4.24) is equal

p(—dexp{—akz’“}ZAio(z) = k.

i=0
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Thus a contradiction arises. Hence

Af-d)=p(f).

4 Examples:

Example 4.4.1 The entire function f(z) = exp{z?} is a solution of the following complex

delay-differential equation
AR f (z+ 1) +Ag(2) f(z+1) =0,
where
Ao(D)==2Z+(1-DZ*+(Q-i)z+1exp2(0—i)z+2},

Al(z):zz—iz+ 1.

We note that p(Ag) =1 > p(A;) = 0. Hence, the conditions of Theorem 4.1.3 are verified. We
seethatp(f)=2=p(Ag) +1.

Example 4.4.2 Theentire function f(z) = exp{z°} is a solution of complex delay-differential

equation

A1(2)f'(2) + Ag(2) f(z+2i) =0,
where

Ao(2) = —-3(z* + 4iz%) exp{—6iz° + 8z},

A1(2) = (2% + 4i) exp{—4z — 8i}.
We have

max{p(A;j), j=0,1} =p(Ag) =2,
and

TM(A]) =4 < TM(Ag) = 6.

Hence, the conditions of Theorem 4.1.4 are satisfied. Moreover, we see that

p(f)=pAg) +1=3.

Example 4.4.3 The entire function f(z) = exp{z®} satisfies the complex delay-differential

equation

Asx(z2)expiha(2)} f(z— i) +A1(2) f'(z+1+i)+Agexpihy(z}(2) f(z) =0,
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where

Ao(2) =—(22° =21+ 7))z =29+ i) 2> +2(1 + 61) 2 + (3 - 21)2),

ho(2) =31+ 0)z°>=2(1—1), A;(z) = —%z?’ exp{—6iz},

1
As(2) = gzexp{3z}, hy(z2)=3(1+ 2i)z2 -2+1,

and we have
max{p(Aj),j =0,1,2} =1 < deg(hy(z)) =deg(h(z)) =2.

Hence, the conditions of Theorem 4.1.6 are satisfied. We see that
p(f) =deg(ho(z)) +1=deg(h2(z)) +1=3.

Example 4.4.4 The entire function f(z) = exp{z°} is a solution to differential-difference
equation
A (2) f"(2) + A1 (2) f(z— 1) + Ao (2) f(2 +30) =0,

where

Ao(2) =—-3(82% - 2° —(Bn-20)z* +32° - 2iz° = 2(1 + M)z + 2i) exp{—9i 2% + 272 + 271},

A1(2)=— (22 +2i)exp{3iz° +3z— i}, Ax(2) =2° — .

We have
max{p(Ag),p(A1),p(A2)} =2=p(f) - 1.

Hence, the conditions of Theorem 4.1.7 are satisfied. Then, for every finite value d # 0, we

have
Af—d)=p(f)=3.

Example 4.4.5 The entire function f(z) = exp{z?} is a solution of homogeneous complex

delay-differential equation
A1 (2) f'(z+20) + Ao1(2) f'(2) + A19(2) f (2 + 21) + Ago(2) f (2) =0,

where
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2 2

Z2+7
Ajo(2) =—

Ago(z) =— ) ;
00(2) 23 —in z+2i

exp{—2iz+1},

2
Ap1(2) =

z .
Al](Z) = m exp{—212+ 1}

Z3—im’
and max{p(A;;(2)),i =0,1,j =0,1} = 1 < p(f) = 2. Then, by Theorem 4.1.8 for every finite

value d #0, we have
Af—-d)=p(f)=2.
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Chapter 5

Growth and fixed points of solutions of
linear differential equations with entire

coefficients of [p,q]-order

1 Introduction and Statement of Main Results:

In this chapter, we study the growth and fixed points of solutions to complex higher-order

linear differential equations of the form
FO+a @ %V 4+ A1) f +A0(2) f =0, (5.1)

and
Ac@fP + A @R V4 4 A (@) f +As(2) f =0, (5.2)

where k = 2, and the coefficients A;(z), for i =0,..., k, are entire functions of finite [p, g]-
order.

Historically, Juneja, Kapoor, and Bajpai [31] introduced the concept of [p, g]-order to
study properties of entire functions. Building on this foundation, Liu, Tu, and Shi [49]
made a slight modification to the original definition, which enabled a more detailed in-
vestigation of the growth behavior of entire solutions to higher-order complex linear dif-
ferential equations such as (5.1).

More recently, Li and Cao [44], Hu and Zheng [25], Belaidi [4], and Chen et al. [16]
have investigated the growth of solutions to equations (5.1) and (5.2) with meromorphic
and analytic coefficients, both in the complex plane and in the unit disc D = {z: |z| < 1},
using the concept of [p, g]-order.

In 2015, Belaidi [4] whose studied the growth of solutions to homogeneous linear dif-
ferential equations in which the coefficients are meromorphic functions of finite [p, q]-

order. For a particular case of equation (5.1), he obtained a significant result.

48



Theorem 5.1.1 [4] Let p = q = 1 be integers. Let H be a set of complex numbers satis-
fying dens{lz|:ze H} > 0, and let Ay (2),...,Ax—1 (2) be meromorphic functions satisfying
max{p(p,q)(A;), i =0,...,k—1} < p(0 < p < 00). Suppose that there exist two real numbers o

and p satisfying 0 < p < o such that, we have

A0 (2)] = exp,, {olog,,_, r)p}

and
A; (2)] <exp, {ﬁ (logq—l r)p}

as|z| — +oo for z € H. Then the following statements hold:
() Ifp=q=1o0r3<q=p+1, then every meromorphic solution f # 0 whose poles are of
uniformly bounded multiplicities or d(co, f) > 0 of equation (5.1) satisfies p(p+1,4(f) =p.
(ii) If p =1, q = 2, then every meromorphic solution f # 0 of equation (5.1) satisfiespz,2)(f) =
p.

Recently, Chen et al.[16] studied the growth and complex oscillation of solutions, as

well as their derivatives of arbitrary order, for linear differential equations with analytic

coefficients in the unit disc. They established several significant results.

Theorem 5.1.2 [16] Let p = 1 be an integer. Let H be a set of complex numbers satisfying
%D {lz|: z€e HS D} >0, and let Ay, ..., Ax—1 be analytic functions in the unit disc D such
that

max{pm,p (A1) :i=1,2,...k—1} < pm,p (Ag) = (0 < p < +00)

and for a constant « = 0, we have

limian ((1 —lzl)*log,, |Ao (z)I) > o

|z|—17, z€

and

i@l sexp,{o(2z)} G=1,k-1)

as |zl — 1~ for z € H. Then every solution f # 0 of equation (5.1) satisfiesp, (f) =pm,p (f) =
00 and pp+1 (f) =PM,p+1 (f) =pM,p (Ag) = M.

Theorem 5.1.3 (/16]) Let p = 1 be an integer. Let H be a set of complex numbers satisfying
denspilzl:ze HE D} >0, and let Ay, ..., Ax—1 be analytic functions in the unit disc D such
that

max{pm,p (A)):i=1,2,...,k—1} < pm,p(Ag) = (0 < p < +00)
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and

. _ i . . . _ V] . _
|ZI|T}—S}§EH((1 |2))M10g,, IA; (2)]) < |z|lir?—1,2£H((1 2)*10g, 140 (2)]) (i=1,... k= 1)
as|zl — 1~ for z€ H. Then every solution f # 0 of equation (5.1) satisfiesp, (f) =pm,p (f) =
oo and Pp+1 (f) =PM,p+1 (f) =PM,p (Ag) = M.

Very recently, Belaidi and Belmiloud [9] generalized the results of Chen et al. [16] by
replacing the notion of iterated p-order with the more general notion of [p, g]-order, and

obtained the following result.

Theorem 5.1.4 (/9]) Let p = q = 1 be integers. Let H be a set of complex numbers satisfying
MD {lz|]: ze H= D} > 0, and let Ay, ..., Ax—1 be analytic functions in the unit disc D such
that

max{oy (p,q) (A) 11 =1,2,.., k= 1} < Oy (4,4 (Ao) = (0< < +00)

and for a constant « = 0, we have

log, 1Ao (2)]
liminf 8p 170 > o

lz|—1-,zeH (logq—l (I—LIZI)) '

and

M .
i () < exp,, {a(log,, (2z])) "} =1, k-1
as |z| — 17 for z € H. Then every solution f # 0 of equation (5.1) satisfies o[, 4] (f) =
OM,[p,q] (f) =00 ando[pﬂ,q] (f) =0M,[p+1,9] (f) =H.
Building upon the work of Belaidi and Belmiloud [9], we extend their results from the
unit disc to the whole complex plane. This chapter is devoted to the study of the growth

of solutions of complex differential equations whose coefficients are entire functions of

finite [p, gl-order. The main results of our investigation are presented below.

Theorem 5.1.5 [43] Let p = g =1 and k = 2 be integers. Let H be a set of complex numbers

satisfyinglogdens{|z|: z€ H} > 0, and let Ay, ..., Ax_, be entire functions such that
max{p(,q) (Ai) 1§ =1,2,., k= 1} < pp,q) (Ao) = (0 < p < +00)

and for a constant « = 0, we have

log, |Ao (2)|
liminf gp—o>0( (5.3)

|z]—+00,zeH (log 1 |Z|)p
q_

and
A @) <exp, {a(log, 12l)'} (=1,...k-1) (5.4)
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as |zl — +oo for z € H. Then every solution f # 0 of equation (5.1)satisfies pyp, 4 (f) = 00
andppp.1,q) (f) = 1.

By Theorem 5.1.5, we easily obtain the following corollary.
Corollary5.1.6 [43] Letp=q =1 and k =2 be integers. Let H be a set of complex numbers
satisfyinglogdens{|z|: z€ H} > 0, and let Ay, ..., Ax—, be entire functions such that

max{p[pyq] A):i=1,2,.., k- 1} <P[p,q) Ao) =p (0 < p< +o0)

and for some real constants o,y where0 <p < «, we have

1l
|Ag (2)| = exp, {(x (logq_1 Izl) }
and
M.
|A; (2)] < exp,, {ﬁ (logq_1 Izl) }, i=1,..., k-1
as |z| — +oo for z € H. Then every solution f # 0 of equation (5.1) satisfies p(p,q] (f) =0
and pip.1,q] (f) =

Theorem 5.1.7 [43] Let p= g =1 and k = 2 be integers. Let H be a set of complex numbers

satisfyinglogdens{|z|: z€ H} > 0, and let Ay, ..., Ax—, be entire functions such that
max{p[p,q] AD:i=1,2,.. k- 1} < P(pq] o) =t (0< < +00)

and log, IA; (2)] log, Ao (2|
(0} i (Z (0] Z
limsup —P 2 o fiminf —2P 0 oy k- (5.5)

= u
|z]—+o00,ze€H (1qu_1 IZI) |z]—+00,zeH (logq—l |Z|)

as |z| — +oo for z € H. Then every solution f # 0 of equation (5.1) satisfies p|p,q] (f) =0
and pip.1,q] (f) =

Theorem 5.1.8 [43] Let p= g =1 and k = 2 be integers. Let H be a set of complex numbers

satisfyinglogdens{|z|: z € H} > 0, and let A, ..., A1 be entire functions such that
max{p[m] A):i=12,.,k- 1} <P[p,q Ao)=H (0<p< +o0)

and for a constant« =0, if p = q = 2 we have

o logp_1 T (r,Ap)
liminf - >« (5.6)
|z|]—+00,zeH (logq_l |Z|)

and
T(rA) <exp,_ {a(log, 1zl)'}, G=1,..k-1) 5.7)
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as |zl =r — +oo for z € H, then every solution f # 0 of equation (5.1) satisfies Plp.q] (f) - 00
andp[pﬂ.q] (f) =W Ifp=q=1, we have

T(r,A
liminf ~29 S kD (5.8)
|z|—+o0,zeH | z|H
and
T(r,A;) S(xlzlp, (i=1,...k-1) (5.9)

as|z| =r — +oo for z € H, then every nontrivial solution f of equation (5.1) satisfies p(f) =

oo and pz (f) = .

By Theorem 5.1.8, we easily obtain the following corollary.

Corollary 5.1.9 [43] Letp =g =1 and k =2 be integers. LetH be a set of complex numbers

satisfyinglogdens{|z|: z€ H} >0, and let Ay, ..., Ax—1 be entire functions such that
max{p(q) (A) 1 =1,2,., k= 1} < p,q) (Ao) = (0 < p < +00)
and for some real constants o, 3, where0 < p < a, we have

T(r,Ao) zexp,_, {0( (logq—l |Z|)p}

and
K .
T(r,A;) < exp,_ {[3 (logq_1 Izl) }, (i=1,...k-1)
as |zl =r — +oo for z € H. Then the following statements hold:
@) Ifp=qg=1and0 < (k—1)P < «, then every nontrivial solution f of equation (5.1)

satisfies p(f) = oo and py (f) = p.
(i) If p=q =2 and0 <P < «, then every nontrivial solution f of equation (5.1) satisfies

Plpal (f) =00 andpppin ) (f) = .

Theorem 5.1.10 [43] Letp = g =1 and k = 2 be integers. Let H be a set of complex numbers
satisfyinglogdens{|z|: z€ H} > 0, and let Ay, ..., Ax—1 be entire functions such that

max{p(q) (A) 1 =1,2,., k= 1} < ppp,q (Ao) =t (0< < +00)

and ifp = q =2, we have

logp_lT(r,A,-)
limsup —— —— < liminf T
|z]—+00,z6€H (]qu_l|z|) |z|—+00,z€H (logq_IIZI)

log,_, T (r,Aq)
b S I T (5.10)

as|z|=r — +oo for z € H, then every nontrivial solution f of equation (5.1) satisfiesp, 4] (f)=

00 and pyp1,q (f) =
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Ifp=q=1, we have

k-1T )A' T ,A .
limsup WEDLA) - fiming M, (i=1,.,k-1) (5.11)
|z|—+00,z€H |z|M |z|—+00,zeH | z|H
as|z| — +oo for z € H, then every nontrivial solution f of equation (5.1) satisfies p(f)=o00
and py (f) = p.

Theorem 5.1.11 [43]Letp = qg =1 and k = 2 be integers. Let H be a set of complex numbers
satisfying logdens{|z|:z€H} > 0, and let Ay, ...,Ax be an entire functions such that for

some constants « = 0 and p > 0, we have (5.3) and
H .
A; (2)] < exp, {a(logq_1 Izl) },(l =1,...,k)

as |z| — +oo for z € H. Then every meromorphic (or entire) solution f # 0 of equation (5.2)

satisfies P(p.q] (f) =00 “ndp[p+1,q] (f) = H.

Theorem 5.1.12 [43] Let p = q = 1 and k = 2 be integers. Let H be a set of complex num-
bers satisfyinglogdens{|z|: z€ H} > 0, and let Ay, ..., Ay be entire functions such that for a
constant pu > 0, we have

log,, 1A; (2)]

limsup —— < liminf
|zl —+00, zeH (logq—l |Z|)” | z|—+00, zeH (logq—l IZI)

log, 1A¢ (2)|
o O i1k

as|z| — +oo for z € H. Then every meromorphic (or entire) solution f # 0 of equation (5.2)
satisfies p[, 41 (f) =00 and ppp.1 41 (f) = 1.

Theorem 5.1.13 [43] Letp = g =1 and k = 2 be integers. LetH be a set of complex numbers
satisfyinglogdens{|z|: z€ H} > 0, and let Ay, ..., Ay be entire functions such that for some
constantsa =0 and p >0, if p = q = 2 we have

log, T (r,Ao)
liminf —21 " " S « (5.12)

|z|]—+00,zeH (log . |Z|)p
q_

and
T(rA) <exp,_ {a(log, 12l)'}, (i=1,... k), (5.13)

as |z| — +oo for z € H, then every meromorphic (or entire) solution f # 0 of equation (5.2)

satisfies P[p.q] (f) =00 dndp[p+1,q] (f) = M.

Ifp=q=1, we have
T (r,A)

liminf > ko (5.14)
|z|—+o00,zeH  |z|M
and
TrA) <alzl",(i=1,.., k) (5.15)
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as |z| =r — +oo for z € H, then every meromorphic (or entire) solution f # 0 of equation
(5.2) satisfies p (f) = co and pz (f) = p.

Theorem 5.1.14 [43] Let p = g =1 and k = 2 be integers. Let H be a set of complex numbers
satisfyinglogdens{|z|: z€ H} > 0, and let Ay (z), ..., Ax (z) be entire functions such that for
aconstantpu >0, if p = q = 2 we have

logp_1 T (r,A;)

limsup —— — < liminf oo o (i=1,..,k) (5.16)
|z|—+00,ze€H (1qu_l|z|) |z|—+00,2eH 1qu_1|Z|

1ogp_1 T (r,Ap)

as |z| = r — +oo for z € H, then every meromorphic (or entire) solution f # 0 of equation

(5.2) satisfies P[p.q] (f) =00 andp[p+1,q] (f) = .
Ifp=q=1, we have

kT (|zl|,A; T (|z], A
limsup M< liminf M,(i:l,...,k) (5.17)

|z|—+00,ze€H |z|H |lz|—+oo,zeH  |z|M

as |z| =r — +oo for z € H, then every meromorphic (or entire) solution [ # 0 of equation
(5.2) satisfies p(f) = oo and p, (f) = p.

In the same paper, Belaidi and Belmiloud [9] obtained several results on the fixed
points of solutions of equations (5.1) and (5.2). In this chapter, we extend these results

and establish the following theorems.

Theorem 5.1.15 [43] Assume that the assumptions of Theorem 5.1.5 or Theorem 5.1.7 hold.
Then every solution f # 0 of equation (5.1) satisfies

Ap.a) (f(j) - Z) =A[p,q) (f = 2) =P[p,q) (f) =00,

;\[p+1,q] (f(j) - Z) = }\[p+1,q] (f_ Z) =P[p+1,9] (f) =K (] = 1’2"") :
Theorem 5.1.16 [43] Assume that the assumptions of Theorem 5.1.8 or Theorem 5.1.10
hold. Then every solution f # 0 of equation (5.1) satisfies

;\[P:Q] (f(j) - Z) =Alp,q] (f-2)= Plp.q] (f) =00,

Mprial (10 =2) 2R perg) (F = 2) =pppeng (D=1 (=1,2,0.).

Theorem 5.1.17 [43] Assume that the assumptions of one of Theorem 5.1.11 to Theorem
5.1.14 hold. Then every meromorphic (or entire) solution f # 0 of equation (5.2) satisfies

Ap.a) (f(j) - Z) =X p,q) (f =2) =P[p,q1 (f) =00,
Ap+1q] (f(j) _Z) =Aprg) (f=2) =Pperg (f) Zz 1 (7=1,2,..).
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2 Some Auxiliary Lemmas

In this section, we present some lemmas that will be used in the proofs of our main

theorems.

Lemma 5.2.1 [2]] Let f(z) be a transcendental meromorphic function, and letn > 1 be a
given constant. Then there exist a set E; c (1, +o0) with finite logarithmic measure and a
constant B > 0 that depends only onn and j (0 <i < j < k), such that for all z satisfying
|z| =7 ¢[0,1] UE;, we have

T(Mr, f) =i

() j
@ SB[f(log” NI, f)

f(i) (2)

Lemma 5.2.2 [22] Let g: (0,4+00) — R and h: (0,+00) — R be monotone increasing func-
tions such that g (r) < h(r) forallr ¢ E3U [0, 1] whereE3 c (1, +00) is a set of finite logarith-
mic measure. Let d > 1 be a given constant. Then there exists an ry = ro(d) > 0 such that

g(r) < h(dr) forallr > ry.

Lemma 5.2.3 [66] Let p = q = 1 be integers. If Ay(z),...,Ax—1(2) are entire functions of
finite| p, q] —order, then every solution f # 0 of equation (5.1) satisfies

Pip+1,q] (f) < max{p[p,q] (A]) : ] =0,1,...,k—1}.

Lemma5.2.4 [5] Let p = q = 1 be integers. Let Ag,...,Ax—1 and F # 0 be finite [p, q] -
order meromorphic functions. If f is a meromorphic solution with p(,,q (f) = 0o and

Plp+1.4] (f) =p < oo of equation
f(k) +Ak-1 (Z)f(k_l) +--+A;(2) f'+A¢(2) f=E

then

)\[pﬂ] (f) = )\[p,q] (f) = p[p,q] (f) =00,
X[Pﬂyq] (f) = )\[p+1,q] (f) =P[p+1,q] (f) =p-

3 Proofs of Theorems:

Proof of Theorem 5.1.5. Suppose that every solution f of equation (5.1) not being iden-
tically equal to 0. From the conditions of Theorem 5.1.5, there exists a set H of complex
numbers satisfying W{Izl =r:z€H} > 0. Set Hy = {|z| =r: z€ H}. Then by Propo-
sition 1.4.6, H; is a set with fi;, % = +00o, such that for z € H we have (5.3) and (5.4) as

|z] — +00. By Lemma 5.2.1 for n = 2, there exists a set E; < (1, +00) with fEl % < oo such
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that for |z| ¢ [0,1]UE;, we have for j=1,...,k

() J .
7@ _g [T(Z—r’f)(log2 nlogT@r, f)| <B[TEr ). (5.18)
f®@ r
From (5.1), we get
(k) (k-1) /
|Ap (2)] = fT +|Ag-1 (2)] ff +--+ 1A (2)] % . (5.19)
By (5.3), we know that
... log,lA¢(2)
dyeR: liminf ———>y>a.
|Z|_’+OO,Z€H (logq_l |Z|)
Obviously
08B saz0 (5.20
(logq_1 Izl)

as |z| — +oo for z € H. By (5.3) and (5.20), we obtain

A0 (@) > exp), { log,_, 'Z')p}

>exp,, {a(logq_l |z|)“} >1A; (@) (21,2, k—1) (5.21)

as | z| — +oo for z € H. Applying (5.18) and (5.21) into (5.19), we obtain

exp,, {Y (logq_l IZI)H} <|Ag (2|
< kB[T (211, /)] "' x exp,, {10, I21)"}

holds for all z satisfying |z| € H;\ ([0,1] UE,) as |z| — +oo. Noting that y > «, by the last

inequality and combining with Lemma 5.2.2, for all r =|z| € H;, we have

exp((1-o0(D)exp,,_, {y(log,_, r)“}) < kB[T (2dr, f)]**". (5.22)
Therefore, from (5.22) we obtain p,, ;1 (f) = co and
log +1 T (r’ f)
=1i P s 2
P[p+1,q) (f) =limsup og,r =" (5.23)
By Lemma 5.2.3, we get
Oprig) (F) <max{py,q (A):1=0,1,.. k=1}=p[ 4 (A0) = . (5.24)
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Therefore, by (5.23) and (5.24), we obtain py, 4 (f) = co and

Olp+1.q] () =P[p.qg) Bo) = b

Proof of Theorem 5.1.7. Set

log, |Ao (2)|
ap= liminf _or

)
|z|—>+oo,z€H(

M
logq_1 Izl)

. logplAi @
a; = limsup — (i=12,...,.k=-1).

|z]—+00,zeH (logq_l |Z|)

By (5.5), there exist real numbers a, y such that a; <a<y<ag,i=1,2,...,k—1. It yields for

i=12,...k-1
log, 1A; (2)] log,, |Aq (2)]

(Iqu—l |Z|)H Saers (lqu—1 |Z|)p

as |z| — +oo for z € H. Hence, we have (5.21) as |z| — +oo for z € H. Then, by using the

same proof of Theorem 5.1.5, we get

Plp,q] (f) =00 and pp,.y 41 (f) Z 0

and by Lemma 5.2.3 we obtain the conclusion of Theorem 5.1.7.

Proof of Theorem 5.1.8. Suppose that every solution f of equation (5.1) not being

identically equal to 0. By (5.1) , we can write

1Y@ 40 f'@

—Ap(2) = +Ak-1(2) +--+ A1 (2)

From (5.25), we obtain

k-1 k f(i)
T(r,A¢) = m(r,Aq) < ) m(r,Aj)+ ) m (r, 7 +0(D)
i=1 i=1

k-1 k f(i)
= ZT(T,AI') + Zm (r, T) + O(l)
i=1

i=1

If p = g = 2, then by (5.6), we know that

log,_; T (, Ao)
IyeR: liminf —or- 70

>Y>aQ.
|z] = +00,zeH (

log,_, IZI))

Y4

f(z) f(z) flz)’

(5.25)

(5.26)



Obviously
logp_1 T (r,Ap)
—— g >Yy>az0 (5.27)

(logq_1 Izl)

as |z| — +oo for z € H. By (5.7) and (5.27), we obtain

T(r,A0) >exp,_; {Y(Iqu—l (Il) u}

> €Xp,_; {0((logq_1 Izl) } >T(rA;), (i=1,2,.. k-1) (5.28)

as |z| — +oo for z € H. By applying Lemma 4.2.2 and substituting (5.28) into (5.26), we

obtain

exp,_ {Y (logq_1 r)u} <(k-Dexp,_, {0( (logq_1 r)u} +0(logT(r, f) +logr)

for all z satisfying |z| = r € H1\ E2 as | z| = r — +00. Noting that y > «, by the last inequality

and combining with Lemma 5.2.2, we have
W
(1-o()exp,; {Y (logq_1 r) } < O(logT(dr, f) +logdr) (5.29)

for all z satisfying |z| = r € H; as |z| = r — +oo. Therefore, from (5.29) we obtain

P[p.q] (f) =00 and ppp.1 4 (f) = 1. (5.30)

By Lemma 5.2.3, we get

P[p+1,q] (f) < max{p[p,q] Ap):i=0,1,.... k- 1}

Therefore, by (5.30) and (5.31), we obtain

Plpgl (f) =coand pppiq) (F) = 1.

If p=g =1, then by (5.8), we know that

T (r,A
JyeR: liminf M>\(>(Ic—1)o(.

|z|]—+00,zeH | z|M

Obviously
T (r,Ao)

|z|"

as |z| — +oo for z € H. By (5.9) and (5.32), we obtain

>y>(k-Da=0 (5.32)

T(r,Ag) >YlzI" > (k-1 alzl* =alzl* =T (r,A)), (i=1,2,...,.k—1) (5.33)
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as |z| — +oo for z € H. By applying Lemma 4.2.2 and substituting (5.33) into (5.26), we
obtain
Yzl < (k— 1 alzl* + O (logT(r, ) +logr)

for all z satisfying |z| = r € Hi\ E; as |z| = r — +oo. Noting that y > (k- 1) a, by the last

inequality and combining with Lemma 5.2.2, we have
(Y- (k-Da)r¥ =O(logT(dr, f) +logdr) (5.34)
for all z satisfying |z| = r € H; as |z| = r — +oo. Therefore, from (5.34) we obtain

p(f) =00 and pz(f) = . (5.35)

By Lemma 5.2.3, we get
p2(f) =max{p(A):i=0,1,...,k—1} =p(Ag) = . (5.36)

Therefore, by (5.35) and (5.36), we obtain p (f) =co and p2 (f) = .

Proof of Theorem 5.1.10. If p = g = 2, we set

log, T (r,Ap)
ap= liminf Lﬂ,
|z]—+00,zeH (logq_llzl)

logp_1 T (r,A;)

a; = limsup (=12, k-1).

|z]|—+00,zeH (logq_l |Z|)

By (5.10), there exist real numbers o, y such that a; <a<y<ap, i=1,2,...,k—1. It yields

fori=1,2,...k—1
logp_1 T(r,A;) logp_1 T (r,Ap)

ogg 1)~ (g1’

as |z| — +oo for z € H. Hence, we have
M M .
T (r,Ag) > exp,_ {Y(logq_1 Izl) } > €exp,_; {0( (logq_1 Izl) } =T(rA), (i=1,2,..,.k—1)
as |z| — +oo for z € H. Then, by using the same proof of Theorem 5.1.8, we get

Plp.q] (f) =00 and Plp+1,9] (f) =W

and by Lemma 5.2.3 we obtain the conclusion of Theorem 5.1.10.
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If p=g=1, weset

. T (r,Ao)
oop= liminf
|z|—+0o,zeH | z|M

k—1)T(r,A;
a; = limsup w, (i=12,...,k-1).

|z|—+00,zeH |z|M

)

By (5.11), there exist real numbers o,y such that o; <a <y <, i =1,2,...,k— 1. It yields
fori=1,2,....k—1

k—1)T(rA; T (r, A
EDTIA) ey« TR0 (5.37)
|z|H | z[H
as |z| — +oo for z € H. By (5.37), we obtain
T(r,Ag) >YlzI* >alzl' = (k-1 T (r,A), (i=1,2,..,k—1) (5.38)

as |z| — +oo for z € H. By applying Lemma 4.2.2 and substituting (5.38) into (5.26), we
obtain

yr¥ <art +O(logT(r, f) +1logr)

for all z satistying |z| = r € H; \ E; as | z| = r — +o00. Noting that y > a, by the last inequality

and combining with Lemma 5.2.2, we have
(y—a)r* <O (logT(dr, f) +logdr) (5.39)
for all z satisfying |z| = r € H; as |z| = r — +oo. Therefore, from (5.39) we obtain
p(f)=coand p(f) = p. (5.40)
By Lemma 5.2.3, we get
p2(f) =max{p(A):i=0,1,...k—1} =p(Ag) = . (5.41)

Therefore, by (5.40) and (5.41), we obtain p (f) =coand pz(f) = p.
Proof of Theorems 5.1.11 and 5.1.12. Suppose that every meromorphic (or entire)

solution f of equation (5.2) not being identically equal to 0. From (5.2), we get

f(k) f(k—l) f'
1Ag (2)| = |Ak (D) |=—| + |Ak-1 (2)] +o+ AL (D)= (5.42)
f f f
By using a similar proof as in Theorem 5.1.5 or Theorem 5.1.7, we obtain
u
[Ag (2)] >ex log _,|z|

> exp,, {a(logq_1 Izl)p} =|A;(2)| (i=1,2,..,k)
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as |z| — +oo, for z € H. Applying (5.18) and (5.43) into (5.42), we obtain

exp), {Y(logq_l Izl)“} =<|Ao(2)| < kB[T (2|Z|,f)]k+lexpp{a(logq_l |z|)“}

holds for all z satisfying |z| € H;\ ([0,1] UE;) as |z| = r — +00. Noting that y > «, by the

last inequality and combining with Lemma 5.2.2, for all r = |z| € H;, we get

exp((1-0)exp,,_, {y(log, ) }) < kB[T (2ar, £)]*"". (5.44)

Therefore, from (5.44) we obtain p,, ;1 (f) = co and

. log,.,T(r, f)
Plp+1,q] (f) =1lmsul.f>L = M.

r—+0o log, r

Proof of Theorems 5.1.13 and 5.1.14. Suppose that every meromorphic (or entire)

solution f of equation (5.2) not being identically equal to 0. By (5.2), we can write

f(k)(z) f(k—l)(z) f/(Z)
—Ag(z)=A +Apo1 (R) ———+--+A : 5.45
0(2) =Ax(2) 7@ k-1(2) 7@ 1(2) It (5.45)
From (5.45), we obtain
k k f(i)
T(r,A¢) = m(r,Aq) < ) m(r,A;) +Zm(r, 7) +0(1)
i=1 i=1
k k f(i)
:ZT(r,Ai)+Zm(r, 7 +0(D). (5.46)
i=1 i=1

If p = g = 2, then by using a similar proof as in Theorem 5.1.8 or Theorem 5.1.10, we obtain

T (r, Ao) >expp_1{Y(108q—1|Z|)p}

> exp,_, {o(log,_, |Z|)P} CTUAY, (212 k) (5.47)

as |z| — +oo for z € H. By applying Lemma 4.2.2 and substituting (5.47) into (5.46), we

obtain

exp,_; {Y(logq_1 r)“} < kexp,_; {(x(logq_1 r)p} +0(logT(r, f) +logr)

for all z satisfying |z| = r € H; \ E; as | z| = r — +o00. Noting that y > a, by the last inequality

and combining with Lemma 5.2.2, we have

(1-o(1))exp,; {Y (logq_1 r)p} <O (logT(dr, f) +logdr) (5.48)
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for all z satisfying |z| = r € H; as |z| = r — +oo. Therefore, from (5.48) we obtain
Pyl (f) =c0 and ppyerq) () = 1.
If p= g =1, then by using a similar proof as in Theorem 5.1.8 or Theorem 5.1.10, we have
T (r,Ag) > ylz|* > kalz|" > alz|* =T (r,Ay), (i=1,2,..,k) (5.49)

as |z| — +oo for z € H. By applying Lemma 4.2.2 and substituting (5.49) into (5.46), we
obtain
yr¥ < kart + 0 (logT(r, /) +logr)

for all z satisfying |z| = r € H; \ E as |z| = r — +o00. Noting that y > k«, by the last inequal-

ity and combining with Lemma 5.2.2, we have
(Y- ko) r* < O (logT(dr, f) +logdr) (5.50)
for all z satisfying |z| = r € H; as |z| = r — +oo. Therefore, from (5.50) we obtain

p(f) =00 and p2(f) z u.

Proof of Theorem 5.1.15. Suppose that every solution f of equation (5.1) not being
identically equal to 0.

First step: We consider the fixed points of f. Define the function g by setting
g(2):=f(2)—2z z€eC.
It follows from (5.1) that
gP + AL 1% Vh o+ A g +Ag=—A1 - ZAg (5.51)

and by Theorem 5.1.5 or Theorem 5.1.7, we have

Pp,q] (g) =P[p,q] (f) =00, P[p+1,q] (g) =P[p+1,q] (f) =K1

N = (5.52)
Mp+1,q1(8)=Aprrq (f—2)-

Now, we prove that —A; — zAy # 0. Assume that —A; — zAp = 0. Clearly Ay # 0. Then
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lim %
|z]|—+00,zeH | 120

=+o0 and by (5.21), we have

A1 (2)
A (2)

3 exp, {(x(logq_1 Izl)“}

exp, {\((logq_1 Izl)u}

1
- -0

) exp {(1 —o(l))exp,_; {Y (Iqu—l |Z|)H}}

as |z| — +oo for z € H. Then lim %
|z|—+00,zeH | 120

—A1 — zAg # 0. Next by Proposition 1.3.6, we get

= 0. It is easy to see the contradiction. Hence,

max{p(,q) (A) (i=0,1,...,k=1),p[q) (~A1 = 2A0) } =) (A0) < 00.

We deduce, by using (5.51), (5.52) and Lemma 5.2.4 that

Apa1 (8) =P(p.q1 (8) =00 Appi1 g1 (8) =Pps1,q (8) =1

Therefore, we obtain

Mp.a) (f = 2)=A[p,q) (8) =P p,q] (8)=P(p,q] (£) =00,

Alp+1,q] (f-2)=

(p+1,0) (8) =P[p+1,q1 (8) =P[ps1,q) (f) = 1

Second step. For the following proof, we use the principle of mathematical induction. Set
A (2) =1, then
W
A (2)| < exp, {a(logq_1 Izl) }

and equation (5.1) becomes (5.2). We consider the fixed points of f(f) (2) (j =12,..).
Define the function g; by setting

g1(@):=f"(2)-z zeC.
Then, by Lemma 5.2.4 and (5.52), we obtain

Pp.q] (&1)= Plp.q] (f) =00, Plp+1,q] (&1)= Plp+1,q] (f=w

i P , (5.53)
)\[p+1,q] (gl) :A[p+1,q] (f _Z)'
Dividing both sides of (5.2) by A, we obtain
Ak (k) Ak—l (k-1) Al /
— +— +--+—f+f=0 5.54
T AR af+r (5.54)
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It follows, by differentiating both sides of equation (5.54) that

R R O

A Ao Ao Ao)  Ag
ArY ,
+{[—] +1)f =0. (5.55)
Ag
Multiplying (5.55) by Ay, we obtain
A fOY 4 AL fP ok AL+ AgL f =0, (5.56)
Substituting f’ = g; + z into (5.56), we obtain
Ak.lgik) +Ak—1,1g{k_l) +o 4+ A8 +A0181=F, (5.57)
where
A ) L A .
Api=Ar=1, A=A (( 1;;1) + A—;) (i=1,2,.,k-1), (5.58)
AY
A1 =Ao|[—| +1), (5.59)
Ao
Fi=- (Al,l + ZAO,I) . (5.60)

Next, we prove that Ag; # 0 and F; # 0. Assume that Ay,; = 0. So, by Ag #Z 0 we get (2—;), +
1 =0, and then 2—; = —z + C;, where C; is an arbitrary constant. Hence, we have A; +
(z—C1)Ag=0.Then, f =z-C; is asolution of (5.1) and p[,, 4 (f) = 0 < co. This contradicts
(5.52), hence Ap,; Z 0. Now, assume that F; = 0. Then

Al,l + ZAle =0. (5.61)

By (5.56) and (5.61), we know that the function f such that f’ = z is a solution of equation
(5.56). Hence equation (5.1) has a solution f; satisfying f] = z and Pip.q] (f1) =0 < co. This
contradicts (5.52). Therefore, F; Z 0. It follows by (5.58)—(5.60) and Proposition 1.3.6 that

max{p(q1 (Ai1) (=0,1,...,K),0(p,q] (F)} =py,q] (Ao) <00

We deduce by using (5.53), (5.57) and Lemma 5.2.4 that

)\[p,q] (gl) =P[p,q] (gl) =00, )\[p+1,q] (gl) =P[p+1,q] (gl) =M.

Therefore, we obtain

Mp.al (F'=2) = A p,q1 (81) =P[p,q) (81) =0 (p.q) (f) =00,
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Mps1q] (F = 2) = Api1,q) (81) =0 [pr1,q1 (81) =Pps1,q () = 10

Set g» (z) = f" (z) — z, z € C. Then, by Proposition 1.3.6 and (5.52), we obtain

Plp.q] (gz) =P[p,q] (f) =00, Plp+1,q] (gZ) =P[p+1,q] (f) =K

P P, : (5.62)
Mp+1,q1(82) = Aprr,q (f7 = 2).-
Then, by using a similar discussion as in the case of the function g;, we can get
Ak f O 2 4 A 1o f D 4k AL fD + Mg f7 =0 (5.63)
and
A2 gék) + Ak—l,zgék_l) +o+ A28 +A0282=Fo, (5.64)
where
Air11) | A :
Akp=1, App=Ao([5E2] +52) (=12,..k-1), (5.65)
A
Ao =Ao1 ([ +1[, (5.66)
Ao,1
Fo=— (A1,2 + ZAO,Z) . (5.67)

Next, we prove that Ap #Z 0 and F» # 0. Assume that Ag» = 0. So, by Ag; # 0 we have

INER Y A . .
(ﬁ) +1=0, then ﬁ = —z+C,, where C; is an arbitrary constant. Hence, we have A; ; +

(z—Cp) A1 =0. Then, f'=z—C; is a solution of (5.56). Thus, equation (5.1) has a solution
[ satisfying f'=z—Cp and p[,, 41 (f) =0 < co. This contradicts (5.52), hence Ao # 0. Now,
assume that F» = 0. Then

A2 +2Ag2 =0. (5.68)

By (5.63) and (5.68), we know that the function f such that f” = z is a solution of equation
(5.63). Hence equation (5.1) has a solution f> satisfying f,' = z and P(p.q] (f2) =0 < oco. This
contradicts (5.52). Therefore, F, # 0. It follows by (5.65)-(5.67) and Proposition 1.3.6 that

maX{P[p,q] (Ai2) (i=0,1,..., K),P[p.q] (Fz)} =p[p,q] (Ao) < oo.

We deduce by using (5.62), (5.64) and Lemma 5.2.4 that

A1 (82) =01p.q1 (82) =00, Apii g1 (82) =P[pe1,q) (82) = 1
Therefore, we obtain
Mp.al (F"=2) =X (p,q1 (82) =P (p,q1 (82) =P (pq) () =00,

X[p+1,q] (f” - Z) = }\[p+1,q] (82) =P[p+1,9] (gz) =P[p+1,9] (f) =M.

65



Now, assume that

AO,S ?_é 0)
Npa) (FO =2) =ppp.q1 (F) =00, (5.69)

Mpi1,g) (F = 2) =P [prqr (f) =1

forall s=0,1,...,, j—1, and we prove that for s = j we have (5.69) holds. Set g; (z) = f(f) (z)—
z, z € C. Then, by using (5.52) and Proposition 1.3.6, we obtain

Pp,a] (gj) =Plp,q] (f) =0, Plp+1,9] (gj) =Plp+1,9] (f) =1

- - . (5.70)
A[P+1,6]] (gj) = )\[p+1,q] (f(]) - Z) .
By following the same procedure as before, we have
Ak'jf(k-'_j) +Ak—1,jf(k+j_l) 4oeee +Al,jf(j+l) +A0,jf(j) =0 (5.71)
and
Ak,jg]('k) + Ak—l,jg]('k_l) +.ee 4 Al,]g; + AO,]g] = F], (5.72)
where
L DA Aipj1) | Aija . B
Akj=1, Ay=Agj () +22) (=12..k-D),

. !/
Ag,j=Agj-1 ((2;:) + 1) Z0 (Ao,o =Ag, A1p :Al) ,
Fj:—(Al,j-i-ZAo’j) Z 0.

We deduce by applying Lemma 5.2.4 in (5.72) that

A(pal (f(j) - Z) =Aip.a) (1) =P(p.q) (81) =P(p.a) (f(j)) =09

X[p+1,q] (f(j) - Z) = )_\[p+1,q] (g]') =P[p+1,9] (gj) =P[p+1,9] (f(j)) =M (] =12, )

Therefore, we obtain
Ap.a) (f(j) - Z) =Apq) (f = 2) =Pp,q) (f) =00,

Ap+1q] (f(j) _Z) = perg) (f=2) =P[prig (f) =1 (j=1.2,..).

Proof of Theorem 5.1.16. Suppose that every solution f of equation (5.1) not being
identically equal to 0. By applying Theorem 5.1.8 or Theorem 5.1.10, we get

Pipal (F) =00, Ppperq) (F) =1t
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Now, we prove that —A; — zA( # 0. Assume that —A; — zA( = 0, then we can easily obtain

T(r)Al):T(r)_ZAO)ST(r)AO)+T(r)Z))

A (5.73)
T(rA) =T (r ) <T(rAN+T(, 2+ 0 ().
It follows from (5.73) that
. Ir9+0Q) ThA) _,  T02) (5.74)

ThAy  T(hAo)  T(hAg)

By following the same reasoning as in the proof of Theorem 5.1.8 or Theorem 5.1.10, we

have
T(r,A0) > exp,; {y (log,, |z|)“} > exp,,_ {o(log, |z|)“} >T(r,A)) (5.75)

as r = |z| — +oo for z € H. By using (5.75), we have

T(r2) _ T(r,2)

T(r,Ag) exp,_; {\((logq_1 Izl)u} -0 70

as |z| — +oo for z € H. Then, by (5.74) and (5.76), we get

T (r)Al)
im -1 (5.77)
|z|—+o00,zeH T (I‘,Ao)
On the other hand, we have for p=g =1
T(rA) «
<-,
T(rAo) Y
which implies
T(rA) «
im =—-<1 (5.78)
lzl—+00,zeHT (1, Ag) Y
andforp=qg=2
W
T (r,A) epr—l{o‘(lqu—llzl) }
T0 Ag) < o —0 (5.79)
200 exp,_y {Y(logq_llzl) }
as |z| — +oo for z € H. It follows by (5.78) and (5.79) that
T (r)Al) (5 80)

1m .
|z]—+o00,zeH T (7, Ao)

Obviously, (5.77) contradicts with (5.80). Hence, —A1—zA #Z0.Set Ay (z) =1, then T (r,Ay) <
exp,_; {0( (logq_1 Izl)p}. Clearly, Ag # 0. We can get the conclusion of Theorem 5.1.16, by

reasoning in the same way as we did in the proof of Theorem 5.1.15.
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Proof of Theorem 5.1.17. Suppose that every meromorphic (or entire) solution f of
equation (5.2) not being identically equal to 0. By applying one of Theorem 5.1.11 to The-

orem 5.1.14, we get

Plp.a) (F) =00, Plpsrg) (f) 2 10

Then, we can get the conclusion of Theorem 5.1.17, by reasoning in the same way as we

did in the proof of Theorem 5.1.15 and Theorem 5.1.16 by using p(,,.1 4] (f) = p instead of
P[p+1.q) (f) = and pp,.1 41 (f(j)) = pinstead of P41 4] (f(j)) =u(j=12..).
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Chapter 6

Complex differential equations with

meromorphic coefficients of [p, g] —order

1 Introduction and Statement of Main Results :

In this chapter, we continue to investigate the higher-order linear differential equation
(5.1), whose coefficients A;(z) (i =0,..., k —1) are meromorphic functions of [p, g]-order.
Using the concept of [p, g]-order, we extend several recent results obtained by Belaidi and
Belmiloud [9] from the unit disc to the whole complex plane.

Considerable attention has been devoted to the study of the growth of solutions to
linear differential equations whose coefficients are entire or meromorphic functions of
finite [p, q]-order in the complex plane. Notable contribution to this area have been made
by Li and Cao, Hu and Zheng, Belaidi and Zemirni, and Belaidi.

In 2012, Li and Cao [44] investigated the growth of meromorphic solutions to the linear
differential equation (5.1), assuming that all coefficients are meromorphic functions of
finite [p, g]—order. They considered the case where the [p, g]—order of a fixed coefficient
Ay dominates the [p, g]—orders of the other coefficients. Under these conditions, they

established the following result.

Theorem 6.1.1 (/44]) Let Ay, Ay, ...,Ar_1 be meromorphic functions in the plane satisfying

1) .
max{p(p,q)(Ai),)\(p,q) (A—O) 1= 1,2,...,k— 1} < p(p,q)(AO) < 400,

then every meromorphic solution | whose poles are of uniformly bounded multiplicities of
(5.1) satisfies

P(p+1,9) () =p(p,q) (Ao).

Recently, Belaidi [4] investigated the growth of meromorphic solutions of the linear

differential equation (5.1). They generalized and improved some results of Kinnunen [32],
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Liu-Tu-Shi [49], Cao, Xu, and Chen [12], and Li-Cao [44], and established the following

result.

Theorem 6.1.2 (/4]) Let H be a set of complex numbers satisfying logdens{|z|:z € H} >0,
and letAy, ..., Ax_1 be meromorphic functions satisfyingmax{p(p,q)(A;) : i=1,2,...,k—1} <
p (0 < p < +00). Suppose that there exist two real numbers satisfying 0 < < a such that, we

have

|A0(2)] = exp,, {allog,_, 1P}

and
1A;(2)| < exp, {Bllog,_, 1P}, (i=1,...k-1)

as|z| — +oo for z € H. Then the following statements hold:

(i) Ifp=q=1o0r3<q=p+1, then every meromorphic solution f # 0 whose poles are of
uniformly bounded multiplicities or 6(1, f) > 0 of equation (5.1) satisfies p(p+1,q(f) =
p.

(ii) Ifp=1, q =2, then every meromorphic solution f # 0 of equation (5.1) satisfiespi2,2)(f) =
p.

The purpose of this chapter is to investigate the growth and oscillation of solutions to
complex linear differential equations of the form (5.1), where the coefficients are mero-
morphic functions of finite [p, g]—order. We extend and improve the results obtained by
Belaidi and Belmiloud [9], originally formulated in the setting of the unit disc to the whole

complex plane. The main results of this chapter are presented below.

Theorem 6.1.3 [41] Let p = g =1 and k = 2 be integers. Let H be a set of complex numbers
satisfying logdens{|z|: z€ H} >0, and let Ay, ..., A, be meromorphic functions such that

max{pp,q(A;):i=1,2,....k—1} <ppg(Ag) = (0 < pu < +00), and for a constant a = 0,

we have
log,, 1Aq(2)]
liminf ——— >« (6.1)
|z]—+00, z€H (logq_l |Z|)Fl
and
|A;(2)] < expP{O((logq_1 Izl)”} (i=1,...,k-1) (6.2)

as|z| — +oo for z € H. Then every meromorphic solution f # 0 whose poles are of uniformly

bounded multiplicities or 6(co, f) > 0 of equation (5.1) satisfies

Pipg(fl=00 and ppi1,q(f) =4
By Theorem 6.1.3, we easily obtain the following corollary.
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Corollary6.1.4 [41] Let p= g =1 and k = 2 be integers. Let H be a set of complex num-
bers satisfying logdens{|z|: z€ H} > 0, and let Ay, ..., Ar_1 be meromorphic functions such
that max{py,q(A;) : i =1,2,...,k—1} < pip,q(Ag) = (0 < p < +00), and for some real

constants o, 3 where0 < f < «, we have

|Ao(2)| = expp,{a(log,_ 12D"}

and

|A;(2)| < exp,{Bog,_, |1zD"}, (i=1,...,k-1)

as |z| — +oo for z € H. Then every meromorphic solution f # 0 whose poles are of uni-

formly bounded multiplicities or d(co, f) > 0 of equation (5.1) satisfies p(p,q(f) = co and
Pip+1,q1(f) = 1.

Theorem 6.1.5 [41] Let p=q =1 and k = 2 be integers. Let H be a set of complex numbers
satisfying logdens{|z|:z€ H} >0, and let Ay, ..., Ax—1 be meromorphic functions such that

max{p[p,q] (Al) ti= 1,2,..., k— 1} < p[p.q] (Ao) =M 0< p< +00),

(0] i\< (0] z
lims gp l . gp 0

———— < liminf ———— (i=1,..,k-1) (6.3)
|2l—-+o0,zeH (108 _1 [ZD  lzl—+o0,z¢H (log,,_; |z])M

as |z| — +oo for z € H. Then every meromorphic solution f # 0 whose poles are of uni-
formly bounded multiplicities or 6(oo, ) > 0 of equation (5.1) satisfies pp,q(f) = co and
Prp+1,q1(f) = .

Theorem 6.1.6 [41] Let p=q =1 and k = 2 be integers. Let H be a set of complex numbers

satisfying logdens{|z|: z€ H} > 0, and let Ay, ..., Ax—1 be meromorphic functions such that

1
Aip,g) (A_o) <Pip.q1(Ao),

max{p,q (A, i=12,...,k—1} <ppgAg) =p (0 < p<+00)
and for a constant =0, if p = q = 2 we have

logp_1 T(r,Ap)
liminf — >« (6.4)
|z|—+00,zeH (lqu_l |z|)H

and

T(r,A;) < exp,,_;{allog,_, lzDH, (i=1,...,k—1) (6.5)

as |z| — +oo for z € H. Then every meromorphic solution f # 0 whose poles are of uni-

formly bounded multiplicities or d(co, f) > 0 of equation (5.1) satisfies pp,q(f) = co and
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Pipe11 () = . If p = g =1, we have

T(r, A
liminf (7, Ao)

|z]—+0c0,zeH | zZ|M

>(k-1a (6.6)

and
T(rA) <alzl", (i=1,...,k-1) (6.7)

as|z| — +oo for z € H. Then every meromorphic solution f # 0 whose poles are of uniformly

bounded multiplicities or 6(co, f) > 0 of equation (5.1) satisfies p(f) = oo and p2(f) = \.

By Theorem 6.1.6, we easily obtain the following corollary.

Corollary 6.1.7 [41] Letp=q =1 and k =2 be integers. Let H be a set of complex numbers

satisfying logdens{|z|: z€ H} > 0, and let Ay, ..., Ax—1 be meromorphic functions such that

1
Aip,g) (A_o) <Pip.q1(Ao),

max{p[p.q] (Ai)!: i= ]-)2)---)k_ 1} = p[pyq] (AO) = ” (O < p, < +OO)

and for some real constants o, ) where0 <p < «, we have
T(r,Ao) = exp,,_; {a(log,_, 1z[)H}

and

T(r,A)) < expp_l{ﬁ(logq_llzl)“}, (i=1,...,k=1)
as|z| — +oo for z € H. Then the following statements hold:

(i) Ifp=qg=1and0 < (k—1)p < «, then every meromorphic solution f # 0 whose poles
are of uniformly bounded multiplicities or 8(co, f) > 0ofequation (5.1) satisfiesp(f) =
oo and p,(f) = .

(ii) If p=q =2 and0 <P < «, then every meromorphic solution f # 0 whose poles are of
uniformly bounded multiplicities or d(co, f) > Oof equation (5.1) satisfies p(p,q(f) =
00 and pp+1,q) (f) = .

Theorem 6.1.8 [41] Let p = g =1 and k = 2 be integers. Let H be a set of complex numbers

satisfying logdens{|z|: z€ H} > 0, and let Ay, ..., Ax_; be meromorphic functions such that

1
)\[p,c/] (A_O) <Pip,ql (Ao),

max{p(p,q1(A;),:i=1,2,...,k=1} <ppq A =p (0<p<+00)
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and ifp= q =2, we have

logp_lT(r,Ai) logp_lT(r,Ao)
limsup —2—— < liminf —2——"— (i=1,..,k-1) 6.8)
|zl—+oo,zen (10841 12D*  lzl—+oozeH (log,_; |z])M

as |z| — +oo for z € H. Then every meromorphic solution f # 0 whose poles are of uni-

formly bounded multiplicities or 8(co, f) > 0 of equation (5.1) satisfies pp,q(f) = co and

Pip+1,q1(f) = |
Ifp=q=1, we have

- DT(r,A; T(r, A
limsup M< liminf M (i=1,...k-1) (6.9)

|z|—+00,z€H |z|M |z|—+o00,zeH | z|M

as|z| — +oo for z € H. Then every meromorphic solution f # 0 whose poles are of uniformly

bounded multiplicities or (oo, f) > 0 of equation (5.1) satisfies p(f) = oo and p2(f) = p.

Theorem 6.1.9 [41] Assume that the assumptions of Theorem 6.1.3 or Theorem 6.1.5 hold.
Then every meromorphic solution f # 0 whose poles are of uniformly bounded multiplici-

ties or 8(oo, f) > 0 of equation (5.1) satisfies

Aipg (f(j) - Z) =Aipq(f = 2) =Pip,q1 (f) =00,
Aip+1,q1 (f(j) - Z) =Ap+1,g1(F =D =pipsra(N =1 (=1,2,..).

Theorem 6.1.10 [41] Assume that the assumptions of Theorem 6.1.6 or Theorem 6.1.8 hold.
Then every solution f # 0 of equation (5.1) satisfies

Xip.al (f(j) - Z) =Aip,q1 (f = 2) =pip,q (f) =00,

X[p+1,q] (f(j) - Z) :X[p+l,q] (f—2=pp+1,q(H=p, (=12,...).

2 Some Auxiliary Lemmas:

The proofs of our results rely to the Lemma 4.2.2 (see [Chapter 4]), Lemmas 5.2.1-
5.2.2,5.2.4 (see [Chapter 5]), together with the following lemma.

Lemma 6.2.1 (/4]) Let p = q = 1 be integers. Let Ay(z),A1(2),...,Ax-1(z) be non-constant
meromorphic functions of [p, ql— order. Then every meromorphic solution f # 0 whose

poles are of uniformly bounded multiplicities or 8(oco, f) > 0 of equation (5.1) satisfies

Pip+1,q1(f) =max{pp 4 (A;):i=0,1,...,k—1},
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3 Proofs of Theorems:

Proof of Theorem 6.1.3. Suppose that f # 0 is a meromorphic solution whose poles are of
uniformly bounded multiplicities or d(oo, f) > 0 of equation (5.1). From the conditions of
Theorem 6.1.3, there exists a set H of complex numbers such that the upper logarithmic
density satisfies m{lzl =r:z€H} >0.Set H; = {|z| =r: z€ H}. Then by Proposition
1.4.6, H; is a set with le % = +o00, such that for z € H we have (6.1) and (6.2) as |z| — +oo.
By Lemma 5.2.1 for n = 2, there exists a set E; < (1, +00) with fE1 % < oo such that for

|z|=r¢[0,1]UE;, we have for j=1,...,k

() J .
@ <B [T(Z—r’f)(log2 nlogT@r, f)| <B[TEr ). (6.10)
f®@ r
From (5.1), we get
(k) (k-1) /
|Ag (2)] = fT +|Ag-1 (2)] ff +- 4 A (2)] f7 . (6.11)
By (6.1), we know that
... log,lA¢(2)
dyeR: liminf ———>y>a.
|z]—>+00,zeH (logq_l |Z|)
Obviously
log,, [Aq (2)]
——>y>az=0 (6.12)

(logq_1 Izl)

as |z| — +oo for z € H. By (6.2) and (6.12), we obtain

Ao (2)] >exp, {Y(logq—l 'Z')M}

> exp, {a(logq_l |Z|)“} >1A;(2)| (i=1,2,...k—1) (6.13)

as |z| — +oo for z € H. Applying (6.10) and (6.13) into (6.11), we obtain

exp,, {Y(logq_l Izl)“} <|Ao(2)| < kBT (lel,f)]k+1 exp,, {()((logq_1 |z|)p}

holds for all z satisfying |z| € H;\ ([0, 1] UE;) as |z| — +oo. Noting that y > «, by the last

inequality and combining with Lemma 5.2.2, for all |z| = r € H;, we have

k+1

exp {(1 —o(1)exp,_, {y (logq_1 r)p}} < kB[T(2dr, f)] (6.14)
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Therefore, from (6.14) we obtain p,, ;1 (f) = co and

log,.1 T (7, f) y

=i > L. 6.15
Plp+1,q (f) =limsup og,r " (6.15)

By Lemma 6.2.1, we get
Plpi1q) () < max{p[p,q] (A):i=0,1,... k- 1} = P[p.q] (A0) = . (6.16)

Therefore, by (6.15) and (6.16), we obtain p,, ; (f) = oo and

Pip+1.q] (F) =P[p.q] Ao) = 1.

Proof of Theorem 6.1.5. Set

log,, |Ag (2)|
ap= liminf gp—o
|z|—>+oo,zeH(

p)
logq_l Izl)

log,, 1A; (2)|

a; = limsup o ((=1,2,.,k-1).

|z] —+00,zeH (logq_l |Z|)

By (6.3), there exist real numbers a, y such thata; <a <y <y, i =1,2,..., k—1. It yields for

i=1,2,.., k-1
log, 1A; (2)] log, 1A (2)]

loggr2) " (logg12l)

as |z| — +oo for z € H. Hence, we have (6.13) as |z| — +oo for z € H. Then, by using the

same proof of Theorem 6.1.3, we get

Pp,q] (f) =oo and Plp+1,9] (f) ZH

and by Lemma 6.2.1 we obtain the conclusion of Theorem 6.1.5.

Proof of Theorem 6.1.6. Suppose that f # 0 is a meromorphic solution whose poles
are of uniformly bounded multiplicities or 8(co, f) > 0 of equation (5.1).

(k) (k-1) /
B W W A C AN WS G

f(2) f(z) e

—Ap(2) = (6.17)

From (6.17), we obtain
k-1 k ( ‘fU)

m(r,Ag) < Y m(r,A;)+ ) mlr, T) +0(1)
i=1 i=1
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By adding N(r, Ag) to both sides of the last inequality, we get

k-1 k (i)
T(r,Ag) = m(r,Ag) + N(r,Ag) < N(r,Ag) + Y_m(r,A;) + )_m (r f—) +0(1)
i=1 i=1
k-1 k f(z)
=N(r,Ag) + ZT(r,A )+Z ( )+O(1). (6.18)
i=1 =1
If p = g =2, then by (6.4), we know that
log, T (r,Ap)
dyeR: liminf L>y>a.
|Z|_’+OO,Z€H (logq_l |Z|))
Obviously
logp_lT (r,Ap)
> y>a=0 (6.19)
(logq_1 Izl)
as |z| — +oo for z € H. By (6.5) and (6.20), we obtain
il
T(r,Ag) > exp,_ {\((logq_l Izl) } (6.20)

> exp,_; {(x(logq_1 Izl)p} =T (r,A), (i=1,2,...,k=1)

as |z| — +oofor z€ H. Set A, 4 (Al ) Ao, then by the definition of A, 4 ( ) for any given
e(0<e<p—Ap), we have

N(r,Ag) < exp,,_, {(log,_, 12"} 6.21)

as |z| — +oo for z € H. By applying Lemma 4.2.2 and substituting (6.20) and (6.21) into
(6.18), we obtain

exp,_; {Y (logq_1 r)p} <(k-1) exp,_ {(x (logq_1 r)p} +exp,_; {(logq_1 r))‘°+€}
+0(logT(r, f) +logr)

for all z satisfying |z| = r € Hi\ E2 as |z| = r — +o0o where E; c (0,+00) is a set of finite
linear measure. Noting that y > a and A¢ + € < y, by the last inequality and combining

with Lemma 5.2.2, we have for d > 1
vl
(1-o(1))exp,_; {y (logq_1 r) } <O(logT(dr, f) +logdr) (6.22)
for all z satisfying |z| = r € H; as |z| = r — +o0. Therefore, from (6.22) we obtain

P[p,q] (f) =00 and ppp.1q (f) = 1 (6.23)
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By Lemma 6.2.1, we get

P[p+1,q] (f) < max{p[p,q] A):i=0,1,...,. k- 1}

= p[p,q] (AO) = |_1 (624)
Therefore, by (6.23) and (6.24), we obtain

Py} (f) =c0and ppyerq) (f) = 1.

If p=¢q =1, then by (6.6), we know that

e T Ag)
dyeR: lzlErPOLgEH I >y > (k—-1a.
Obviously
T (r, A
(IrIHO) >y>(k-1)a=0 (6.25)
z

as | z| — +oo for z € H. By (6.18) and (6.25), we obtain
T(r,Ag) > Ylz|" > (k—Dalz|* zalz|" =T (r,A)), (i=1,2,...k—1) (6.26)
as |z| — +oo for z€ H. From (6.21) with p=1,g =1, for any given 0 < € < p— Ao we have
N(r,Ag) < |z|M*E, (6.27)

as |z| — +oo for z € H. By applying Lemma 4.2.2 and substituting (6.26) and (6.27) into
(6.18), we obtain
yr# < (k- Dart + 2+ O (log T(r, f) +logr)

for all z satisfying |z| =r € H) \ E; as |z| = r — +o00. Noting that y > (k—1)a and Ap +€ < ,

by the last inequality and combining with Lemma 5.2.2, we have for d > 1
(1-0) (Y- (k—Da)r* <O (logT(dr, f) +logdr) (6.28)
for all z satisfying |z| = r € H; as |z| = r — +o0. Therefore, from (6.28) we obtain

p(f)=c0 and pz(f) = p. (6.29)

By Lemma 6.2.1, we get

p2(f) =max{p(A;):i=0,1,...k—1}=p(Ag) = p. (6.30)
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Therefore, by (6.29) and (6.30), we obtain p (f) =co and p2 (f) = .

Proof of Theorem 6.1.8. If p = g = 2, we set

log, T (r,Ap)
op= liminf Lﬂ,
|z]—+00,zeH (logq_llzl)

logp_1 T (r,A;)

a; = limsup o (=12, k-1).

|z| = +00,2eH (logq_l |Z|)
By (6.8), there exist real numbers a, y such thata; <a <y <oy, i =1,2,...,k—1. It yields for

i=1,2,...,k-1
loglg_1 T(r,Aj) log’g_1 T (r,Ap)

ogg 1)~ (o)’

as |z| — +oo for z € H. Hence, we have

T (r,Ap) > exp,_ {Y (logq_1 Izl)p}
>exp,,_ {a(log, 12l) } 2T (A0, (1=1,2,...,k-D)

as |z| — +oo for z € H. Then, by using the same proof of Theorem 6.1.6, we get

Plp.q) (f) =00 and pp,i g (f) = 1,

and by Lemma 6.2.1 we obtain the conclusion of Theorem 6.1.6.

If p=qg=1,weset
..o T(rAg)
o= liminf ———,
|z|—+00,zeH | z|K

k—1DT(rA;
ai= limsup VLA Gy ),
|z| —+00,zeH |z|M

By (6.9), there exist real numbers a, y such thata; <a<y<ay, i =1,2,...,k—1. It yields for
i=1,2,...k-1

k—1T(rA; T(r,A
o DTnA) oy 1A (6.31)
|z|H |z|M
as | z| — +oo for z € H. By (5.31), we obtain
T(r,Ap) > YIZIPl >alzl"= (k-1DT(rA), (i=1,2,...k—1) (6.32)

as |z| — +oo for z € H. By applying Lemma 4.2.2 and substituting (6.27) and (6.32) into
(6.18), we obtain
yrt <art+ Mt 40 (logT(r, ) +logr)
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for all z satisfying |z| = r € Hy\ E2 as |z| = r — +o00. Noting that y > « and Ay + € < 4, by the

last inequality and combining with Lemma 5.2.2, we have for d > 1
(1-o01) (y—«a)r* =O(logT(dr, f) +logdr) (6.33)
for all z satisfying |z| = r € H; as |z| = r — +oo. Therefore, from (6.33) we obtain

p(f)=coand p,(f) = u. (6.34)

By Lemma 6.2.1, we get
p2(f) =max{p(A):i=0,1,...,k—1} =p(Ag) = . (6.35)

Therefore, by (6.34) and (6.35), we obtain p (f) =coand p2(f) = p.
Proof of Theorem 6.1.9. Suppose that f # 0 is a meromorphic solution whose poles

are of uniformly bounded multiplicities or §(co, f) > 0 of equation (5.1).

First step. We consider the fixed points of f. Define the function g by setting

g(2):=f(z)—2z z€eC.

It follows from (5.1) that

g+ AL 1g% Vot A g+ Agg = —AL - 2Ag (6.36)

and by Theorem 6.1.3 or Theorem 6.1.6, we have

Plp.q] (8)=P(pq) (f) =00.0[ps1,41 (8) =P[ps1,q1 (F) =11

i 5 (6.37)
)\[p+1,q] (g) = )‘[p+1,q] (f_ Z)'

Now, we prove that —A; — zAy # 0. Assume that —A; — zAg = 0. Clearly Ay # 0. Then

lim %
|z]|—+00,zeH | 120

=+o0 and by (6.13), we have

Aq (2)
A (2)

3 exp, {(x(logq_1 Izl)“}

exp, {\((logq_1 Izl)u}

1
- -0

) exp {(1 —o(l))exp, ; {Y (Iqu—l |Z|)H}}

A

as |z| — +oo for z € H. Then lim A

|z]—+00,zeH

= 0. It is easy to see the contradiction. Hence,
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—A; — zAp # 0. Next by Proposition 1.3.6, we get
max{p[p,q] (Al) (l = 0; 1) seey k - 1) ) p[p'q] (_Al - ZA())} = p[qu] (A()) < 00.
We deduce, by using (6.36), (6.37) and Lemma 5.2.4 that

Mp.al (8)=P(p,q1 (8) =00 Appir,q] (8) =P (pe1,q1 (8) =1t

Therefore, we obtain

Mp.a) (f = 2)=X(p,q1 (8)=P(p,q) (8) = [p,q (F) =00,

X[p+1yq] (f-2)= X[pﬂyq] (8)=Ppr1,q] (8) =P[ps1,q (f) =1

Second step. For the following proof, we use the principle of mathematical induction. Set
Ay (2) =1, then
vl
A (2)] < exp, {o&(logq_1 Izl) }

and equation (5.1) becomes

Ac@fP+ A @RV 4+ + AL (2) f' +Ag(2) f =0. (6.38)

We consider the fixed points of f (1) (2) ( j=1,2,...). Define the function g; by setting
g1(@):=f"(2)-z zeC.
Then, by Lemma 5.2.4 and (6.37), we obtain

Pp.q] (gl) Pp.q] (f) 0, Pp+1,9] (gl) =P[p+1,q] (f) =l

_ (6.39)
AMpr1q1 (81) = A[ps1,q (f = 2).
Dividing both sides of (6.38) by Ay, we obtain
Ak (k) Ak 1 (k- 1) Al /
— — [+ f=0. 6.40
W ARy vl AR W (6.40)
It follows, by differentiating both sides of equation (6.40) that
() e () R
Ag ! Ag ! Ag Ag !
Ay ,
+{[—] +1)f =0. (6.41)
Ag
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Multiplying (6.41) by Ay, we obtain
A Y + A1 1 f® -+ AL+ A f =0, (6.42)

Substituting f’ = g1 + z into (6.42), we obtain

Ak,lgik) +Ak—1,1gik_l) ++ A8 +A181=F1, (6.43)
where

Apr=Agr=1, A=A ((Af“)’ Ar) (= k 6.44
k1 =40k =14, i,1 =40 A_O +A_0 (l—]-)z)---’ _1)) ( )

A; !
Ao1=Ao||—]| +1], (6.45)

Ag

F1 =— (Al,l + ZA()'l) . (646)

Next, we prove that Ag; # 0 and F; # 0. Assume that Ay ; = 0. So, by Ay # 0 we get (2—(1))’ +
1 =0, and then ‘:—(1) = —z+ C;, where C; is an arbitrary constant. Hence, we have A; +
(z—C1)Ag =0. Then, f =z~ Cy is a solution of (6.38) and py,, 41 (f) = 0 < co. This contra-
dicts (6.37), hence Ag; # 0. Now, assume that F; = 0. Then

Al,l + ZA(),l =0. (6.47)

By (6.42) and (6.47), we know that the function f such that f’ = z is a solution of equation
(6.42). Hence equation (6.38) has a solution f; satisfying f{ = zand p|,, 51 (f1) =0 < co. This
contradicts (6.37). Therefore, F; # 0. It follows by (6.44)-(6.46) and Proposition 1.3.6 that

max{p(q] (Ai1) (G =0,1,...,K),p(p,q] (F)} =py,q] (Ao} <00
We deduce by using (6.39), (6.43) and Lemma 5.2.4 that
Mp,q1 (81) =P(p.q1 (81) =00, Apir,q] (81) =Pps1,q7 (81) = 1
Therefore, we obtain
Nipal (f'=2) =N ip.q1 (81) =P(p.q1 (81) =P [p.q) (f) =00

X[p+l,q] (f, - Z) = )_\[p+1,q] (gl) = p[p+l,q] (gl) = p[p+l,q] (f) =M.

Set g» (z) = f" (z) — z, z € C. Then, by Proposition 1.3.6 and (6.37), we obtain

Pp,q] (82) =P[p,q] (f) =00, P[p+1,q] (82) =P[p+1,q] (f) =W

P P > (6.48)
Np+1,q1 (82) = A [psrq) (f" — 2).
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Then, by using a similar discussion as in the case of the function g;, we can get

Ao f O 2 4 A 1o fE D 4k AL fD + Mg f7 =0 (6.49)
and
Ak,zgék) +Ak—1,2g§k_l) +o+ A28 +A0282=Fo, (6.50)
where
Apo=Ap=1, Ajp=A ((u)'+h) (i=1,2,..k=1) 6.51)
k2=0k=1, i,2 —130,1 Aol Aot =L,y ’ .
I.NRRY
Ao,g :A(),l — | +1], (6.52)
Ao
Fy=—- (A1,2 + ZA()'Z) . (6.53)
Next, we prove that Ag, # 0 and F» # 0. Assume that Ag» = 0. So, by Ap,; # 0 we have
!/
(/%) +1=0, then % =—2z+ Cy, where C; is an arbitrary constant. Hence, we have A; ; +

(z—Cp) A1 =0. Then, f'=z—C; is a solution of (6.42). Thus, equation (5.1) has a solution
[ satisfying f'=z—C, and p[,, 41 (f) = 0 < co. This contradicts (6.37), hence Ao # 0. Now,
assume that F, = 0. Then

A1,2 + ZA()yg =0. (6.54)

By (6.49) and (6.54), we know that the function f such that f” = z is a solution of equation
(6.49). Hence equation (5.1) has a solution f> satisfying f,' = z and P(p.q] (f2) =0 < oco. This
contradicts (6.37). Therefore, F, # 0. It follows by ((6.51)-(6.53)) and Proposition 1.3.6 that

max{p(y.q) (Ai2) ((=0,1,...,K),0[p,q] (F2)} =P[p,q] (Ao) < 0.

We deduce by using (6.48), (6.50) and Lemma 5.2.4 that

A1 (82) =01p.q1 (82) =00, Afpii g1 (82) =P[pe1,q) (82) = -

Therefore, we obtain

Mp.al (F'=2) =X (p,q1 (82) = P(p,q1 (82) =P (pq) () =00,

X[p+1,q] (f” - Z) = }‘[p+1,q] (82) = p[p+1,q] (gz) = p[p+1,q] (f) =M.

Now, assume that
AO,S ?_é 0!
Mpag1 (F9 =2) =pppq) () =00, (6.55)

Mprrgl (F = 2)=p[pir,q) () =1

forall s=0,1,..., j—1, and we prove that for s = j we have (6.55) holds. Set g; (z) = f(j) (2)—
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z, z € C. Then, by using (6.37) and Proposition 1.3.6, we obtain

Plp.al (87)=P[pa) (f) =00, 11,41 (87) =P[ps1,q) (f) = 10

: ) ' (6.56)
)\[P+1,q] (g]) = )\[p+1,q] (f(]) — Z) .
By following the same procedure as before, we have
A fED w0 e a  FUD Ay FD =0 (6.57)
and
Ak,jg;.k) +Ak—1,jg;k—l) +ee- +A1,jg} +A0,jgj _ Fj, 658)
where
Ai+1, i1 ! Aiy i -
Agj=Ar=1, Ajj=Aqj1 (( Ao,,-i1 ) + AO,j'—l) (i=12,..,k-1),

. !
Ag,j =Ao,j-1 ((iéﬂ) + 1) £0 (Aoo=Ao, A0=A1),
Fj=—(Ayj+2Ag;) #0.

We deduce by applying Lemma 5.2.4 in (6.58) that

Aipa) (19 = 2) =N pq) (81) = Pipa (87) =Pppg) (1) =00,

}\[p+1,q] (f(]) - Z) = )_\[p+1,q] (gj) =P[p+1,q] (gj)
=Plp+14] (f(“) =p(j=L2.).
Therefore, we obtain

Al (£0) = 2) =Ry (F = 2) =01y (F) =00

Ap+1q] (f(j) _Z) =AM perg) (f=2) =P[prg (f) =1 (=1.2,..).

Proofs of Theorem 6.1.10. Suppose that every solution f of equation (5.1) not being
identically equal to 0. By applying Theorem 6.1.6 or Theorem 6.1.8, we get

Plpal (f) =00, Pppr1q) (f) =1
Now, we prove that —A; — zAy # 0. Assume that —A; — zA( = 0, then we can easily obtain

T(rA)=T(r,—2A0) =T (r,A0) +T (1, 2),

A (6.59)
T(r,Ag)=T (r, _—;) <T(r,A)+T(r,2) +O(L).
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It follows from (6.59) that

1_T(r,z)+0(1) _TnAY <1 T (r,2)

< <1+ . (6.60)
T (r,Ap) T (r,Ap) T (r,Ao)

By following the same reasoning as in the proof of Theorem 6.1.6 or Theorem 6.1.8, we

have
T (r,A0) > exp,_, {Y(logq_l |z|)“} >exp,_| {a(logq_l |z|)“} >T(r,A)) 6.61)

as |z| =r — +oo for z € H. By using (6.61), we have

T(r2) _ 1(r2)
T(r,Aq) exp,_1 {Y (lqu—l |Z|)H}

-0 (6.62)

as |z| — +oo for z € H. Then, by (6.60) and (6.62), we get

T(r,A1)
im =1. (6.63)
|z|—+00,zeH T (T,Ao)
On the other hand, we have for p=g =1
T(rA) «
T(r,A0)) Y
which implies
T(rhA) «
im <-<l1 (6.64)
lzl—+00,zeHT (1,Ag) Y
andforp=qg=2
vl
TrhAD _ epr—l{o‘(lqu—l |Z|) } 0 (6.65)
n :
T (r,Ao) exp, {Y (1qu_1 |Z|) }
as |z| — +oo for z € H. It follows by (6.64) and (6.65) that
T(r,A
(r, A1) (6.66)

im .
|zl—+00,zeH T (1, Ap)

Obviously, (6.63) contradicts with (6.66). Hence, —A; — zAg Z 0. Clearly, Ay # 0. We can get
the conclusion of Theorem 6.1.10, by reasoning in the same way as we did in the proof of
Theorem 6.1.9.
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Conclusion

In this thesis, we have focused on the study of several problems related to the growth
order of solutions to complex functional equations. Throughout this work, we have made
extensive use of Nevanlinna theory in the complex plane C, particularly, the First Main
Theorem of Nevanlinna, the lemma on the logarithmic derivative, and various properties
of the Nevanlinna characteristic of f(z + 1) where n e C.

This study has concentrated on linear differential-difference equations with entire
and meromorphic coefficients, as well as on linear differential equations whose coeffi-
cients are entire or meromorphic functions of [p, gl-order in the whole complex plane.
Al through the thesis has addressed several question concerning the growth and value
distribution of solutions to such linear differential equations, it also opens the way for
numerous further investigations, including the following :

Q1: Can results analogous to those in Chapters 2-4 be obtained for the linear differ-

ential equations

FP+ A @ f" V4 + A1 (D) f +A0(2) f =0,

and
An@ "+ A, @) "V 4 1 A2 f + Ag(2) f =0,

when the coefficients are entire functions of the form

Aj(z)=Pj(z)expihj(2)}, j=0,...,n,

where £1;(z) is a polynomial and P;(z) is an entire function?
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