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Foreword

This manual brings together the analysis 1 course intended for an official
program taught to first-year mathematics and computer science students. These
are the courses that I presented at the Faculty of Exact Sciences and Computer
Science of Abdelhamid Ibn Badis University of Mostaganem in the first semester
during the academic years 2023 — 2025, for first-year students. After reviewing
and reorganizing the content of these courses and adding some necessary concepts
which, in my opinion, fit with the content of the program. This manual was
divided into seven chapters.

The first chapter lays the foundation for understanding all the topics in the follo-
wing chapters. Initially, we focused on basic logical concepts such as implication,
converse of an implication, and the contrapositive of an implication. We also
presented some patterns proof with simple examples, aiming to simplify them as
much as possible so that students could become familiar with and understand
these methods.

The second chapter deals with some concepts that we will use later in certain
mathematical constructions. In the latter we have defined the concepts : the
algebraic properties of the commutative field (R, +, x) and that this field is
totally ordered, intervals, absolute value with these properties, supremum and
infimum of a subset of R, characterization of the supremum and infimum, the
function of the whole part of a real number and we give the Archimedean property
finally the density of the set of rational numbers in R.

The third chapter is devoted to the study of sequences including the definition
of a finite limit of a sequence, convergent sequences, bounded sequences, opera-
tions on convergent sequences, monotone sequences and subsequences, recursive
sequences and sequences defined by a function. Cauchy sequences and their pro-
perties are treated in detail. The chapter concludes with divergent sequences and
their properties.

The fourth chapter is also important, in which we define a real function of a real
variable, the domain of a function, the parity of a function, periodic functions,
monotonic functions, and several other definitions such as local maximum and
minimum values, as well as bounded functions. We concluded this chapter by
defining a finite and infinite limit at a finite point and the limit at infinity, along
with their properties.
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In the fifth chapter, we dealt with the concept of the continuity of a real func-
tion and its properties. Several fundamental theorems were presented with their
proofs. We concluded this chapter with the concepts of continuation by conti-
nuity, uniform continuity, and Lipchitzian functions.

The last two chapters deal with the deferentiality of a real function at a point
and operations on differentiable functions. The fundamental theorems on diffe-
rentiable functions are given in detail. Elementary functions are treated in detail
in the last chapter.



Preliminaries

1.1 Notations and Preliminaries

If an element x is in a set A, we write
r €A,
and say that z is a member of A, or that x belongs to A. If x is not in A, we write
x ¢ A.
If every element of a set A also belongs to a set B, we say that A is a subset of B and write
ACBor BDA.

We say that a set A is a proper subset of a set B if A C B, but there is at least one element
of B that is not in A. In this case we sometimes write

A C B.

Definition 1.1. Two sets A and B are said to be equal, and we write A = B, if they contain
the same elements.

Remarks 1.1.

1. To prove that the sets A and B are equal, we must show that
AC B and B C A.

2. A set is normally defined by either listing its elements explicitly, or by specifying a property
that determines the elements of the set. If P denotes a property that is meaningful and
unambiguous for elements of a set A, then we write

{zeA: P}

3. A empty set is a set that contains no elements. It is denoted as () or { }.

1
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1.2 Special sets

Specials sets are used throughout this course and are denoted by standard symbols as follows :

1. The set of natural numbers, denoted N, is given by :
N={0,1,2,3,...}
2. The set of integer numbers, denoted Z, is given by :
Z=A...,-3,-2,-1,0,1,2,3,...}.
3. The set of rational numbers, denoted Q, is given by :

@:{%/m;nEZandn#O}.

4. The set of real numbers is R.

Remark 1.1. The set of real numbers R is of great importance in the analysis, moreover it
s fundamental and it will be studied throughout chapter 2.

Examples 1.1. 1. The set
A={neN : n’—5n+6=0}
1s equal to the set
{1,2},
A= {1,2}.

2. A natural number n is even if it has the form n = 2k for some k € N. The set of even
natural numbers can be written as

and we can write

{2k : keN}.
Similarly, the set of odd natural numbers can be written
{2k+1 : keN}.

Remark 1.2. Fvery natural number is either even or odd, and no natural number is
both even and odd.

3. We have for example
@:{nEN : n2:5}.

2
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1.3 Patterns of proof

In this part, we will give the different demonstration rules to demonstrate insertions of the
type : 7if p then ¢”, which we call implication or conditional, noted :

=4

and it reads : p implies q.
The negation of the implication p = ¢ is the expression ”p and not ¢”. "not ¢” is noted q.

The expression ”(p = ¢) and (¢ = p)” is called logical equivalence or biconditional , noted

p<=q,
and it reads : p is equivalent to ¢ or p if and only if q .
Examples 1.2. a. let n be a natural number.
n? is even = n is even.

The negation of this implication is :

n? is even and n is odd

b. The two implications”p = q and "q = p are equivalent since they have the same negation.
We write :

(r=q9 = @=79.

1.3.1 Direct reasoning

This method is based on the following rule :

Rule 1.1. To establish p = q, we assume that p is true and we show that q s true.

Example 1.1. Let a, b, ¢ and d be any elements of R*, such as
5a — Tb # 0 and 5c — 7d # 0.

We want to show that :
g_E:>2a+3b_20+3d (1.1)
b d 5a —Tb  5e—Td '

We wuse direct reasoning, so we assume that,

Then we can write :

2a+3b 28 +3 B4 2c43d

ba—7b  5¢—7 =TT 5e7d’

From where .
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1.3.2 Proof by Contrapositive

The principle of demonstration by the contrapositive is based on the following rule :

Rule 1.2. To show that p = q it will suffice to prove § = q.

Example 1.2. Let n € N. We want to show that :
n? is even => n is even. (1.2)
It will suffice to show that :
n is an odd number => n? is an odd number.
Let n be an odd number. Then there exists k € N, such that n = 2k + 1. So we can write

n? = (2k+1)* =4k* + 4k + 1 = 2(2k* + 2k) + 1 = 20 + 1 where £ = (2k* + 2k) € N.

Thus n? is an odd number. Hence .

1.3.3 Proof by absurd

Absurd reasoning depends on the following rule :

Rule 1.3. To show that p = q, we assume that p is true and q is false, and we show that
this leads to a contradiction.

Example 1.3. Let x and y two real positives. We want to show that :

3v+1 3y+1
2+5 2r+5

= =Y. (1.3)
We consider that
3r+1  3y+1
20+5 22+5

Let x and y two real positives. Firstly, we have

and T # .

3r+1  3y+1

— 1)(2 = (2 1
2 5 2$+5<:>(3x+ Y2z +5)=(2y+5)3y+1)

S 622 +17Te+5=6y>+ 1Ty +5

S 6(x —y*)+17(z —y) =0

& (r—y)(6z+6y+17)=0

< x =y, (because 6z + 6y + 17 > 0).

Which is absurd to the hypothesis (x # y). Hence .

4
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1.3.4 Principle of Mathematical Induction

Principle 1.1. Let ng € N and let P(n) be a statement for each natural number n > ny.
Suppose that :

(1.) The statement P(ng) is true.

(2.) For all k > ng, the truth of P(k) implies the truth of P(k + 1).

Then P(n) is true for all n > ny.

Example 1.4. [Bernoulli Inequality| Let z € R with x > —1. We want to show that :
foralln e N, (14+2)" > 1+ nx.

We will prove this with induction.

When n = 1 the statement is (1 + x)' > 1+ 1.z, and this is true because both sides equal

1+ 2.
We assume that, for some k > 1, the statement (1 + x)k > 14+ kx is true. From this we need

to prove
(1+2)" > 1+ (k+ 1)z

Now, (1+ ) is positive because x > —1, so we can multiply both sides of (1+z)* > (1+ kx)
by (1 + ), and we obtain

(1+2) > 1+ kx)(1 4 )
> ka? + (k+ 1)z +1
> (k+1)x+ 1.

Because the above term ka? is positive. Thus we get
(1+2) > 1+ (k+1)z.
It follows by induction that

foralln e N, (1+x)" > 1+ nax.

1.3.5 Rational Numbers

On the set Q of rational numbers there are two binary operations, denoted by + and . called
addition and multiplication, respectively. These operations satisfy the following properties :
1. foralla, b € Q, a+ b € Q, (addition is a law of composition on Q) ;

2. foralla, b€ Q, a+b=0>b+a, ( commutative property of addition );

3. foralla, b, ceQ, (a+b)+c=a+ (b+c), (associative property of addition);

4

. there exists an element 0 € Q such that : foralla € Q, 0+a=a and a+0=a (0 is
an identity element or a zero element) ;
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5. for each a € QQ, there exists an element —a € Q, such that :
a+ (—a)=0and (—a)+a =0,

(—a is called a inverse of a or the negative element of a) ;
6. for all a, b € Q, a.b € Q, (multiplication is a law of composition on Q);
7. for all a, b € Q, a.b = b.a, ( commutative property of multiplication );
8. for all a, b, c € Q, (a.b).c = a.(b.c), (associative property of multiplication);

9. there exists an element 1 € QQ distinct from 0 such that :
foralla € Q, 1.a =a and a.1 = q;

(1 is an identity element or a unit element),

1
10. for each a # 0 in Q, there exists an element — € Q, such that :
a

1 1
a.—=1and —.a =1,
a

a

1
(— is called a inverse of a or the reciprocal element of a ) ;
a

11. foralla, b, c € Q, a.(b+c¢) = a.b+a.c) and (b+c¢).a = b.a+c.a), (distributive property
of multiplication over addition).

Definition 1.2. The set Q equipped by the two laws of composition + and ., satisfying above
azioms, is called a field, noted by (Q,+,.).

1.4 The Order Properties of Q

Throughout this part, we designate by Q. the set of the nonnegative rational numbers and
by Q_ the set of the nonpositive rational numbers. The set of the positive or strictly positive
rational numbers is denoted by Q% and the set of the negative or strictly negative rational
numbers is denoted by Q*.

We verify that on QQ the relation <, reads from left to right "less than or equal to” and from

right to left "greater than or equal to”, defined by :
forall a, b€ Q, a<b< (b—a) € Qy,

is an order relation on Q. That is means, this relation satisfy the following properties :
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Proposition 1.1.

1. ForallaeQ, a<a.
2. Foralla, b€Q, (a<bandb<a)=a=0b.

3. Foralla, b and c € Q,
{agb
=a <c.

b<ce

We easily verify by returning to the definition that the order relation < on Q is a total order

relation, moreover, it is compatible with the two laws 4+ and . . More precisely, we have the
following proposition.

Proposition 1.2. The order relation < on Q has the following properties :

1. it is a total order :
forallz,y e Q, x <y ory<x.

2. it is compatible with the two operations + and X :

r<y=uax+z2<y+z.
forall x,y,z € Q,¢ and
r<yand0<z=—=2xx2z<yX2z.

1.5 Supremum and the Infimum

Definition 1.3. Let T' be a nonempty subset of Q.
1. The setT is said to be bounded above if there exists a number a € Q such that :

forallz e T, z < a.

Each such number « is called an upper bound of T
2. The set T is said to be bounded below if there exists a number € Q such that :

forallx eT, p<ux.

Each such number  is called a lower bound of T

3. A set is said to be bounded if it is both bounded above and bounded below. A set is said
to be unbounded if it is not bounded.

For example, the set T'= {z € Q : x < 3} is bounded above ; the number 3 and any number
larger than 3 is an upper bound of 7. This set has no lower bounds, so that the set is not
bounded below. Thus it is unbounded.

Definition 1.4. Let T be a nonempty subset of Q.

7
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1. If T is bounded above, then a number u is said to be a supremum or a least upper
bound of T if it satisfies the conditions :

a. u is an upper bound of T,
b. if v is any upper bound of T, then u < v.

2. If T is bounded below, then a number w is said to be an infimum or a greatest lower
bound of T'S if it satisfies the conditions :

a. w is a lower bound of T,
b. if t is any lower bound of T', then t < w.

Notation 1. If the supremum or the infimum of a set T exists, we will denote them by
supT and inf S.
For example the set T'= {z € Q: 2 <z < 3} is bounded and
supT = 3 and inf 7T = 2.
The field of rational numbers is not sufficient. The following result gives us the answer.
Lemma 1.1. There does not exist a rational number r such that r* = 2.

Proof :
Suppose, on the contrary, that p and ¢ are integers such that ¢ = g is a solution of the

equation 72> = 2. We may assume that p and ¢ are positive and have no common integer
factors other than 1. Since p? = 2¢%, we see that p? is even see. Example . This implies
that p is also even so there exist & € N such that p = 2k. Hence 4k* = 2¢?, so that 2k? = ¢°.
Therefore, ¢? is even, and it follows that ¢ is an even natural number. Since the hypothesis

2
that (%) = 2 leads to the contradictory conclusion that ¢ is both even and odd, it must be
false.



Field of reals

2.1 Algebraic Properties of R

On the set R of real numbers there are two binary operations, denoted by + and . called
addition and multiplication, respectively. These operations satisfy the following properties :

1.
2. foralla, b€ R, a+b=>b+a, ( commutative property of addition );

3.

4. there exists an element 0 € R such that : foralla € R, 0+a=a and a+0=a (0is

© x o

for all a, b € R, a + b € R, (addition is a law of composition on R);

forall a, b, ce R, (a+b) +c=a+ (b+¢), (associative property of addition);

an identity element or a zero element) ;

. for each a € R, there exists an element —a € R, such that :

a+(—a)=0and (—a)+a =0,

(—a is called a inverse of a or the negative element of a);
for all a, b € R, a.b € R, (multiplication is a law of composition on R);
for all a, b € R, a.b = b.a, ( commutative property of multiplication );
for all a, b, ¢ € R, (a.b).c = a.(b.c), (associative property of multiplication);

there exists an element 1 € R distinet from 0 such that :
forall a € R, 1.a =a and a.1 = a;

(1 is an identity element or a unit element),

1
10. for each a # 0 in R, there exists an element — € R, such that :
a

1 1
a.—=1and —.a =1,
a a

1
(— is called a inverse of a or the reciprocal element of a ) ;
a
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11. foralla, b, c € R, a.(b+c¢) = a.b+a.c) and (b+c).a = b.a+c.a), (distributive property
of multiplication over addition).

Definition 2.1. The set R equipped by the two laws of composition + and ., satisfying above
azioms, is called a field, noted by (R, +,.).

Theorem 2.1. 1. If z and a are elements in R with z 4+ a = a, then z = 0.
2. If u and b # 0 are elements in R with u.b = b, then u = 1.
3. If a € R, then a.0 = 0.

Proof :
Using the properties above then about (1) we can get :
l.z=z40=z4(a+(—-a))=(24+a)+ (—a) =a+ (—a) = 0.

For (2) we have

For (3) we can write
a+al=al+a0=a(l+0)=0al=a.

Therefore, we conclude from (1) that a.0 = 0. O

Theorem 2.2. 1. Ifa # 0 and b in R such that a.b =1, then b= i
2. Ifa and b are elements in R such that a.b =0, then either a =0 or b = 0.

Proof :
To prove (1), we using the properties above and we get

1 1 11
b=1b=(-.a)b=~.(ab)==1=-.
(aa) a(a) a a

For (2), it suffices to assume a # 0 and prove that b = 0. Using the properties above , to

obtain ] ] )
b=1b=(-.a).b=—.(ab)=-.0=0.

a a a

Remarks 2.1. We can define on R other operations for examples :

A. The operation of subtraction is defined by :
foralla, beR, a—b=a+ (—b)

10
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B. The operation of division is defined by :

for all a,b € R with b # 0, 2.
b

S =

C. In practice, we will write ab instead of a.b. Similarly, we will use the usual notation for
exponents and write a® for aa, a® for a’a ; and, in general, we define

a" = a"a forn € N*,

with the convention that a' = a. Further, if a # 0, we write a® =1 and a™* = ~ and
a
1 n
if n € N, we will write a™" = () :
a

2.2 The Order Properties of R

Throughout this part, we designate by R, the set of the nonnegative real numbers and by R_
the set of the nonpositive real numbers. The set of the positive or strictly positive rational
numbers is denoted by R and the set of the negative or strictly negative rational numbers
is denoted by R* .

If @ € R, we write a > 0 and say that a is a positive (or a strictly positive) real number.

If a € R,, we write a > 0 and say that a is a nonnegative real number.
Similarly, if a € R* | we write a < 0 and say that a is a negative (or a strictly negative) real

number.
If a € R_ [, we write a < 0 and say that a is a nonpositive real number.

Definition 2.2. Let a, b be elements of R.
(a) If a—0beR:, then we write a>b or b<a.
(b) If a—beR,, then we write a>b or b<a.

Remarks 2.2. Let a, b be elements of R.
a. Fxactly one of the following will hold :

a>b a=b, a<b.

b. If both a < b and b < a, then a = b.

c. We write a < b < ¢ to mean that both a < b and b < ¢ are satisfied. The other "double”
inequalities a < b <c, a<b<c, and a <b < c are defined in a similar manner.

Exercise 2.1. Let a, b, ¢ be any elements of R.

1. Ifa>bandb>c, thena > c.

2. Ifa>0b, thena+c>b—+c.

11
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3. If a>band c> 0, then ca > cb.
4. Ifa> b and c <0, then ca < cb.

We verify that on R the relation <, defined by :
forall a, beR, a<b<& (b—a) € Ry,
is an order relation on R. That is means, this relation satisfy the following properties :

Proposition 2.1.

1. Foralla e R, a < a.
2. Foralla, beR, (a<bandb<a)=a=0b.
3. Foralla, b and c € R,

a<b
- <
{bgc = a < C.

We easily verify by returning to the definition that the order relation < on R is a total order
relation, moreover, it is compatible with the two laws 4+ and . . More precisely, we have the
following proposition.

Proposition 2.2. The order relation < on R has the following properties :

1. it is a total order :
forallz,ye R, <y ory< .

2. it is compatible with the two operations + and X :

r<y=uz+z<y+z
forall z,y,z € R, and
r<yand<z=axxz<yX 2.

2.3 Supremum and the Infimum

Definition 2.3. Let T' be a nonempty subset of R.

1. The setT is said to be bounded above if there exists a number a € R such that :
forallz eT, z < a.

Each such number « is called an upper bound of T'.
2. The set T is said to be bounded below if there exists a number § € R such that :

forallx eT, p<ux.

Each such number B is called a lower bound of T'.

12
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3. A set is said to be bounded if it is both bounded above and bounded below. A set is said
to be unbounded if it is not bounded.

For example, the set T'= {z € R: z < 3} is bounded above ; the number 3 and any number
larger than 3 is an upper bound of 7". This set has no lower bounds, so that the set is not
bounded below. Thus it is unbounded.

Definition 2.4. Let T' be a nonempty subset of R.

1. If T is bounded above, then a number u is said to be a supremum or a least upper
bound of T if it satisfies the conditions :

a. u is an upper bound of T,
b. if v is any upper bound of T, then u < v.

2. If T is bounded below, then a number w is said to be an infimum or a greatest lower
bound of T' if it satisfies the conditions :

a. w is a lower bound of T,
b. if t is any lower bound of T, then t < w.

Notation 2. If the supremum or the infimum of a set T exists, we will denote them by
supT and inf S.
For example the set T'={z € R : V2<z< 3} is bounded and

supT = 3 and inf7 = V2.

2.3.1 Characterization of the supremum and the infimum

Proposition 2.3. Let A abounded subset of R. We have this property of the least upper
bound number :

M =sup(A) < (M is an upper bound number of A and for alle > 0, there existsx. € A; M—e < x.)
The property of the greatest lower bound number is as fellow :

m = inf(A) < (m is a lower bound number of A and for alle > 0,, there existsx. € A; x. < m+e.

2.3.2 Upper bound axiom

Axiom 2.1. Any upper part of R admits a least upper bound number.
As a consequence of this Axiom, we have :
Proposition 2.4. Any minor part of R admits a greatest lower bound number.

Proof : Exercise for students.

13
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2.4 Absolute Value And Some Properties

Definition 2.5. The absolute value of a real number a, denoted by |al, is defined by

a if a>0,
lal]=1¢ 0 if a=0,
—a if a<O.
Example 2.1. For ezample, |5| =5, |—3| =13 and |1 — V3| =v3-1.

Remarks 2.3. We see from the definition that :

1. Forallxz € R, |z|>0.

2. Forallz e R, |z|=]|—z.

3. Forallz € R, |z| =0 if and only if v = 0.

Some additional properties are as follows.

Theorem 2.3. (a) for alla, b€ R, |ab| = |a||b] .
(b) for all a €R, |al* = a®.

(c) If ¢ >0, then |a| <c if and only if —c<a<ec.
(d) forallaeR, —la] <a<]a .

Proof :

(a) If either a or b is 0, then both sides are equal to 0. There are four other cases to consider.

Ifa>0;b>0, then ab > 0, so that
lab] = ab = |al|b].
Ifa>0;b<0,then ab < 0, so that
lab| = —ab = a(—b) = |al|b|.

The remaining cases are treated similarly.
(b) Since a* > 0, we have

a* = |a’| = |aal = |a|a| = |a|*.

(c) If |a|] < ¢, then we have both a < ¢ and —a < ¢, which is equivalent to —c < a < c.
Conversely, if —¢ < a < ¢, then we have both a < ¢ and —a < ¢, so that |a| < c.

(d) Take ¢ = |a| in part (c). O

The following important inequality will be used frequently.

Lemma 2.1 (Triangle Inequality).

For all a,b € R, then |a+ b| < |a| + |b].

14
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Proof :

From [2.3|(d), we have
—la] <a <al
and
—[bf <b < 0]

On adding these inequalities, we obtain
—(la[ + b)) < a+b<a] +[b].

Hence, by [2.3|(c) we have
|+ 6] < la] + 0.

0
Corollary 2.1. For all a, b € R, then
(a)
[la] = [b]| < la.—b].
(b)
o —b| < la| + [b].

Proof :
(a) We write a = a + b — b and then apply the Triangle Inequality to get

la| = |a — b+ b| < |a —b| + |b].
Now subtract |b| to get

ja| = [b] < a —b|.

Similarly, we can write

bl =1b—a+al <|b—al+|al
Now subtract |a| to get

6] — la| < [b—al.

So

—la—b] = —|b—a| <[a] —[b].
Combine these two inequalities, using [2.3) we get the inequality in (a).
(b) Replace b in the Triangle Inequality by —b to get

la = 0] = la+ (=b)| < la| + | = b = |a| + |b].

we obtain the inequality in (b). 0

Corollary 2.2. If ay, as, ag; ... an, are any real numbers, then

lay +as +as+ -+ a,| < ag| + |ag] + -+ + |a,].

15
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2.5 Intervals

The Order Relation on R determines a natural collection of subsets called intervals.

2.5.1 Open interval

Definition 2.6. Let a, b € R satisfy a < b. The open interval determined by a and b,
denoted (a,b) is the set

(a;0) ={z€eR: a<z<b}.

Remark 2.1. The points a and b are called the endpoints of the interval; however, the
endpoints are not included in an open interval.

2.5.2 Closed interval

Definition 2.7. Let a, b € R satisfy a < b. The closed interval determined by a and b,
denoted [a,b] is the set

la;0] ={zreR: a <z <b}.

Remark 2.2. The endpoints a and b are adjoined to this closed interval.

2.5.3 Half-Open and Half-Closed intervals

Definition 2.8. The two half-open (or half-closed) intervals determined by a and b are
defined by

[a,b) ={z €R: a <z <b}.

and
(a,b) ={z € R: a <z <b}.

Remarks 2.4. 1.) The half-open interval [a,b), includes the endpoint a, and the half-open
interval (a,b], includes the endpoint b.
2.) These four intervals is bounded and has length defined b— a. If a = b, the corresponding

open interval is the empty set (a;a) = 0, whereas the corresponding closed interval is the
singleton set [a;a] = {a}.

2.5.4 Infinite open intervals

Definition 2.9. The infinite open intervals are the sets of the form :
(a;4+00) ={r€R:2z>a} and (—oo;b) ={x €R : = <b}.

16
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2.5.5 Infinite closed intervals

Definition 2.10. The infinite closed intervals are the sets of the form :
[a;+00) ={z € R:xz>a} and (—oo;b] ={x € R : = <b}.

Remarks 2.5. 1.) [t is often convenient to think of the entire set R as an infinite interval ;
in this case, we write
(—o0;+00) = R.

Furthermore, no point is an endpoint of (—oo, +00).
2.) It must be emphasized that +00 and —oo are not elements of R, but only convenient

symbols.

2.5.6 Characterization of Intervals

Theorem 2.4 (Exercise :). If T is a subset of R that contains at least two points and has
the property
if v,y €T and x <y, then [x;y] C T

then T s an interval.

2.5.7 Absolute values and intervals

Let zg € R. For a > 0, we have the following equalities :

. {z eR: |z —x| <a} =[rg— a,x0 + ],
2. {zeR: |z —xo| <a}=(r0—a,z9+ @),
3. {zeR: |z -z >a}=(—00,z0 — ) U(z9+ a, +00).

2.6 Archimedean Property

Property 2.1 (Archimed’s additive property).
For all real numbers a, b with a > 0, there exists an integer natural number n such that

na > b.

Proof :
We are going to demonstrate through the absurd. Suppose that :

For all n € N, na <.

Let the set
A={x=na neN}.

17
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The set A is a non-empty subset of R because it contains for example the element a, and it
is bounded above by b. It therefore admits an upper bound denoted M. We have

na < M, forall n € N= (n+1)a < M, for all n € N.

So
na < M — a, for all n € N.

Then M — a is an upper bound of A and M —a < M = sup(A), which contradicts the
definition of the upper bound (the smallest of the upper bounds.) O

Theorem 2.5 (Archimed’s Multiplicative property).
For all real numbers a, b with a > 1, there exists an integer natural number n such that

a™ > b.

Proof :
(1) If b <1 then the result is true for n = 1.

(2) We assume that b > 1. We have a > 1 then there exists two real numbers a > 0 and

£ > 0 such as
a=1+aand b=1+7.

Using , so there exists a natural number n, for all & > 0 such that
a"=(1+a)">1+na.
It is therefore sufficient to show that
Foralla >0and >0, 1+na>1+ 0,

that’s to say
For all « > 0 and 8 > 0, na > (.

This result is true according to the Archimed additive property. 0

2.7 Whole part of the real number

Proposition and Defintion 2.1. For every real number x, there exists one and only one
integer p(p is in Z) checking :
p<z<p+1l (2.1)

The number p above is called the whole part of the number x and denoted E(x) or [x].

18
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Proof :
(1). Let us first show uniqueness. Suppose that x has two integer parts p and p’. As p and p’

satisfy the double inequality (2.1)) we then deduce that :

/
1
{i’i];il = (-l<p—p <landp—p €7Z)
=p—p =0
=p =p.

(2). Let us show the existence of the whole part.
(a.) It is obvious that F(0) = 0.
(b.) Suppose that < 0 and let :

C:{HGZi ngx}CZCR.

The set C' is majored by z then, it admits an upper bound, which is in fact the least upper
bound element of C'. Let p be this element. We have :

(i) As p € C then p < z.

(ii) The fact that p is the least upper bound element of C' then p+1 ¢ A therefore z < p+ 1.
Which gives the double inequality . , Moreover p < —1.

(3) We assume that > 0 and we set :

D:{nEZ: x<n}CZCR.

The set D admits the greatest lower bound element denoted m (because D is minimized).
Note that m > 1.

(i) As m € D then x < m.

(ii) The number m is the greatest lower bound element of D then m —1 ¢ D, and therefore
m—1<ux.

The number p = m — 1 verifies . Furthermore we have p > 0. 0

Remarks 2.6.

1. VneZ, E(n)=n.
2.VzeR, z>0= E(x) >0.
3.VzeR, 2<0= E(z) < -1
4

. Any real number x is written in the form :
r=FE(r)+ o, with)<a<l.

19
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2.8 Density of Rational Numbers in R

Theorem 2.6. [The Density Theorem]| If x and y are any real numbers with x <y, then
there exists a rational number r € Q such that x < r < y.

Proof : Let z, y two real numbers with z < y. We know that :
nr < E(nx) + 1.
Since y — x > 0, it follows from the Archimed property, that there exists n € N such that
n(y —z) > 1.
Therefore, we have

E(nz)+1 < E(nz)+n(y —x)
<nx+n(y —x) =ny.

So,
E 1
(nx<E(nx)+1<ny):>x<M<y.
n
. Thus, the rational number r = 209 gatisfies < r < y. O

n

2.9 The binomial formula

Proposition 2.5. [Newton’s binomial formula] For all a; b € R and for alln € N, we
have the formula :
k=n
(z+y)"=> CFaPbF,
k=0

wz’thC”;:k!(T’ik)! nl=1x2x3x...xn;and0! = 1.

Proof : Exercise for students. (You can use the demonstration by induction).
Exercise 2.2. If a € R is such that |a| < € for every e > 0, then a = 0.

Exercise 2.3. Show that if A and B are bounded subsets of R, then AU B is a bounded set.
Show that
sup(A U B) = sup(sup(A),sup(B)).

Exercise 2.4. Let A and B be bounded nonempty subsets of R, and let
A—I—B:{a—i-b ca € A; bEB}.
Prove that

sup(A + B) = sup(A) + sup(B) and inf(A + B) = inf(A) + inf(B).

20
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Exercise 2.5. Let A and B be two bounded parts of R. Say whether the following insertions
are True or False ?. Justify your answer.

1. AC B = sup(A) <sup(B).

2. AC B = inf(A) <inf(B).

3. sup(—A) = —inf(A).

4. sup(A) + inf(B) < sup(A + B).

21



Sequences

3.1 Sequences

Throughout the chapter, we designate by Ny the set of natural numbers n such that n > ny,
with ng is in N.

Definition 3.1. A sequence of real numbers or a sequence in R is a function
defined on the set Nj of natural numbers whose range is contained in the set R
of real numbers.

If u : Ny — R is a sequence, we will usually denote the value of u at n by the symbol u,
rather than using the function notation u(n). The values u,, are also called the terms or the
elements of the sequence. We will denote this sequence by the notations (z,)nen,-
Sequences are often defined by giving a formula for the n*” term z,, and write for example

1
3n+1

VneN z,=

Another way of defining a sequence is to specify the value of z,, or z,,.; and give a formula
for z,11(n > ng) in terms of x,. More generally, we may specify x,, and give a formula for
obtaining z,41 from ,,11; Tp,42; .. .; ,. Sequences defined in this manner are said to be
inductively (or recursively) defined.

Examples 3.1.

(1) If a € R, the sequence
VneN, u, =a.

all of whose terms equal «, is called the constant sequence.
(2) The sequence (2n)nen of even natural numbers can be defined inductively by
Ty — 0
VneN, r,.1 =x,+ 2.

22
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(8) The celebrated Fibonacci sequence (f,)nen s given by the inductive definition

f0:17 fl :17
VneN, for2= for1+ fo

Thus each term past the second is the sum of its two immediate predecessors. The first
ten terms of (fn)nen are seen to be 1;1;2:3;5;8;13;21;34;55.

3.2 The Limit and convergence of a sequence

Definition 3.2. A sequence (x,)nen, in R is said to converge to x € R, or x is said to be a
limit of (), if for every e > 0 there exists a natural number K such that

VneNy, n>K= |r,—z|<e.

If a sequence has a limit, we say that the sequence is convergent; if it has no limit, we say
that the sequence is divergent.

When a sequence (2,)nen, has limit z, we will use the notation

lim z, = x.
n—-+oo

3.2.1 Uniqueness of Limits

Lemma 3.1. A sequence in R can have at most one limit.

Proof :
Suppose that ' and z” are both limits of (z,)nen,. For each € > 0 there exist K’ such that

€
VneNy, n>K = |z, — 2| <§,

and there exists K" such that
€
VneNy, n>K'= |z, —2"| < 3

We let K be the larger of K/ and K”. Then for n > K we apply the Triangle Inequality to
get

€ ¢
o' — 2| = |2 —x, + 2, — 2" < |2 — x| + |2, — 27| < st =¢
Since £ > 0 is an arbitrary positive number, we conclude that ' — z” = 0. O

Example 3.1. We show that the limit of the sequence (uy,)nen+ defined by

Y

1
VneN u,=—
n

23
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15 0.
If € > 0 is given, then % > 0. By the Archimedean Property, there is a natural number K
such that Ke > 1. Then, if n > K, we have

1 < 1
— <e.
K
Consequently, if n > K, then
1 1
‘— — O‘ =—<e.
n n
Therefore, we can assert that the sequence (u,)n+ converges to 0.

Theorem 3.1. Let (z,)nen, be a sequence of real numbers and let x € R. If (ap)nen, @S a

sequence of positive real numbers with lzm L Gy = 0 and if for some constant C' > 0 and some
n—-+

m € N we have
Vn>m, |z, — x| <Cay,

then it follows that liT Ty, = .

n—
Proof :
If € > 0 is given, then since lim a, = 0, we know there exists K = K (%) such that
n—-+00
€
nZK:>an:|an—0|<5.

Therefore it follows that if both n > K and n > m, then

€
T, — x| <Ca, < C= <e.
C

Since € > 0 is arbitrary, we conclude that z = lim x,. O
n—+00

Example 3.2.

(a) let a > 0. We show that the limit of the sequence (v, )nen+ defined by

1
VneN v, =
1+ na

I

15 0.

If a > 0, then lzm = 0.

1+na

Since a > 0, then 0 < na <1+ na, and therefore 0 < (l+na) < (nla). Thus we have

V n e N*, ! <1(l)

1+na = a'n
Since l_zgrn = =0, we may invoke Theorem above with C = E and m =1 to infer that
lim v, = 0.
n—-+00
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(b) letb e R with 0 < b < 1, we show that the limit of the sequence (hy)nen+ defined by
VneN, h,=0",

15 0.
1

Since 0 < b <1, we can write b = =, where a = % — 1 so that a > 0. By Bernoulli’s

Inequality, we have (14 a)™ > 1+ na. Hence

)” 1 1
< < —.
14+ na na

O<b”:<
1+a

Thus from Theorem below we conclude that l_z)T h, = 0.

Exercise 3.1. Use the definition of the limit of a sequence to establish the following limits.

lim (Sn—i-l) 3
7 = —.
n—+oo \ 21 + 5 2

3.3 Bounded Sequences

Definition 3.3. A sequence (un)nen, i said to be bounded from above if there ezists a
number M € R such that

VneNy, u, <M.

Any such M is called an upper bound. Likewise, (u,)nen, s said to be bounded from below
if there exists a number m € R such that

vV neNy, u, >m.
Any such m is called a lower bound.

Definition 3.4. A sequence (z,)nen, of real numbers is said to be bounded if there exists a
real number o > 0 such that

VneNy, |z, <a.

Corollary 3.1. If a sequence is both bounded from above and bounded from below, then the
sequence is bounded.

Proof :
The proof is trivial.

Theorem 3.2. A convergent sequence of real numbers is bounded.

Proof :

Suppose that (x,)nen, is a convergent sequence such that li?lz T, = x and let € = 1. Then
n——+0oo
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there exists a natural number K = K (1) such that |z, —z| < 1 for all n > K. If we apply
the Triangle Inequality with n > K we obtain

|| = |2 —x + 2| < |xp — 2|+ 2| <1+ |2|.
If we set

M = Sup{|mno+1|’ |xno+2|’ SKIE) |$K—1|’ 1+ |$|}7

then it follows that |z,| < M for all n € N. O
Exercise 3.2. Let (u,)nen be the sequence define by ug €]0, 1] and by the recurrence relation

2u, + u?

VneN, u, =
n , U 1

Prove that, for alln € N, we have 0 < u, < 1.

3.4 Operations on convergent sequences

Theorem 3.3.

a. Let (up)nen, and (vn)nen, be sequences of real numbers that converge to o and [3, respec-
tively, and let ¢ € R. Then the sequences (Uy + Up)nengs (Un — Un)neNgs (Un-Un)neny, and
(CUp)nen, converge to a+ 3, a — 3, af, and ca, respectively.

b. If (xp)nen, converges to x and (z,) is a sequence of nonzero real numbers that converges
to z and if z # 0, then the quotient sequence (%)neNo converges to <.

Proof :
(a) By hypothesis, if € > 0 there exists two natural numbers K; and K, such that

n>K = |u,—a <3,
n> Ky = |Un—6|<%

Hence if K = sup{K1; K2}, it follows that if n > K and using the Triangle Inequality to
obtain
€ €
[t 0n) = (@ B)] = [t = @) (v = B)| < htn — ] o = Bl < 5+ = =e.
Since £ > 0 is arbitrary, we infer that (u, + v,)nen, converges to a + 3.
Precisely the same argument can be used to show that (u,, — v,) converges to o — 3.

Note that
V' n e Ny, u,.v, —a.f =v,(u, — )+ alv, — ).

As the sequence (v,,)nen, is convergent therefore it is bounded so,there exists a real number
M; > 0 such that
VvV n e Ny, |Un| < M.

26



Dr. DJILALI Laid 3.4. OPERATIONS ON CONVERGENT SEQUENCES

So we can write
[t 0, — af3]

IA I

|vn(un — @) + a(vy — )|
v (tn — )| + [a (v, — B)]
< |vallug — af +|aljv, — B
< Mil|up — af + |a|v, — B
< M|u, — o| + M|v, — B,

where M = sup{M, |a|}.
From the convergence of (uy,)nen, and (v, )nen, we conclude that if e > 0 is given, then there
exist natural numbers K; and K, such that

2M

n> K =u, —al <55

Now let K = sup{Ky; Ky} ; then if n > K we infer that,
5

2M:5.

€
|unvn_$y’ < Mlun_a’—i_M‘vn_ﬁ‘ < m"’
Since £ > 0 is arbitrary, this proves that the sequence (u,.v,)nen, converges to af.
The fact that (cu,)nen, converges to cx can be proved in the same way; it can also be
deduced by taking (v,) to be the constant sequence where for all n in Ny v, = c.
(b) First, we prove that

i =2z 70 11
and = lim — = —.
n—-+o0o Zn z

VneNy, z,#0

Let us first prove that the sequence (z,) is bounded from below by a strictly positive number.
Indeed, z # 0 implies that the interval |0, |z|[ is non-empty. Let € an element of this interval.

So, since liTIL zp = %, there exists a natural number K such that
n—-—+0oo

n>K=z—ec<z,<z+e= |z >z —c
Let’s now
a = inf{|zn0|, |Zno+1|7 ) ’ZK|7 |Z| - 5}'

Hence we have
VneNy, |z, > a.

We have, according to the above,

‘1 1’ lzn — 2| _ |20 — 2|

2 |2l|m] T @

As lim z, = z, so for all € > 0 there exists p such that

n—-+o0o

, 11
n>p:>|zn—z|<a5:>‘——f‘<e.
Zy 2
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Whence
) 1 1
lim — = —.
n—-+00 Zn z

Since lim - =1 and lim x, = x, so we can apply the statement (a) to conclude that
n—+o0%n z n——+00

. Ty ) 1 1 T
dim 2= lim (=) =a(2) = 7
Theorem 3.4. If (u,)nen, @S a convergent sequence of real numbers and if u, > 0 for all
n € Ny, then a = lim u, > 0.

n—-+0o00

Proof :
Suppose the conclusion is not true and that @ < 0; then we can take ¢ = —a is positive.

Since (up)nen, converges to «, there is a natural number K such that
Vn>K, a—e<u, <a-+e.

In particular, we have ux < a+¢ = a+ (—a) = 0. But this contradicts the hypothesis that
u, > 0 for all n € Ny. Therefore, this contradiction implies that o > 0. O

Theorem 3.5. If (up)nen, and (Vp)nen, are convergent sequences of real numbers and if

Uy, < v, for alln € Ny, then lim u, < lim v,.
n—-+00 n—-+00

Proof :

Let z, = v, — uy, s0 that (2,)nen, = (Un — Un)nen, and z, > 0 for all n € Ny. It follows from

Theorems (3.5)) that

0< lim z, = lim (v, —u,);
— n—4oo n n—>+oo( n n);

so that lim wu, < lim v,. O
n—-+00 n—-+0o

Theorem 3.6. If (up)nen, @ a convergent sequence and if a < u, <b, for alln € Ny, then

a< lim u, <b.
n—-+oo

Proof :
Let (by)nen, be the constant sequence given by

VvV n €Ny, b, =0.
Theorem (3.5)) implies that

lim u, < lim b, =b.
n—-+4o0o n—-+0o

Similarly one shows that a < lim wu,. O
n—-+o0o

Theorem 3.7. Let a € R. Suppose that (uy)neny, (Un)neny 0nd (2n)nen, are sequences of

real numbers such that

VneNy, u, <v, <z, and lim u, = lim z, = a.
n—-+o0o n—-+4o0o

Then (vp)nen, s convergent and lim v, = a.
n—-4o00
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Proof :

Let a = lim u, = lim z,.Ife > 0is given, then it follows from the convergence of (u,)nen,
n——+oo n—-+o0o

and (2,)nen, to a that there exists a natural number K such that if n > K then
lu, —a| <eand |z, —al <e.
Since the hypothesis implies that
VneNy, u,—a<wv,—a<z,—a,

it follows that for all n > K,

—e< v, —a<e.

Since € > 0 is arbitrary, this implies that lim v, = a. 0]
n—-+00

Example 3.3. The sequence (hy)nen+ defined by

wn e N, p, = 520
n
We have
1 i 1
vnen — LS 1
n n n
From the Theorem , we deduce that
1 1
0=—Ilim —= lim —.
n——+oon, n——+oon,
Hence, &T % =0. S0 (hp)nen+ s convergent sequence.

Theorem 3.8. Let the sequence (uy)nen, converge to u. Then the sequence (|un|)nen, of

absolute values converges to |u|. That is, if u = lim u,, then |u| = lim u,.
n—-+o0o n——+00

Proof :
It follows from the Triangle Inequality that

V' n e Ny, [Ju, — |u]| < |u, —ul.

The convergence of (|ty|)nen, to |ul is then an immediate consequence of the convergence of
(Un)neno- 0J
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3.5 Monotone Sequences

Definition 3.5. Let (x,)nen, be a sequence of real numbers. We say that (z,)nen, @S increa-
sing if it satisfies the inequalities

VneNy, vp1—x, >0,

and it is said to be strictly increasing if it satisfies the inequalities
VneNy, z,01—2, >0.

We say that (x,)nen, @S decreasing if it satisfies the inequalities
VneNy, v, — 2, <0,

and it is said to be strictly decreasing if it satisfies the inequalities
VneNy, v,01—x, <O.

We say that (x,)nen, s monotone(strictly monotone) if it is either increasing(strictly increa-
sing) or decreasing(strictly decreasing).

Theorem 3.9. [Monotone Convergence Theorem]
A monotone sequence of real numbers is convergent if and only if it is bounded. Further :

() If (xn)nen, s a bounded increasing sequence, then

nl_z)vlzooxn =sup{z,: n € Ny}.

(b) If (xn)nen, is a bounded decreasing sequence, then

nl—Z>Toox” =inf{z,: neNg}.
Proof :
It was seen that a convergent sequence must be bounded.

Conversely, let (2,)nen, be a bounded monotone sequence. Then (x,,)nen, is either increasing
or decreasing.

(a) We first treat the case where (,)nen, is a bounded, increasing sequence. Since (2, )nen,
is bounded, there exists a real number M such that

VneNyx, <M.

So ¢ = sup{z, : n € Ny} exists in R. We will show that £ = lim x,.

n—-+o0o

If e > 0 is given, then ¢ — ¢ is not an upper bound of the set {x, : n € Ny}, and hence there
exists xx such that ¢ —e < xx. The fact that (z,)nen, is an increasing sequence implies that
v < x, whenever n > K, so that

foralln > K, ( —e<axg <z, <Ll</l+c¢.
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Therefore we have
foralln > K, |z, — (| <e.

Since £ > 0 is arbitrary, we conclude that (z,),en, converges to £.
(b) If (z1)nen, is a bounded decreasing sequence, then it is clear that (—z,)nen, is a bounded
increasing sequence. It was shown in part (a) that

lim (—x,) =sup{—x,: n € Ny}.

n—-+oo

And also, by Exercise (2.5)).Statement (3), we have
sup{—xz,: n €Ny} =—inf{z,: n € Ny}.

Therefore
lim (—x,) = — lim (z,) = —inf{z, : n € Ng}.

n—-+4oo n—-+oo
Hence
lim (x,) =inf {x,: n € Ng}.

n—-4o00

Examples 3.2.
(1) Let (up)nen sequence defined by

UO:§
VneN, unH:%un—i—Q.

1. Show that (up)nen S an increasing sequence.
2. Deduce that it is convergent and determine its limit.

(2) Let (vy)nen sequence defined by

U1 Z 2
VneN v, =14++v, — 1.
1. Show that (v,)nen+ is decreasing sequence.

2. Deduce that it is convergent and determine its limit.
(3) Let (hy)nen sequence defined by

{ lho| <1

1+-h2
VneN, hyyy =5

1. Show that (u,)nen s an increasing sequence.

2. Deduce that it is convergent and determine its limit.

Exercise 3.3. Let a > 0. (8,)nen is the sequence defined by

|so| > 0 be arbitrary
VneN, an:l(sn—l—i).

2 Sn

Show that (8,)nen 18 convergent and determine its limit.
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3.5.1 Adjacent sequences

Definition 3.6. Two real sequences (un)nen, and (vn)nen, are called adjacent if
1. (Up)nen, 1S increasing.

2. (Vn)nen, is decreasing.

3. lim (u, —v,)=0.

n—-+oo

Example 3.4. We defined a sequence (uy,)nen by :

1
_ 2
Un+1 = Ttu,

And we define two other sequences (kp)nen, (hn)nen by
VneN, k,=ug, and h, = ugyi1.

We want to answer the following questions.

Show that, ¥ n € N, i < u, < 2.

Prove that, VneN, k, <1<h,.

Show that the sequence (ky)nen is increasing and the sequence (hy,)nen S decreasing.
Deduce the limit of the sequence (ky)nen thus the limit (hy)nen-

Deduct.

Establish the following inequality

A

4
VneN, |lup —1] < 5|un —1].

7. Prove that the sequence (Uy)nen 1S convergent.
Theorem 3.10. Two adjacent sequences converge and their limits are equal.

Proof :
Let (un)nen, (Vn)nen be two adjacent sequences and we assume that (u,),en is increasing

and (v, )nen is decreasing,.
Note that, for all n in N,

Upr1 — Uy, > 0 and vy, — v, < 0.
Therefore, the sequence (u,, — v,)n € N is increasing :
VneN, (Upr1 —Vpt1) — (Up — ) = (Upg1 — Un) — (Upy1 — vy) > 0.
It is therefore bounded from above by its limit 0, so

VneN, u, <uv,.
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Then we can write

up <y < -o- <ty <o <y <o <oy < g (3.1)

From (3.1)) we notice that the sequence (uy)nen is increasing and bounded from below by vy
so, 1t converges.
We assume that

lim u, = /.
n—4oo

Likewise, the sequence (vy,)nen is decreasing and bounded from above by ug so, it converges.
We assume that

Hm e =
For all € > 0, there exists k € N such that
€
3

€

, ‘Uk—€,|< 3

€
lup —vg| < 5, Jup — 4] <
3
The triangular inequality gives
w_€/’ < |€—uk|+|uk—vk|+|vk—€'| <ég,

and this for all € > 0, therefore ¢ — ¢ = 0.

3.5.2 Nested intervals

To two adjacent sequences (un)neny and (v, )neny We associate the family of intervals
VneN, I, = [up,v]

So,
IhoL>---DIL,D---

We say that family (1,,),en is made up of nested intervals whose length approaches to 0. As
both sequences have the same limit ¢, then

N1 = {¢}.

neN

Reciprocally, For any sequence (1I,,),en of nested intervals of R whose length approaches to 0,
the sequences (uy,)neny and (v, )nen of the lower and upper extremities of the intervals are two
adjacent sequences which therefore have a common limit ¢, intersection of all the intervals
I,.

Proposition 3.1. [Nested Intervals Property] If I, = [a,;b,], n € N, is a nested
sequence of closed bounded intervals, then there exists a number { € R such that ¢ € I,, for
alln € N. That’s to say

1. = {¢}

neN
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3.6 Subsequences

Definition 3.7. Let (z,)nen be a sequence of real numbers and let

p: N—=N
n = o(n),

be a strictly increasing function. Then the sequence (Tym))nen 5 called a subsequence of
(-Tn)nEN-

Remark 3.1. The fact that the function ¢ is strictly increasing then we have
VneN, pn)>n.

Example 3.5. If (x,)nen s the sequence given by

1
VneN, z,=—,
n

then these sequences (Ton)nen, (Tant1)nen and (vn)nen+ defined by

. 1
VTLGN, ’Un—m,

are subsequences of (Zy)nen-

Theorem 3.11. If a sequence (x,)nen of real numbers converges to a real number x, then
any subsequence (T, Jnen Of (Tn)nen also converges to .

Proof :
Let € > 0 be given and let K = K (¢) be such that if n > K, then |z, — z| < e.
AsV n €N, ¢(n) > n so we have

VneN, n> K= phn) > K.

Then we deduce that :
VneN, n>K=|rym — o <e.

Therefore the subsequence (£,(m))nen also converges to . O

3.7 Recursive Sequences

Let f be a function defined on an interval I C R such that f(I) C I.
Definition 3.8. The sequence (uy,)nen defined by :

uyg € 1
VneN, u1 = f(un),

is called a recursive sequence (or sequence defined recursively).
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Example 3.6. Let (v,)nen be the sequence defined by

{Uo_g
_4vn+2
VneN, v,,1 = e

The sequence (vy)nen is defined by the function :

_4x—|—2

——= = .
T [0, 400

f(x)

We have f(I) C I and therefore the sequence (vy)nen is well defined.

3.7.1 Monotonicity transfers from f to (u,)nen

Case 1 : f is an increasing function

Proposition 3.2. If the function f is increasing on I then the sequence (un)nen defined by
f is monotone.

a. (Up)nen 18 increasing if uy — ug > 0.
b. (un)nen s decreasing if u; — ug < 0.

Proof :

We assume that u; —ug > 0 and f is an increasing function. we prove by induction that the
sequence (Uy)nen s increasing

We denoted by P(n) the statement,

VneN, u,pq —u, >0.

1. P(0) is true by hypothesis.

2. We assume that P(n) is true for some natural numbers n and we need to prove that
P(n + 1) is also true. We therefore have u,11 > u,, and as f is increasing. We can
write

Un+1 Z Up = f(unJrl) Z f(un)
< Up+2 2 Un+1-

Hance P(n + 1) is true. According to the principle of induction, we have
VneN u, <u,.

So the sequence (u,)nen is increasing.
We proceed in the same way if u; — ug < 0.
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O
Case 2 : f is decreasing function
Let I C R, the function f : I — I is decreasing on I and the sequence (u,),en is defined by

f.

The sequence of even terms (ug,)nen satisfies

Vne N, Ugn42 = f(u2n+1) = f(f(u2n)) = f © f(UQn)

Similarly, the sequence of odd terms (ug,11)nen verifies

Vn €N, uypiz = f(usmia) = f(f(ugn1)) = f o fluzni1)-
Furthermore, we have this result
f is decreasing = f o f is increasing.

Proposition 3.3. If the function f is decreasing on I then the sequence (uy)nen defined by
f is not monotone. Furthermore we have

(Ugn)nen 1S increasing

Uy = Uy = . .
Ugn+1)neN &S decreasing.

(
(Ugn )nen is decreasing
(

Uy < Uy = .. .
Ugn+1)neN 1S Increasing.

Proof :
We assume that uy > ug and we prove by induction that the sequence (u,),en is increasing.
P(n) is the stament

VneN, upio > Uy,

P(0) is true by hypothesis.
We assume that P(n) is true for some natural numbers n and we need to prove that P(n+1)
is also true. We have

Ugnyo > Ugn & f O fUanga) > fo fluz)
< Upid = U2pt2-

We deduce that P(n + 1) is true. According to the principle of induction, we have
VneN, upio > Uy,

So the sequence (g, )nen is increasing.

Let us now show that (u2,41)nen is decreasing.

As we have us > ug and [ decreasing, we have f(uz) < f(ug) ie ug > u;.
We would then prove, by induction, that

VneN, upiz < Ugpqr-

We proceed in the same way if uy < ug. O
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Definition 3.9. Let ¢ € I where I C R is an interval. We say that ¢ is a fixed point of f if
and only if f(£) =¢.

Theorem 3.12. Let ¢ € I where I C R is an interval and (u,),en be a recursive sequence
defined by a function f: I — R. We assume that f is continuous on I. So, we have

Uy — 0 => f({) = L.

Proof :

From the equation u, 1 = f(u,), we obtain by passing to the limit :

b=t =l flun)

The continuity of the function f at point ¢ gives the equation ¢ = f(¥). 0

Example 3.7. Let the sequence (uy)nen be defined by :

UO:2
__ bun+4
VTLGN, Un+1—ﬁ.

We can prove by induction, that
VneN, 0<u, <4 (3.2)

We have

_5.7:+4
x+2

Therefore f is increasing on I =)0, 4+o00[ then (u,)nen s monotone sequence.

As

f(x) and¥ x>0, f'(x)>0.

5U0+4 14 7>
Uy = = — = = > Uyp.
YT w2 4 270

So, the sequence (uy,)nen s increasing and bounded from above by 4 then it’s convergent.
Let ¢ = lim w,. Since the sequence (u,)nen S increasing then verify , therefore ¢

n—-+o0o
belongs to [0;4].
As the function f defined by f(x) = 5;5;;4 is continuous on the interval [0; 4], then ¢ is solution
of the equation

f(x) =z, x €0;4].
We have, for all x € [0;4]

5 + 4

—ror—3r—-4=0z=—1orz=A4.
T+ 2

flx)=2z<
As —1 ¢ [0;4] so, £ = 4.
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3.8 The Cauchy Criterion

Definition 3.10. A sequence (xy)nen, of real numbers is said to be a Cauchy sequence if
for every e > 0 there exists a natural number K = K(g) such that for all natural numbers
n, m > K, the terms x,, T, satisfy |x, — x| <.

Examples 3.3.

1. The sequence (%)neN* is a Cauchy sequence. If € > 0 is given, we choose a natural number
K = K(e) such that K > 2.
Then if m, n > K, we have

1 < 1 <5 p 1 <5
—< =<, and — < —.
n- K 2 m 2
Therefore, it follows that if m, n > K, then
1 1 1 1 E €
LoL L L e e |
nom n m 2 2

Since € > 0 is arbitrary, we conclude that (%)neN* is a Cauchy sequence.

2. The sequence (x, = 2-+(—1)"),en s not a Cauchy sequence. The negation of the definition
of Cauchy sequence is : There exists € > 0 such that for every K there exist at least
onen > K and at least one m > K such that |z, — x| > €.

For the terms x,, = 2+(—1)", we observe that if n is even, then x,, = 3 and x, 1 = 1. If
we take € = 2, then for any K we can choose an even number n > K and let m = n—+1
to get

|Tp — Tpy1| =2 =€.

We conclude that (x,,)nen s not a Cauchy sequence.

Lemma 3.2. Lemma If (z,)nen, @S a convergent sequence of real numbers, then it is a
Cauchy sequence.

Proof :

If x = lim x,, then given ¢ > 0 there is a natural number K = K(
n—-+o0o

then |z, — | < 5.
Thus, if K/ = K'(¢) = K and if n, m > K’, then we have

) such that if n > K

N

E €
[0 = &m| = (20 = 2) + (2 = )] < (20 = 2)| + (2 —am)| < 5+ 5 =

Since € > 0 is arbitrary, it follows that (z,,)nen, is a Cauchy sequence. O
In order to establish that a Cauchy sequence is convergent, we will need the following result.

Lemma 3.3. A Cauchy sequence of real numbers is bounded.
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Proof :

Let (z)nen, be a Cauchy sequence and let € = 1.
If K =K(1) and n > K, then |z, — x| < 1.
Hence, by the Triangle Inequality, we have

Vn>K, |z, <|rg|+1.
If we set M = sup{|x1]|, |x2|, -+, |xx_1|,|zK| + 1}, then it follows that
vV neNy, |z, <M.

O

Proposition 3.4. If a Cauchy sequence (x,)nen contains a convergent subsequence (Zop(n))nen

such that lim x,m) = £, then the sequence (Ty)nen s convergent to (.
n—-+00

Proof :
Let (Z4(n))nen be a subsequence of (2,,),en and which converges to £. We have

[T — €] = [0 — Tp(n) + Tpm) — U < |20 — Tp)| + |Tpm) — 1.

The sequence (z,)nen is a Cauchy sequence and from the fact that forall n € N, p(n) > n,

then .
Ve>0, IK eN:Vn,n> K = |Ty4) — 2| < 2

and since the subsequence (Zy(n))nen is convergent to £ , so we can write
Ve>0, 3K eN:Vnn 2 K = foym — (] < 5.

For k" = sup{ K, K"}, we get
Ve>0,Vn,n>K'= |z, —{ <e.
Then the sequence (x,,),en is convergent and converges to /. [

Theorem 3.13. [Monotone Subsequence Theorem| If (z,).en is a sequence of real
numbers, then there is a subsequence of (z)nen that is monotone.

Proof :
The proof is for the students. O

Theorem 3.14. [The Bolzano-Weierstrass Theorem| A bounded sequence of real num-
bers has a convergent subsequence.
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Proof :

It follows from the Monotone Subsequence Theorem that if (x,),en is @ bounded sequence,
then it has a subsequence (Zy(n) )nen that is monotone. Since this subsequence is also bounded,
it follows from the Monotone Convergence Theorem that the subsequence is convergent. [
We now present the important Cauchy Convergence Criterion.

Theorem 3.15. [Cauchy Convergence Criterion] A sequence of real numbers is convergent
if and only if it is a Cauchy sequence.

Proof :

We have seen, in Lemma [3.2], that a convergent sequence is a Cauchy sequence.

Conversely, let (z,)neny be a Cauchy sequence, we will show that (z,),en is convergent to
some real number.

First we observe from Lemma that the sequence (z,)nen is bounded.

Therefore, by the Bolzano-Weierstrass Theorem , there is a subsequence () )nen of (Zn)nen
that converges to some real number ¢. We shall complete the proof by showing that (x,)nen
converges to /.

Since (2 )nen is a Cauchy sequence, given € > 0 there is a natural number K = K(5) such
that if n, m > K then
£
|Tn — | < 3" (3.3)

Since the subsequence (Zy(n))nen converges to £, there is a natural number K’ = K'(5) > K
belongs to {¢(n) : n € N} such that

€
5
Since K’ > K, it follows from (3.3) with m = K’ that

2t — 0] < (3.4)

£
Vn>K, |xn—:pK|<§

Therefore, if n > K, we have

|z — L] = |2,
<o —zk|[+lzr =l <5+5=e¢

Since € > 0 is arbitrary, we infer that lz’T x, = L. Therefore the sequence (x,)nen iS
n—-+00

convergent. OJ
Examples :
O Let (uy,)nen+ be defined by

up =1, up = 2,and Vn > 2, u, = B (Un—2 + Up_1) .

It can be shown by Induction that

VneN, 1<u,<2.
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We can prove that the sequence (u,)nen+ is not monotone. However, it is readily seen that
1

- on—1 '

VneN Jup —
Thus, if m > n, we may employ the Triangle Inequality to obtain

|un - um| < ‘un - un+1| + |un+1 - un+2’ Tt |um71 — U

- L

- 2n71 on 2m72

_— <1+1+ T >< !
- on—1 2 om—n—1 2n72'

varepsilon

. and if m > n, then it

Therefore, given ¢ > 0, if n is chosen so large that 2% <
follows that

[t — U | < €.
Therefore, (uy,)nen+ is a Cauchy sequence in R.

By the Cauchy Criterion we infer that the sequence (u,),en+ converges to a number £.
The subsequence (2,1 1)nen Of (U )nen+ satisfies
1 1

1
u2n+1:1+§+?+"-+22n_1

< )
3 4” ’

(=l = Jip o = 15 5 = 5.

Definition 3.11. We say that a sequence (x,)nen of real numbers is contractive if there
exists a constant o ,0 < a < 1, such that

From (3.4]), we can right

Vone N7 |xn+2 - xn+1’ S Oé|l’n+1 - xn|
The number « is called the constant of the contractive sequence.

Theorem 3.16. FEvery contractive sequence is a Cauchy sequence, and therefore is convergent.

Proof :
Let (x,)nen be contractive sequence. So there exists real number 0 < o < 1 such that

Vne N? |xn+2 - In—i—l‘ < Oé|ZL’n+1 - *TTL|
By induction, we can write

|xn+2 - an+1| S Oé|[L’n+1 - xn|

S 052’3;71 - xn71|

IN

< azy — xq).
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For m > n, by the Triangle Inequality and then using the formula for the sum of a geometric
progression, we obtain
|xm - mn| S |l‘m - l’m—1| + |mm—1 - mm—2| +-+ |mn+1 - xn'

< (oxmf2 ™t Oénil) Ty — 21

1 —aqm™"
S Oénfl <1foé> |{I,‘2 - $1|

<"t S |xe — 1]
< [—a) 2 n

Since 0 < a < 1, we know Z—%T’ a™ = 0. Therefore, we infer that (x,),en is a Cauchy

sequence. It now follows from the Cauchy Convergence Criterion that (x,),ecn is a convergent
sequence.

Exercise 3.4. We consider the sequence of Fibonacci fractions x, = - where

fn+1
fl = f2 =1landVne N*7 fn+1 = fn+fn—1-

1. Show that 1

2. Prove that 4
VneN, |z, —a, < §|xn — Tp|.

3. Deduce that the sequence (x,)nen+ 18 convergent and determine its limat.

3.9 Properly Divergent Sequences

Definition 3.12. A sequence which is not convergent is called a divergent sequence.

Divergence Criteria 3.1. If a sequence (x,,)nen, of real numbers has either of the following

properties, then (z,)nen, 5 divergent.

1. (@n)nen, has two convergent subsequences (Zy(n))neny and (Tym))nen, whose limits are not
equal.

2. (Tp)nen, 18 unbounded.

Example :
Vv Let (up)nen be a sequence defined by

VneN, u, =(—-1)",

We have (ugn)neny and (ugni1)nen are two subsequences of (u,)n,en whose limits are 1 and
(—1) respectively. So the sequence (uy)nen is divergent sequence.
vV Let (hy)nen be a sequence defined by

Vn €N, h, = (n)? +n.

This sequence is divergent because it is unbounded. 0
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Definition 3.13. Let (,)nen, be a sequence of real numbers.

(1) We say that (x,)nen, tends to +oo, and write Z_Z)T Ty = 400, if
VAeRIK=K(A), n> K =z, > A.

(2) We say that (z,)nen, tends to —oo and write nl_z)zrnooxn =—00, if

VBeRIK=K(B), n>K =z, <B.

We say that is properly divergent in case we have either l_z)grn Ty = +00 or Z—%T Ty = —00
Theorem 3.17. A monotone sequence of real numbers is properly divergent if and only if it
s unbounded.

() If (n)nen, s an unbounded increasing sequence, then li?jr”z Ty = +00.
n—-—+0o0o

(b) If (xn)nen, is an unbounded decreasing sequence, then LZT T, = —00.

Proof :

(a) Suppose that (z,)nen, is an increasing sequence. We know that if (x,)nen, is bounded,
then it is convergent.

If (2,)nen, is unbounded, then for any a € R there exists n = n(a) € N such that a < 2.
But since (2, )nen, is increasing, we have for all n > n(a) x, > z,) > a.

Since a is arbitrary, it follows that lim z, = 4o00.
n—-+00

(b) is proved in a similar wayo. O

Theorem 3.18. Let (uy)nen, and (Vn)nen, be two sequences of real numbers and suppose
that

VneNy, u, <v,. (3.5)
(1) If lim u, =400, then lim v, = +00
n—+oo n—+o00
(2) If lim v, = —o0, then lim u, = —0
n—+oo n—+o0o
Proof :
(1) If LZT un, = 400, and if a € R is given, then there exists a natural number K (a) such

that if n > K (a), then a < u,. In view of (3.5)), it follows that a < v, for all n > K(a). Since

a is arbitrary, it follows that [lim v, = +oc.
n—-+o0o

The proof of (2) is similar of (1). O

3.10 Limit Superior and Limit Inferior

Definition 3.14. Let (,)nen, be a bounded sequence of real numbers.
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(1) The limit superior of (Tn)nen, S the infimum of the set
X ={aeR: z, >« for at most a finite number of n € Ny} .

It is denoted by limsup(z,) or lim(x,).

(2) The limit inferior of (xy)nen, is the supremum of the set
S={weR: x, <w for at most a finite number of m € Ny} .
It is denoted by liminf(z,) or lim(x,).
Theorem 3.19. If (z,)nen, S a bounded sequence of real numbers, then the following sta-
tements for a real number & are equivalent.

1. § = limsup(x,).

2. Ife > 0, there are at most a finite number of n € Ny such that 0 + € < x,,, but an infinite
number of n € Ny such that 6 — e < x,,.

3. If uy, = sup{x, : n>m}; then 6 = inf{u,, : m € N} = lim(u,,).
4. If S is the set of subsequential limits of x,,, then § = supS.

Proof :
The proof is for the students.
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Real Functions Of A Real Variable

4.1 Generalities

Definition 4.1. Let X and Y are nonempty sets. Then f : X — Y is called a function
from the set X to the set Y if for every x € X there is at most only one element y € Y such

that y = f(x).
» [fE=F =R, f is said a real function of a real variable and is denoted by

f: R — R
r —  f(x).

» To simplify, we will say a function instead of real function of a real variable.

Definition 4.2. Let f be a function. The set, denoted by Dy, of values of x for which f(x)
is defined is called domain of definition of f. In another way

Dy={xeR: f(z) exists}.

Examples :

1. We want to determine the domain of definition set of the following function

f: R — R
T —  flz) =25

||

We have
Di={rx€R: |z|—2#0} =] — 00,0
2. The domain of the function ¢ defined by
g: R — R

r — g(z) =,/

z—1
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is

D

1
Y {a:GR: $+120andm—17é0}

={reR: (x—+1)(:17—1) >0and x # 1}
=] — 00, —1JU]1, +0.

4.1.1 Graph of a function
Definition 4.3. The graph of a function f is the set, denoted T'(f), defined by

I'(f) = {(m,y) eER’: r €Dy andy:f(x)}.

4.2 Operations on functions

Definition 4.4. Let f , g are two functions, Dy and Dy are their domains of definition
respectively and X is a real number.

1. The addition of these two function is the function, denoted by f + g given as
Dyig =Dy NDy and [V € Dyyy, (f +9)(x) = f(2) + g(x)].
2. The product of A by the function f is the function, denoted by \.f given as
Dyy =Dy and |V x € Dy, (\.f)(z) = A f(2)].
3. The product of these two function is the function, denoted by f.g given as

Dy =DyND, and |V x € Dy, (£.9)(x) = f(2).g(z)].

4. The quotient of these two function is the function, denoted by g given as

f flz
VxEDg, (5)(95) :gEI;’

where
Dy ={reD;ND,: g(x)#0}.

5. The composite function g o f is the function defined by

V' 2 € Dyog, (g0 f)(x) = g(f(2)),

where
Dy ={r €R: x €Dy and f(x) € Dy}.
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4.2.1 Even and odd functions
Definition 4.5. Let f be a function and Dy its domain of definition.

» [ is called an even function if it satisfies

Vo eDy, —xeDyand f(—z) = f(x).
» [ is called an odd function if it satisfies

Vx €Dy, —v €Dy and f(—z) = —f(x).

Examples :
[a.] Let f the function defined by

f: R — R
r — flz) = 2+2|m|+1‘

x|

The domain of definition of f is Dy = R*.
Let x € R*. We have —z € R*. Furthermore
—)? 42 —xl+1 22+ 2z]+1
o) = (—z)* +2[—=z[+1 |z] ~ f(a).

(—2)? + | — 2| 2% + ||

Since x € R* is arbitrary, we conclude that f is an odd function.
[b.] Let g the function defined by

g: R — R
v glr) = a5
The function ¢ is an odd function. Indeed,
211
D, = {xER: a:2+1 > 0 and :E2—17é0} =| — 00, —1[U]1, +o0],
x R

moreover, if z is in Dy, —z belongs to D,. Furthermore

T, z xz“ = —g(m).

Properties 4.2.1. Some basic properties of odd and even functions are :

1. The only function whose domain is all real numbers which is both odd and even, is the
constant function which is identically zero,

VrzeR, f(x)=
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2. The sum of two even functions is even, and the sum of two odd functions is odd.
3. The product of two even functions is even, and the product of two odd functions is even.

4. The product of an even function and an odd function is an odd function.

5. The quotient of two even functions is even, and the quotient of two odd functions is even.
6. The quotient of an even function and an odd function is an odd function.

7. If f is an even function then the function go f in an even function.

8. If f is an odd function and g is an even function then go f is an even function and if g

is odd then g o f is an odd function.

4.2.2 Even and Odd Functions Graph

The graph of an even function is symmetric with respect to the y-axis. In other words, the
graph of an even function remains the same after reflection about the y-axis. For any two
opposite input values of x, the function value will remain the same all along the curve.

Whereas the graph of an odd function is symmetric with respect to the origin. In other
words, the graph of an odd function is at the same distance from the origin but in opposite

directions. For any two opposite input values of x, the function has opposite y values.

Ly
\ w24 g "
\ / i \\\
\ ¥ _'Jlr l'.
: \\L__,/ / ‘\_
1 X |'ll \ X £.
| _-"I U : |I
X
\ Y ofeokfm N/
o/ SR\ |
‘\M /,»' '-,\ i f

Graphs of even functions

=

Graphs of odd functions
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4.2.3 Periodic Functions

Definition 4.6. Let f be a function and Dy its domain of definition. f is said to be periodic
if there exists a strictly positive real number P such that

V€D, (x—P)€Dys, (x+P) €Dy, and f(x+ P) = f(z).

Remark 4.1. If f admits P for period then f also admits nP with n € Z as period. This is
why we will always determine the smallest period when looking for the period of a function.

Definition 4.7. We say that f is P—periodic (or periodic with period P ) if P is the smallest
period for f. Furthermore We then define the pulsation from f by :

2

w:?,

and the amplitude A of f by :

max(f) — min(f)
2

A=
Examples :

1. The function z — cos(x) is 2r—periodic.
2. The function x — tan(z) is m—periodic.
Remark 4.2.

1. To define a P—periodic function, it is enough to know it over an interval of length P.

2. The graph of P—periodic function is symmetrical and repeats along the horizontal axis
over intervals of length P.

Examples : Graphs of P—periodic functions :

06T 4— Period (T) —>

g |
4+ :
ot /\ /\ Amplitude (A) b -:'_"' e - .. -f
t '. | |ll | |I
-n/4 /4 n12 31ll4 n 5nl4 3 | 2
024 Amplt de (A) STmE 3 o P B A= . | ] |

Graphs of P-periodic functions
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4.3 Restrictions of Functions

Definition 4.8. Let f: R — R be a function, Dy its domain of definition and A C R, we
can define a function f1 : A — R by

Vaee ANDy, fi(z)= f(x).
The function fi is called the restriction of f to A. Sometimes it is denoted by f1 = f\ A.

Example :
Let f: R — R given by :

r+1
x—l)'

flz) = ln(

We know that Dy =] — oo, —1[U]1, +00].
Let A = [0, +o0[ and we define the function g : A — R by

VoeeANDy, g(z) = f(z).

The function g is the restriction of f to A. O

4.4 Bounded Functions

Definition 4.9. Let f : R — R be a function, Dy its domain of definition, and A is a subset
of Dy. We say that f is bounded above on A if the set

FA) ={f): zeA}
is bounded above in R, that is, there exists B € R such that
VeeA flz)<B.

Similarly, the function f is bounded below on A if the set f(A) is bounded below in R, that
is, there exists m € R such that

VeeA f(r)>m.

We say that f is bounded on A if it is bounded above and below on A ; this is equivalent to
saying that there exists M € R such that

VaeA, |flz) <M.

Examples :
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1. The function f : R — R defined by
3
T ) =g

is bounded. In fact, we have

D;=R,VzeDy, 0< f(z) <

DN W

2. We show that the function g : R — R defined by

4x

) =

is bounded.

We have D, = R.

We notice that ¢ is an odd function and for all x € Ry, g(x) > 0.
On the other hand, we have

4x 4+ 22

= 1.

since ¢ is odd then we obtain
VzeR, —1<g(z)<1.

Therefore ¢ is bounded.

3. The function f : [2;+oo[—= R; f(x) = “£22£2 it is bounded above . Since,

Dy = [2;4+o00[and V = € Dy, f(x) > 2.

4.5 Monotone functions

Definition 4.10. Let f be a function Dy its domain of definition and I be an interval of
Dy.

1. f is said to be strictly increasing on I if

Vay, xo€l, x1 <x9= f(x1) < f(22).
2. f is said to be increasing on I if

Vxy, 9 €1, 1 <9 = f(x1) < f(x2).
3. f s said to be strictly decreasing on I if

A 1, To9 € ]7 T < Tog = f([)’}l) > f(CL’Q)
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4. f is said to be decreasing on I if
A 1, Tg € [, 1 < To = f(I1> > f(l‘g)

5. f is said to be constant on I if
Vi, zp €1, f(21) = f(z2).

6. f is said to be strictly monotone on I if f is strictly increasing or strictly decreasing on

I.

7. f is said to be monotone on I if f is increasing or decreasing on I.

Remark 4.3. We can use the following fraction called growth rate or the decay rate of f
flar) — fla2)

xT1 — T2

T1,T9 € 1, and x1 # To.

We can say that

1. f is strictly increasing on I if

d f(x1) — f(x2)

Va1, o €I, 21 # T2 an > 0.
1 — T2
2. f is increasing on I if
Vi, 9 €1, 11 # 29 andMZO.
1 — Ty
3. f is strictly decreasing on I if
Vxqy, o €1, 11 # 29 andM<0.
1 — T2
4. f is decreasing on I if
Vi, 9 €1, 21 # 29 andwgo.
1 — Ty
5. f is constant on I if
Vxy, o €1, 21 # 29 andM:O.

X1 — X2

Examples :
(1) We show that the function f defined on R by f(z) = 2% + z + 1 is strictly increasing on
[—3, +oo[ and strictly decreasing on | — oo, —1]. We can write f in the form :

1 3

VzeR, f(x):(x+§)2+1.
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L +o0[. So

Firstly, let 1 and x5 be in I} = [—5,

1 1
1 < To = .1'1"‘5 < x2+§

S~—— ~——
>0 on I >0 on I

1 1
= (11 4+ ) < (mp+ )2

2 2
:>(x1+;>2+i<(x2+;)2+i

= f(z1) < f(xo).

Then f is increasing in [—%, +ool.

In the same way we can prove that f is strictly decreasing on | — oo, —%]

4.6 Local maximum, Local minimum of function

Let f be a function defined on the set Dy.

4.6.1 Local maximum

Definition 4.11. The function f has a local maximum value at xqy if and only if there exists
an open interval I such that

xo € I and I C Dy,

Vaezel, flxg) > f(z).

4.6.2 Local minimum

Definition 4.12. The function f has a local minimum value at xq if and only if there exists
an open interval I such that

xog € I and I C Dy,

Vexel, f(r) > f(xo).

4.6.3 Boundary value of a function

Definition 4.13. If f(xzo) is a local minimum value of f or a local mazimum value then
f(xg) s said a boundary value of a function f.
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4.7 Limits of Functions

4.7.1 Finite Limit at a point

Definition 4.14. Let A is non-empty set of R. A point ¢ € R is a cluster point of A if for
every € > 0 there exists at least one point d € A ; d # ¢ such that d €]c —€,c + ¢].
In other words

c is a cluster point of A<V e >0, I3d#c: d€lc—e,c+e[NA.
We have the following easy-to-establish result.

Theorem 4.1. A number ¢ € R is a cluster point of a subset A of R if and only if there
exists a sequence (ap), in A such that

lim a, = c andVn € N, a, # c.

n—-+o00

Remarks 4.1.

1. It is not required in the definition that c € A.
2. If A is an interval with endpoints a and b then the set of cluster points of A is [a,].
3. A finite set has no cluster points.

Definition 4.15. [Cauchy definition of the limit at a point] Let A C R, and let ¢ be
a cluster point of A. For a function f: A — R, a real number { is said to be a limit of f at

cif
Ve>0,30=06(c)>0, [geAdand0<|z—c <d|=|flx)—{|<e
We often writeﬁzé@’gf(x).

We also say that "f(z) approaches ¢ as x approaches c”.

Exercise 4.1. Show using the definition that :

2’4z — . x’44x—5 — N s} _5
T
(d)  lmiy =5
Solution .1.
(a) We pose that f(z) = 3”2%4’”. Let ¢ > 0. So, we have
244 24474 2
f(x) — 4] = |2 + x_4‘: e ) O O = |z|.
x T

Whence,
lz] <e=|f(x) —4] <e
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Thus, we can take 6 = €.

(b) We pose that f(x) = % and let ¢ > 0. We can write

_ | 2?2442—5 22 4+42x—5—3x2+3 2224422 | —2(z?—2x+1)
|f(z) =3 = |5 —3]= e e e

| —2(z—1)2 _‘—2(90 )| _ 12(z—1)]

T @D+ D)| T | s+l | T a1

As we look for the limit when x tends to 1, we can assume that x E]%, g[ On this interval
we have

4 8

§§ |x+1|:x—i—1§§.
Therefore,
20 -] _3

15
- = _ 3| = —1f.

So,

(xe};,g{and |x—1\<8>:>|f( )—3| <e.

We can take § = inf{%, %E}

(c) We pose that f(z) ==~ +4Z+5 . Let ¢ > 0. So, we have

’f() 5 x+4x+5 5 22?4+ 8z + 10 — bz — 10 22? + 3z 2x+3‘|x|
T | = = = —_—.
2 r+2 2 2(zx+2) 2(zx+2) x+ 2

As we look for the limit when x tends to 0, we can assume that x €] — %, 3[. On this interval
we have

10 2x 4+ 3 <2 1 > 14

7T o le+2] x+2) =9’
Hence,

11 5 2r + 3] |z 7

el--2[= 2= < D).
el =gl ‘ﬂx) 2| = sz lz =gl
Therefore,
(a:e}—l 1{and ]a;\<5 ﬁ’f(x)—5‘<€.
4’4 2
So, we can take 5 = inf{i, 9—75 )
(d) Let f(x)= x2+1 2 for x € R and € > 0. So, we get
4] _ |z3-4 _ 4| _ |52®—20—(42244) 52°—20—4x?—4| _ |5z3—4z2—24
‘f(x) B 5‘ i i el sy ‘ = | 5at) ‘ ) ‘
_ (x*Z)(5932+6:z:+12‘ 5x2+6x+12‘ z— 2.
5(z2+41) 5(z2+1

As x tends to 2, so we can assume that x €]1,3| and we obtain :

23 <bHhx?+622+12<75 23 < 52?2 + 622 +12< 75
10 < 5(z* +1) <50 50 < e 21+1) <1

2
:>§<5x+6x+12<75_15

50 —  5(z?4+1) — 10 2"
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Hence,
4 5% + 6z + 12 15
1,3 = ——l =l 2| < — |z —2|.
eJusf= i@ 5| = [y |2 g -2
Therefore,
(xe}l 3{and§|x—2|<5):> f(x)—4‘<£.
’ 2 5

So, we can take § = inf{l, f—;}

Proposition 4.1. The limit of a function at a point, when it exists, is unique.
Proof :

We assume that a function f : I — R admits two limits ¢/; and /5 at a point ¢ and let € > 0.
Of the definition of the limit, we can write

00320 { (S <1 1<
Let’s put 6 = inf {(51,52}. So for 0 < |z — ¢| < 0 we get
6 — b = |6 = fz) + f(z) — ] < |0 — f(2)] + | f(z) — &f <e.
Thus, Ve > 0, |¢; — {5| < e. From where ¢; = /5. O

Definition 4.16. [Heine definition of the limit at a point] Let f : A — R and let ¢
be a cluster point of A. We say that ézgcbf(x) = ( if for every sequence (x,), in A such that

nljﬂ@mxn = c then nliToo(f(x”» =/

Theorem 4.2. Cauchy’s definition of the limit at a point is equivalent to Heine’s definition
of the limit at a point.

Proof :
Assume f: A — R has limit ¢ at ¢. So by Cauchy definition we can write

Ve>0,30. >0: [r€ Aand |z —¢| < 0] = |f(x) — (| <e. (4.1)

Suppose (x,), is any sequence in A with QT x, = cand x, # c for all n € N. So we can
write

de >0and lim x, =c=3ns, e N: Vn>ns,, |z, —c| <. (4.2)

n—-+o0o

By (4.1) and (4.2]) we obtain

Ve >0,3n. =ns. e N: Vn>n, |f(z,) — (| <e.

Hence lﬂl@ flz,) =L
Conversely, by contrapositive argument, we assume that é}ﬁé f(x) = £ in the Heine sense but
not in the Cauchy sense. In this case we have

Je>0: V6>0, z€ Aand |z —c|] < d and |f(z) — (] > e.
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So
1
VneN*, Jz, € A: |z, —c < —and |f(z,) — (] > ¢.
n

We conclude that LZT f(z,) # ¢,which contradicts the hypothesis. So we have

limf(x) = ¢ in the Heine sense} = {limf(a:) = ( in the Cauchy sense]| .

r—c r—c
U

Remark 4.4. Heine’s definition of the limit is mainly used to show that a function has no
limit at a point.

Exercise 4.2. Show that the two functions f, gR* — R given by
1 1
f(z) = sin (m) and g(x) = cos (m)

have no limits at point a = 0.

Solution .2. The two sequences (z, = ,le)neN* and (y, = m)n@\; are the sequences of
R* which converge to 0 . So a = 0 is cluster point of R*. Moreover

1
lim f(x,)= lim sin <> = lim sin(nm) =0,

n—+o0 n——+o0 T, n—400
and
nl_Z;TOOf(yn) = nl_Z;TOO sin <y1n> = nl_z)gnOO sin (W) =1.
So f has no limit at a = 0. In the same way, we get

Jim g(xn) = lim cos <$n) = lim cos (nm) = (=1)".

So g has no limit at a = 0.

4.7.2 Finite Right-hand limit and Finite Left-hand limit of func-
tion at a point
Definition 4.17. [Cauchy definition of Finite Right-hand limit at a point]

Let Ac R, f:A— R bea function and a is cluster point of A. We say that { € R is a
right-hand limit of f at a and we write lzm+f(m) =/ if

Tr—a

Ve>0, 30=6(e) >0: (r€eAanda<z<a+d)=|f(x)—{ <e.

Definition 4.18. [Cauchy definition of Finite Left-hand limit at a point]
Let Ac¢ R, f:A— R be a function and a is cluster point of A. We say that ¢ € R is a
left-hand limit of f at a and we write lim f(x) =€ if

Tr—a—

Ve>0,30=6(e)>0: (r€Aanda—-d<z<a)=|f(x)—{ <e.
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Remark 4.5. Using the sequences, the finite right-hand limit and finite left-hand limit of
function f at a point a can be write

lim+f(:v):£<:> V(zn)n C A, , >aVn and lim x, =a= lim f(z,)=10).

r—a n—-+o0o n—-+4o0o
xlizfz_f(x) =0 (Y(zn)n CA, x, <aVn and nl_z)@@xn =a= nl_%Toof(xn) =/{).

Theorem 4.3. Let A is non-empty set of R f: A — R be a function and a is cluster point
of A. Then

<limf(:v) =/landb GR) & (

Tr—a

lz’n”if(x) ={= lim f(x)

r—a r—a~ )

Proof :
The direct implication is trivial. Conversely, we assume that

(lim flz)=10= lim f(x)) :

r—at r—a~
So we can write

Ve o0, { 0 =01(e) (r€eAanda <z <a+0d) = |f(z)—{ <¢

oy =0a(e) (r€ Aanda—d <z <a)=|f(zx)—{ <e.
We can take § = §(e) = inf{d, 02} and we get

(reAanda<zx<a+0<a+d) |f(x) =t <e
(x € Aand |z —al <9) = or = or
(reAanda—d<a—06<z<a) |f(z) — | <e.

Which completes the proof. 0

4.7.3 Infinite Limits at a point

Definition 4.19. Let I is non-empty set of R f : I — R be a function and a is cluster
point of I.

1. We say that f tends to +00 as x — a, and write iz_v;rgf(x) = +o0, if
VA>0, 30=6(A)>0: (el and|xr—a| <0)= f(z)> A

2. We say that [ tends to —oo as x — a, and write é@_@f(x) = —00, if
VB>0, 30 =0(B)>0:(x €l and |z —a| <) = f(z) < B.

Exercise 4.3. Using the definition, show that

1 , -3

(a) lim

2 (m — 2)2
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Solution .3. (a) Let A > 0. We have

1
SVA= 1 -2l < —— =§=0(A) = —.
|z — 2| 7i (A)

1
A
@w—22 T a—2

(b) Let B < 0. We have

-3 1 -B -3 -3
< B -2 — =0=0(B)=/—.
(x_2)2< <:>|$_2’2> 3 = |z |<”B:> (B) =4/

4.7.4 Limits at Infinity

Definition 4.20. Let I C R, let f : I — R be a function, and suppose that |a,+oo|[C I for
some a € R.

1 . A real ¢ is said to be a limit of f when x tends to +00 and we write xl_z}@noof(x) =/ if
Ve>0,3A=A()>0: (x€landz>A)=|f(x)—{ <e.

2 . +00 is said to be a limit of f when x tends to +oo and we write ml_z}azoof(x) = +oo if
VM>0, 3A=AM)>0: (z €l andz > A)= f(x) > M.

3 . —o0 is said to be a limit of f when x tends to 400 and we write zQTmf(x) = —o0 if
VM<0, JA=AM)>0: (ze€l andz>A)= f(r) < M.

Remark 4.6. Using the sequences, we can write

1.
<ml—Z>Toof<x) = €> & (V (zp)n C I and nl—Z;Tooxn = +00 = nlj%@f{x"> = 5) :
2.
(Jtim f@) = +00) & (¥ (eaha € T and lim o = +00 = lim f(2,) = +00).
3.
(xﬁﬁloof(:v) = —oo) & (V (%n)n C I and nl—Z;Too{En = +o00 = nl_zﬁloof(xn) = —oo) :

Definition 4.21. Let I C R, let f : I — R be a function, and suppose that | — oo, a[C I for
some a € R.

1 . A real ¢ is said to be a limit of f when x tends to —oo and we write @TIL flz)=11if

Ve>0, 3A=A(e) <0: (z €I hboxand z < B) = |f(z) — (| < e.
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2 . +00 is said to be a limit of f when x tends to —oo and we write Z_Z;Q”L f(z) = +oo if
VM>0, 3A=A(M)<0: (z €l hboxand v < A) = f(z) > M.
3 . —o0 s said to be a limit of f when x tends to —oo and we write @721 f(x) = —o0 if

VM<0, JA=AM) <0: (x € hboxand x < A) = f(x) < M.

Remark 4.7. Using the sequences, we can write

(ﬂ?};f (x) = ﬁ) N (V (@n)n C I and lim xn = —00 = lim f(xn)= 5) :

( lim f(x)= —1—00) & <V () C I and lim x, = —oc0 = lim f(x,) = +oo) :

T——00 n—-+o00 n—-+o0o

( lim f(x) = —oo) & <V () C I and lim z, = —c0 = lim f(z,) = —oo> .

T——00 n—-+o0o n—-+o0o

4.7.5 Calculation rules

Let f and g be two functions admitting limits (finite or infinite) at a point a € R =
| — 00, +oo[U{—00, +oo}. We have

1 (lim f(x) € R and lim g(a) € R) = lim (£(x) + g(z)) = limf (&) + limg(z).
2. (lim f(x) = +o0 and g(r) > M :xmu( )+ g(a)) = +o.

3. (lim f() = —00 and g(x) < M) = lim (f(z) + g(x)) = —o0.

4 (lim 7o) € R and Lin g(e) € R) = i (7(0) () = Lim(2) Lim().
5. (lim f(z) € R and aeR) = lim (. f) (2) = alimf ().

6. (1im f(x) = o0 and aeR*) = lim (. f) (2) = alimf ().

7. (lim f() =00 and limy g(x) = £00) = lim (£ +9) (2) = limf (o) Limg(z).
8. (Lim f(r) = %00 and lim g(e) =#0) = lim (£ - g) (+) = lim () Limg(z).
0. (tim f()=0 and g(x)is bounded) = lim (f . g) (x) = 0.

10, (M& f(z) €R and limg(x) 7A0) = tim (£) (2) = %;;
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4.8 Limits Properties

Theorem 4.4. Let A nonempty set of R, f: A — R be a function defined on A, and let
¢ € R be a cluster point of A. If

V.Z’EA, ZE#C, agf(x)gba

and if limf(x) exists, then

Tr—C

a<lim f(x) <b.

Tr—C

Proof :
Indeed, if £ = lim f (x) , then if (z,) is any sequence of real numbers such that ¢ # z,, € A

for all n € N and if the sequence (x,) converges to ¢, then the sequence (f(z,)) converges to
(. Since, for all n € N, a < f(x,) < b, it follows from sequences theorem that a < ¢ <b. O

Theorem 4.5. [Squeeze theorem]| Let A an nonempty set of R, f,g,h : A — R are
three functions that are defined on A and let ¢ € R be a cluster point of A. If

Vee A, x#¢, f(z)<g(x)<h(x),
and if lim f(z) = { = lim h(z) then lim g(x) = (.

Proof :
Let (z,) is any sequence of real numbers such that ¢ # z,, € A for all n € N witch converges
to ¢, so there exists N € N such that

n>N= lim z,=c= lzm flz,) < lzm g(x,) < lim h(zx,).

n—-+o0o n—-+o0o n——+00 n—-+o0o

Using sequences theorem, we obtain

lim f(z,) = lim g(z,) = lim h(x,).

n—-+o0o n—+o0o n—+oo

We conclude that
lim f(z) = lim g(x) = lim h(z).

r—C r—C Tr—cC

O

Theorem 4.6. Let A an nonempty set of R, let f,g: A — R are two functions that are
defined on A and let ¢ € R be a cluster point of A. Suppose thatVx € A, x # ¢, f(x) < g(z).

(1) If lim f(z) = 400, then lim g(x) = +oo.
(2) If lim g(x) = —o0, then lim f(z) = —oc.

Proof :
We leave the proof to the reader. O

Remark 4.8. The previous results remain true if the functions are defined on
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¢, +ool and x — +00.
— 00, and r — —o0.

a,c[, >0 andx — c.
c,c+al,a>0 andx — c*.

Thus

vV €]0, g[, cos(x) <
On other hand, if z €] — 7,0[ then —z €]0, 7| so (=) checks S0,

sin(—x) sin(x)

<1

cos(—zx) < < 1= cos(z) <
—x x

Finally

sin(z) )

IN

Vo E} — E,O[U}O,g[, cos(z) <

2
sm(ax) — 1.

X

As lim cos(z) =1, so lzm
z—0 —0

Exercise 4.4. Determine the following limits.

1 lim (1+§)%, 2. lim ()3, z@m<t<2>> 4. Lim (s20)

T—s+00 20 20 \ \/1—cos(z) 20
5. i (= ). 6 L (EEREE) 7 nim (). s lim ()
9. lim. (BeCat), 10, lim (;glggggm)), 11 lim (z—Va?F20+1),
12. l@m(? 1)

Exercise 4.5. Let a an any real number and f, g are two functions that are defined on
la, +oo[. We suppose that

L, f(@) =0
i g(a) = oo
Jim f(@).9(x) = L.

Determine the flowing limait
lim (14 f(x))".

Use the previous result to determine the following limits

x+1

2\ 1)
1. lim (x—i— ) , 2. lim (x + ) .
z—+oo \x — 3 z—+oo \ 12 + 2

62




Continuous Functions

5.1 Continuous Function at a Point

Definition 5.1. Let A be non-empty set of R, let f : A — R a function and a € A. We say
that f is continuous at a if, i@_@f(m) = f(a).

Remarks 5.1.

1. From the definition of the continuity of the function f at a, the point a must be in the
domain of definition Dy of f.

2. Of the definition of the limit, we can write

[f is continuous at a] & {Ve >0, 30: =0:(a) >0: |z—al <d: = |f(x)— f(a)| < 8}.

(f s continuous at a) & (

lim f(x) = lim f(x) = f(a)

T—a T—a~ >

4. Sequential Criterion for Continuity : f is continuous at the point a € A if and only
if for every sequence (x,) in A that converges to a, the sequence (f(x,)) converges to

f(a).
5. If the function f is not continuous at a, we say that it is discontinuous function at this
point or that a is a point of discontinuity of f.

Definition 5.2. The function f: A — R is said
1. continuous at the right of a if lim+f(x) = f(a).
Tr—a

2. continuous at the left of a if lim f(x) = f(a).
Tr—a~

Theorem 5.1. The function f is continuous at point a if and only if it is continuous at the
right and at the left of a.
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Examples :

1. The function f : R — R given by

sin(x) if 7& 0

— z(x—1)
/(@) {—1 it =0,

is continuous at the point 0, indeed

lim f(z) = lim f(x) =1= f(0).

z—0— z—0t

2. The function g : R — R given by

(2) = Loeoste) i g > 0
K=Y 2 Z4n if x<0,

is discontinuous at the point 0, indeed

limg(xz) =04 2= lim g(x).

z—07F z—0~

5.2 Combinations of Continuous Functions

Theorem 5.2. Let A C R, let f and g be functions on A to R, and let A € R. Suppose that
a € A and that f and g are continuous at a.

(1) Then f+g, f—g, fgand \.f are continuous at a.
(2) If g(a) # 0, then the quotient g is continuous at a.

(3) Let BC R and let h: B — R be a function such that f(ANDy) C B. If h is continuous
at b= f(a), then the composition go f: A — R is continuous at a.

Definition 5.3. Let A C R and let f : A — R. If B is a subset of A, we say that f is
continuous on the set B if f is continuous at every point of B.

Examples :

(a) The polynomial functions, cos and sin are continuous on R.
(b) The function In is continuous on |0, +oo.

(c) The function exp is continuous on R.

(d) The function tan is continuous on R\{(2k +1)7, k € Z}.
(e) The function cot is continuous on R\{k7, k € Z}.
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5.3 Extension by continuity

Definition 5.4. If a function f : A — R is discontinuous at a point a and if f has a limit
¢ at the point a then the function F: AU{a} — R given by

P() = { f@)  for v #A,

l for x=a,
is continuous at a and it is called extension by continuity of the function f at point a.
Example :
(a) Let f: R — R given by

3
x°+2x -3
r) = ——-"".
OEE——

f is continuous function on Dy = R — {1, —1}.
Furthermore, for all x € Dy, we can write

Fa) = 420 -3 (z—1)(a*+2+3) 2?4243
2 —1 (x—1)(xz+1) r+1
0 >+ x4+ 3 5
S (@) =l (m) "2
Therefore, the function f can be extended by continuity at 1 and its extension F' is
given by :

| flx)  for z#1,
F(z) { % for x = 1.
The function f cannot be extended by continuity at —1 since

. . 2?2 +x+3
limf(w) = tim, (Hl = oo

Exercise 5.1.

a. Determine, as a function of «, the limit of f given by

ar+ (> + 1)z +a

fla) = L

at point x = 5.
2. Does the function f accept an extension by continuity at the point xr = 5.
Exercise 5.2. Let a € R. f, is the function defined by

20+ — 3
2?4+ (1-a)z—a

fa(x) =
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a. Determine the domain of definition of f,.

b. Determine the real numbers o for which the function f, admits an extension by continuity
at a. Then determine, for each of these numbers, the extension of the function f, by
continuity at the point «.

5.4 Continuous Functions on Intervals

Theorem 5.3. [Principle of conservation of the sign] If the function f is continuous
at a point a and if f(a) # 0 then, there exists § > 0 such that

Vr €la—6,a+ 6], f(a).f(z) > 0.

Proof : Suppose that f(a) > 0. We show that there exists 6 > 0 such that for all z €
la —d,a+46[, f(z)>0.By continuity of f at a we have,

Ve >0, 30. >0: z €la—90.,a+d.[= f(z) €f(a) —¢e, fa) +€].
We take ¢ = £9 > 0. So there exists § = 0. such that

r€la—0,a+d=0< fla)—e= Jta) < f(z) <

3
KR o/ @)

O

Theorem 5.4. [Boundedness Theorem] Let I be a closed bounded interval and let f :
I — R be continuous on I. Then f is bounded on I. In other way, there exists two real
numbers m and M such that

Ve el, m< f(z) <M.
Proof : Suppose that f is not bounded on I. In this case we can, write
VaeR, dJxel: f(z)> a.

Then, for any n € N there is a number x,, € I such that |f(z,)| > n.
Whence the sequence (f(z,,)), is not bounded then l_zﬂz f(z,) = +oc.

On the other hand, the sequence (z,) is bounded. Therefore, by the Bolzano-Weierstrass
theorem there exists a subsequence (z,(n)) of (x,) that converges to a number z € [a,b],
such as the le f(@pm)) = +o00. But f is continuous at z, so that (f(zym)), converges to

f(zx). Therefore the supposition that the continuous function f is not bounded on the closed
bounded interval I leads to a contradiction. So the function f is bonded above.
By analogous way, we can also show that f is bounded below on I. 0

Corollary 5.1. If the function f is not bounded on a closed bounded interval then it cannot
be continuous on this interval.
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Definition 5.5. Let AC R, A# () and let f : A — R be a function defined on A . We say
that f has an absolute maximum on A if there is a point x* € A such that

Ve e A, f(a7) = f(x).
We say that f has an absolute minimum on A if there is a point x, € A such that
Ve e A, f(z,) < f(x).

We say that * is an absolute mazimum point for f on A, and that x, is an absolute minimum
point for f on A, if they exist.

Theorem 5.5. Let I be a closed bounded interval and let f : I — R be continuous on I.
Then f has an absolute mazximum and an absolute minimum on I.

Proof : Consider the nonempty set
) ={f(z): zel}.

of values of f on I. According to the previous theorem, the set f(I) is a bounded subset of
R.
Let

¢ =supf(x) and ¢, = inf f(x).
zel xel

We show that there exist points * and x, in I such that
¢ = f(z") and ¢, = f(x.).

We will establish the existence of the point z,, leaving the proof of the existence of £* to the
reader.
Since ¢, = inf f(z), then

zel

Ve >0, dz.€1: ¢, < f(z.) <ce+e.

From where,
1
Vn e N Jz, €1 ¢, < fla,) < co+—. (5.1)
n

We thus obtain a sequence (zy,), of elements of I, verifying (5.1]). Therefore, by the Bolzano-
Weierstrass Theorem, there is a subsequence (x,, ) of (z,), that converges to some number
Z,. Moreover, by continuity of f, we have

lim =z, =z, lim x, = x, .
nj—-+00 . = np—-+00 ) = f(l‘*) = lim f(mnk) = C,.
Cx Sf(xn) <C*+ﬁ Cx Sf(xnk) <C*+n7k Mk =100
We conclude that z, is an absolute minimum point of f on I. O

From the proof of the previous theorem, it appears that
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Corollary 5.2. If the function f is continuous on [a,b] then

fla,0]) = [f(z.), f(2")]

where x, and x* are the absolute minimum and the absolute maximum points for f on I
respectively.

Theorem 5.6. Location of Roots Theorem :
Let I = [a,b] and let f: 1 — R be continuous on I. If f(a).f(b) < 0, then there exists a
number ¢ €la, b| such that f(c) = 0.

Proof :
We assume that f(a) <0 < f(b). Let

Y™ = {x € la,b]: flx) < O} and Y1 = {x € [a,b] : flx)> O}.

The set Y~ is nonempty bounded above (even bounded) and consequently admits a least
upper bound o = supY ™ € [a,b]. Likewise, the set Y is nonempty bounded below (even
bounded) and consequently admits a greatest lower bound g = inf Y € [a, b].
Furthermore, there exists a sequence (), of elements of Y~ which converges to «, just as
there exists a sequence (f3,,), of elements of Y which converges to [.

By continuity we have

f(e) <0 and f(B) = 0.

We will show that
fle) = f(B) =0.
We assume for example that f(«) < 0. We will have, according to theorem of conserva-

tion of the sign :
30 > 0 : such that Vo €]a — 0, a + 6, f(z) <O.

In this case we have
) ) _
a+§>aanda+§€Y ,

which contradicts the definition of a. So we have f(«) = 0.
By analogous way, we also show that f(/5) = 0. So we can take ¢ = a or ¢ = f5. .

Theorem 5.7. [Bolzano’s Intermediate Value Theorem]

Let I be an interval and let f : I — R be continuous function on I. Ifa, b € I, a < b and if
A € R satisfies f(a) < X < f(b) or f(b) < X< f(a), then there exists a point ¢ € [a,b] such
that f(c) = A.

Proof :
It is enough to apply the previous theorem to the continuous function g : [a,b] — R, defined
by : g(z) = f(x) — A m

Exercise 5.3. Show that the equation x3 + 2> — 1 = 0 admits at least one solution o in the
interval [0, 1].
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Exercise 5.4. Let

f: R — R

v — fla) =35

Show that the equation f(x) = 3 admits at least one solution « in the interval [15, 35].

Exercise 5.5. Let [ be a continuous function on the interval [a,b] and o , 5 are two real
numbers. Show that, there is at least ¢ in 5a,b] such that

af(a) +Bf(b) = (a+ B)f(c).

Theorem 5.8. Let f : I = [a,b] — R be continuous function on I. If f is a strictly monotone
function on I then f is a bijective function from I to f(I).
In this case, we can say that f admits an inverse function, denoted by =1, defined from

f(I) to I such that
1. f=1is continuous function on the interval f(I).

2. f71 is strictly monotone function on f(I). In another way, if f is strictly increasing
function on I then ' is strictly increasing function on f(I) = [f(a), f(b)] and if
f s strictly decreasing function on [a,b] then f~' is strictly decreasing function on

fI) = [f (), f(a)].

Proof :

Leaving the proof to the reader. ([
Example : We define the function f on I = [0,4o00[ by f(z) = 2™ where n is a non-zero
natural number. f is continuous and strictly increasing function on I. So f admits an inverse
function f~! defined by

fil . R+ — R+
r — [Hx) = T = {x.

f~1is continuous and strictly increasing function on R, . 0

5.5 Uniform Continuity of functions

Definition 5.6. Let f : A — R be a function defined on A. We say that f is uniformly
continuous on A if

Ve>0, 30.: Vo, o0 € A, |11 — 2o < 9. = | f(x1 — flas] <e.

Examples :
(1) We consider the continuous function f(x) = 2% on R. Let € = 1. For all § > 0 we take
T > % and we put xy = 1 + %. So, we have

2

0 )
|f(x1) - f(%‘2)| = ’(561 + 5)3 —l‘:{'| = xfé—l—xlg > :1:%5 >1=c.
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We are proved that
Je=1: Vd>0,3r1,20 ER: o1 — 3] < and |f(z2 — f(21)] > €.

Consequently, f is continuous function on R but not uniformly continuous function on R.
(2) In the similar way, we can prove that the function f(x) = % it’s continuous function on
10, 1] but not uniformly continuous function on this interval. U

Theorem 5.9. [Uniform Continuity Theorem(Heine theorem)]
Let I be a closed bounded interval and let f: I — R be continuous on I. Then f is uniformly
continuous on 1.

Proof :
If f is not uniformly continuous on [ then,

de>0: Vo >0, Jxy,29 € I : such that |z — x9| < d and |f(x; — f(z2] > €.

Therefore,
1
Je>0: VneN", Jx,,y, € I: such that |z, —y,| < — and |f(z, — f(ya] > . (5.2)
n

So, we obtain two sequences (x,,)nen+ and (Y, )nen+ in I verifies .

By the Bolzano-Weierstrass Theorem there is a subsequence (Zy, )n,en+ Of (Zp)nen+ that
converges to an element x € I. It is clear that the corresponding subsequence (Y, )n, en+ also
converges to x, since

|ynk - :E| = |ynk = Tpy, + Ty, —$| < |ynk - I”k| + |$nk - £E|
Now if f is continuous we can write

lim x, =x= lim y, = lim f(z,)= lim f(y,)= f(z).

ng—-+0oo N —>+00 ng—-+0oo Nj—r+00

However, this is in contradiction with (5.2)). So, f is uniformly continuous function. O

5.6 Lipschitz Functions

Definition 5.7. Let A C R and let f : A — R be a function defined on A. f is said to be
a K-Lipschitz function (or to satisfy a Lipschitz condition) on A if there exists a constant
K > 0 such that

Vo, y € A, [f(z) — f(y)| < K|z —yl. (5.3)
Theorem 5.10. If f : A — R is a K-Lipschitz function, then f is uniformly continuous on
Al(also is a continuous function on A).

Proof :
If condition (5.3) is satisfied, then given ¢ > 0, we can take 0 = &. If o1, 25 € A satisfy
|z1 — 29| < O then

|f(z1) = fla2)] < K|ay — 9] <e.

Therefore f is uniformly continuous on A so f is continuous on A. O
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Differentiability

6.1 Derivative at a point

Definition 6.1. Let I C R be an open interval, f : I — R be a function defined on I, and
a € 1. We say that f is differentiable at a if the limit

o)t @ = @)

Tr—a €T — Q ’

exists in R. In this case f'(a) is called the derivative of f at a.
Examples :

(1) Let f be a function given by : f(x) = sin(x). We show that f is differentiable at any
point a € R. We have

me — h-mSin(x) —sin(a) _ lim2 sin(£5%) cos(4)
e —a T—a T —a b pe——

ZSin(mga)) cos (m —;— a)

. T+ a
lzmcos( 5 >

So, f is differentiable at any point a € R and f'(a) = cos(a).

(2) In the same way, we can show that the function x — f(x) = cos(z) is differentiable at
any point a of R and f'(a) = —sin(a).

(3) We can show that the function = — g(z) = 2", n € N, is differentiable at any point a
of R and ¢'(a) = na™ .
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6.2 Right-hand derivative and left-hand derivative at
a point
Definition 6.2. Let I C R be an open interval, f : I — R be a function defined on I, and

a€l.

1. [The right-hand derivative at a| We say that f admits a right-hand derivative at a if
the limit

exists in R. In this case, f.(a) is called the right-hand derivative of f at a.
2. [The left-hand derivative at a] We say that f admits a left-hand derivative at a if the

limat
fl(a) = lim M’

r—a~ r —a
exists in R. In this case, f]/(a) is called the left-hand derivative of f at a.

Theorem 6.1. The function f is differentiable at point a of R if and only if it admits a
right-hand derivative and a left-hand derivative at a and f)(a) = f/(a).

Examples 6.1. (1) Let f the function defined on R by

fla) = Va2 +2x  for x € [l,+o0]
| V3222 1) for x €] — oo, 1]

We study the differentiability of f at 1.
We have

flx)—f(1) . Va2 +2r —+/3 (Va2 422 — V3) (V2?2 + 22+ V/3)

) =1 =1
L A— eolt  z—1 o (VR 2+ V) (e — 1)
_ lim x? + 22 —3 — lim (x —1)(z + 3)
a1t (V2?2 + 22 + V/3)(x — 1) st (V22 422+ V3)(z — 1)
(x+3) 2

lim = —.
e=1t /22 + 22 +/3 V3

Thus f admits a right-hand derivative at 1 and f.(1) =
On the other hand,
— f(1 222 — 1) — 222 — 2
limM:lim\/ﬁ(I ) \/3:\/§lz’m ’ =23 lim (z + 1)
a—1-  x—1 z—1- x—1 a—1- T — z—1-

= 4V/3.

Thus f admits a left-hand derivative at 1 and f](1) = 4v/3. It follows that f is not differen-
tiable at 1 because fi(1) = 41/3 # % = fI(1).

2
7
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(2) We study the differentiability of the function f defined on R by
f(z) = |z],
at the point 0. We have

limwz limw_ imm—

z—0~ x z—0~ X z—0~ T

Thus f admits a left-hand derivative at 0 and f](0) = —1.
On the other hand,

lim 7]‘(@ — /() = lim i e U m m =1

z—0t T z—07t T z—0t I

Thus f admits a right-hand derivative at 0 and f/(0) = —1. But is not differentiable at 0.

6.3 Geometric Interpretation of Differentiation

Definition 6.3. If the function f is differentiable at the point a then the derivative f'(a) of
f at a is the slope of the tangent line to y = f(x) at the point P = (a, f(a)). The tangent
equation at the point P is given by

y = f(a)(z —a) + f(a).

Remarks 6.1. 1. If the function f is not differentiable at the point a but admits a left-hand
derivative and a right-hand derivative at this point then the graph of f admits two half
tangents of equations :

y=fila)(z—a)+ fla) z=a and y= f/(a)(x —a)+ fla) v <a.

2. If the function f'(a) = oo we say that [ is not differentiable at the point a but the graph
of f admits a tangent parallel to the ordinate axis at the point (a, f(a)). The equation
of this tangent is given by r = a.

Examples :
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6.4 Derivability and continuity

Theorem 6.2. If a function f is differentiable at a point then, it is continuous at this point.

Proof :
Let I be an open interval, f : I — R be a function differentiable at a point a € I. For all
x € I and x # a, we have

10~ fw = (M=) -

T —a

Since f’(a) exists, so we get

zmwﬂ@—fm»zum(“”‘“”)@—@

T—a T—a €T — Qa
= (lim <f(x)—f(a)>> x lim (x — a)
T—a T — Q T—a
= f'(a) x 0=0.
Therefore, i@}f(x) = f(a), so that f is continuous at a. O

Remarks 6.2. 1. If a function f is discontinuous at a point a then f is not differentiable
at this point.

2. The continuity of a function f at a point does not assure the existence of the derivative

at that point. See the FExample .2.

6.5 Derivative function

Definition 6.4. Let f be a function defined on an open interval I of R. We say that f is
differentiable on I if it is differentiable at any point of I. We can associate to any element
x of I, the derivative f'(x) of f at x and we thus define a new function that is denoted by

ffr I —-R

This function is called a derivative function of f on I.

Examples 6.2. The functions sin and cos are differentiable on R and these derivative func-
tions are cos and — sin respectively.
6.6 Operations on differentiable functions at a point

Theorem 6.3. Let I C R be an open interval, let a € I, and let f: 1 - R andg: I - R
be functions that are differentiable at a. Then :
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(1) The constant function is differentiable and its derivative is the zero function.
(2) If A € R, then the function X. [ is differentiable at a, and

A f) (@) =X f'(a).
(3) The function f + g is differentiable at a, and
(f +9) (a) = f'(a) + ¢'(a).

(4) [Product Rule] The function fg is differentiable at a, and

(f+9) (a) = f'(a)g(a) + f(a)d (a).
(5) [Quotient Rule] If g(a) # 0, then the function L is differentiable at a, and

(f)' (a) = f'la)g(a) — fla)g'(a)

g [g(a)]?

(6) [Chain Rule| Let J be interval in R, let ¢ : J — R be function such that (J) C I. If
W is differentiable at f(a) then the composite function v o f is differentiable at a and

(o f) (a) = f'(a)y/(f(a).

(7) If f is strictly monotone on I and f'(a) # 0, then the function f=' is differentiable at
F(a), and

Proof :
The proof of (1), (2) and (3) is trivial. We shall prove (4) and (5). (4) Let h = f.g, then for
x € I, x # a, we have
hz) —h(a)  (f.g)(x) = (f-9)(a) _ f(x)g(x) — fla)g(a)
_ f@)g(x) = fla)g(x) + fla)g(x) — fla)g(a)
(f(z) — f(a)) g(x) + f(a) (g(x) — g(a))

) (f(w) - f(a)> s+ Fa) <g<x> - g<a>> |

T — r—a

Since g is continuous at a, then li_mg(x) = g(a). Moreover f and g are differentiable at a,
xr a
we deduce from the properties of limits that

¥(a) — fim (h(x) - h(a)) o <f<x> - f(a>> i o(e) 4 F(@) lim (g(x) - g<a>>

T—a €T — Q r—a €T — Q T—a r—a €T —Q

= f'(a)g(a) + f(a)g'(a).
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Finally

(f+9) (a) = f'(a)g(a) + f(a)d(a).
(5) Let ¢ = 5. Since g is differentiable at a, it is continuous at that point. Therefore, since
g(a) # 0, that there exists an interval J C [ with a € J such that

Vo e J, g(x) #0.

For all z € J, z # a, we have

v(@) =@ (D@ -(0)@ 558 @) - fa)g)
r—a r—a  rz—a  g@)g(a)(z—a)
(f(:v)g(a):f(a)g(w)) (f(w)g(a)—f(a)g(a)irf(a)g(a)—f(a)g(w))
g(x)gla) g(z)g(a
((f(w)—f(a))g(agzii‘(a)(g(w)—g(a))) (f(xi:c{(a)) g(a) . f(a) (g(xiig(a))
B g(x)g(a) N g(x)g(a)

Using the continuity of g at a and the differentiability of f and g at a, we get

e — i@ =0 o PEEE) 00) = (@) (55) P a)g(a) ~ Ta)g'(@)
r—a T —aq T—a g(m)g(a) [g(a)P .

Thus, ¢ = % is differentiable at a and equation (5) holds.
(6) For all z € I and x # a, we can write

boflx)—vofla) ¢(f(x))—v(fla) _ (#J(f(@) - ¢(f(a))> (f(x) - f(a)> _

r—a r—a

Then

I Ry (R <w<f;x;; - zﬁ((j)(a))) (f@s; = £<a>>

_ m (PU@) =9(f(@) . (f(z) = [(a)
=M f(z) = f(a) >§Ha< r—a )
=¢'(f(a)).f'(a).

(7) As f is strictly monotone then we can write

Veel, flof(r)=a= (f’lof),(x) = 1.

So
(F o f) (@=(F7) (Fl@)fla) =1

76



Dr. DJILALI Laid 6.7. FUNDAMENTAL THEOREMS

Examples 6.3. 1. Let n € N*. The function g/ is the inverse of the function x — z" on
the [0, +o0[. We apply the formula of the derivative of inverse function and we can
write, for all y €]0, +00],

1 1 I a1

nan—1 (n W) n

2. The function sin from [—7F, 7] to [—1,1] is strictly monotone so admits an inverse denoted
sin~! or arcsin defined from [—1,1] to [=%, 5] where is strictly monotone on [—1,1] .

Moreover, applying the formula of the derivative of inverse function and we can write,
for ally €] —1,1],

1 1 1
s/
arcsin = = = .
) sin’(z)  sin’(arcsin(y))  cos(arcsin(y))
However,
cos®(arcsin(y)) = 1 — sin®arcsin(y) = 1 — ¢/,
and as y belongs to | — 1,1, arcsin(y) €] — 3, 5[ then cos(arcsin(y)) > 0. Hence
cos(arcsin(y)) = v/1 — y?. So we have
arcsin’(y) = L
3. In the same way, we can show that the function tan is strictly monotone from | — 7, %[ to
R so admits an inverse function denoted by tan~! or arctan defined from R to ] — 2,51
where is strictly monotone on R and with the formula for the inverse derivative we can
write : ]
Vx € R, arctan’(z) = .
T arctan’(z) T2

6.7 Fundamental theorems

Theorem 6.4. [Fermat theorem] Let I be an open interval of R and f : I — R be a
function. If f admits a boundary value at a point a € I and f is differentiable at a then

f'(a) = 0.

Proof :
For example, suppose that f has a local maximum. The differentiability in a gives us that
the right-hand and left-hand derivatives exist and are equal

fr(a) = fi(a) = f'(a).
However, the local maximum property gives

xZaéMZOéf;(a): lim 1 5
r—a xz—at r—a
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and
f(z) — f(a)

T —a - z—at Tr—a

We conclude that f'(a) = 0. O

r<a=

Remarks 6.3. 1. If a function admits a boundary value at a point, then the tangent at this
point to the curve of this function is parallel to the (ox) axis.

2. A function can have a zero derivative at a point, without having a value bounded at this
point for example you can take the function x v~ °.

3. The theorem does not apply to right-hand or left-hand derivatives. In fact, the function
f(z) = |x| has a local minimum at x = 0, it is differentiable to the right of 0 but
f1(0) = 1. Likewise, it is differentiable to the left of 0 but f/(0) = —1.

Theorem 6.5. [Rolle’s Theorem] Suppose that f is continuous on a closed interval I =
la,b], that the derivative f' exists at every point of the open interval |a,bl, and that f(a) =
f(b). Then there exists at least one point ¢ in |a,b| such that f'(c) = 0.

Proof :
f is continuous function on I = [a,b], so there exists two real numbers o and 5 in I such
that

Ve el, flo) < f(z) < f(B)

However,

fla)=ntf(I) and f(f) = Slé]?f(f)-
If f(a) = f(B) then the function f is constant, so for all ¢ €]a,b[, f'(c) = 0.
If f(a) < f(B) then (v, 5) # (a,b). Hence

(o, B) # (a,b) = a#a or f#b= a€la,b] or [ €la,b.

Just apply the Fermat Theorem to complete the proof. O
Geometric Interpretation of Rolle’s Theorem : The geometric view of the Roll’s Theo-
rem is that there is some point A(c, f(c)) on the curve y = f(z) at which the tangent line is
parallel to the axis (ox).

Theorem 6.6. [Mean Value Theorem| Suppose that f is continuous on a closed interval
I = [a,b], and that f has a derivative in the open interval |a,b[. Then there exists at least
one point ¢ in |a,b[ such that,

f(b) = f(a) = (b—a)f'(c).

Proof :
Consider the function 1 defined on I by



Dr. DJILALI Laid 6.7. FUNDAMENTAL THEOREMS

Rolle’s Theorem are satisfied by 1) since 9 is continuous on [a, b], differentiable on (a, b), and
(a) = 1(b) = 0. Therefore, there exists a point ¢ in (a, b) such that

F(b) = f(a)

0=/(0) = 1) = Z

Hence,
f) = fla) = (b—a)f'(c).
OJ
Geometric Interpretation of Mean Value Theorem :
The geometric view of the Mean Value Theorem is that there is some point on the curve y =

f(z) at which the tangent line is parallel to the line segment through the points A(a, f(a))
and B(b, f(b)).

Corollary 6.1. If the function f verified on [a,b] all the conditions of mean value theorem

then,
b) —
m < ) = fla) <M where m= inf f'(x) and M = sup f'(x).
b—a z€]a,b| z€]ab|

Corollary 6.2. If the function f is continuous on |a,b] and admits on |a,b| an identically
zero derivative then, the function is constant on |a,b].

Corollary 6.3. If the function f verified on [a,b] all the conditions of mean value theorem
then,

1.
YV €la,b[, f'(x) > 0= f is strictly increasing function.

Va €la, b, f'(z) < 0= f is strictly decreasing function.

Theorem 6.7. [Lagrange Theorem] Let f and g be two definite functions on an interval
la,b]. We suppose that

1. f and g are continuous functions on |a,b].

2. f and g are differentiable functions on |a, b.
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In this case, there exists ¢ €|a,b| such that

(f(b) = £(a)) g'(c) = (9(b) = g(a)) f'(c).

Proof :
Just take the function ¢ defined on the interval [a, b] by

then apply mean value theorem on [a, b]. O

Exercise 6.1. 1. Using the finite mean value theorem, show that

1 1
<ln(x+1)—lnzx < —.
r+1 T

Vo €0, +o0],

2. Determine the limits

lim vz (In(z +1) —Inz) and lim x(In(z+1) —Inx).

T—-+00 T—+400

3. Deduce that lim (1 + %)I =e.

T—+00

4. Determine this limit lim (1 — %)x

T—+00

Exercise 6.2. Prove the following double inequalities :

1.
Vo € (0,400, z <e® —1 < ze®.

X

V€ [0, 400/, <In(z+1) <.

r+1

6.8 Hospital Rules

Theorem 6.8. [Hospital’s Rule I] Let a < b and let f, g be differentiable on I =|a,b|
such that ¢'(z) # 0 for all x € I. Suppose that

lirrif(a:) =0= li@g(w).

T—a T—a
If
i)
mlﬁc?% 7@ e RU{—o0,+o0},
then

lim M = lim f(z)

z—a™t g(iL‘) z—a™t gl($) )
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Proof :
(%) : We consider the case that

!/
lim ()
z—at g’(:z:)
F and G are the extensions by continuity of f and g respectively at a point a given by

=/ ecR.

0 for z=a ’ 0 for z = a.

F(z) :{ f(z) for z €la,b] Gl2) _{ g(x) for x €la,b]

The functions F' and G are defined and continuous on [a, b[ and these functions are differen-
tiable on |a, b[. Moreover

Va €la, b, F'(x) = f'(z) and G'(z) =g'(x) # 0.
Let € > 0. In this case we can write

lim J(@)

z—at g/ (ZL’)

e,

=(=30.>0: Vo €la,a+ ], <e.

By applying Lagrange’s theorem (6.7) to any segment [a,z] C [a,a + J.[, so there exists
¢ €]a, x| such that

f(z) ‘ ‘F (z) — F(a) ‘ f'(c)
Y = —/{ = -l <e
‘g(w) G(z) — G(a) g'(c)
We conclude that the limit lim L g( ) ) and it’s equal to /.
(xx) : We consider the case when ¢ = 400. Let A > 0. We have
lim f/(x) =400 =304 > 0: Vz €la,a+ o], f/(m) > A.
z—at g ($) g (1’)

So for any segment [a,x] C [a, a + J.[, there exists ¢ €a, x| such that

o S@)
So xliT o = +00.

The case ¢ = —oo is treated in an analogous way by replacmg c§ > A by g Ei) <-A. 0O

Remark 6.1. [t is useful to note that in general the existence of the limit lm”gr (x) does not
r—a

necessarily imply the existence of the limit lzm ,( for example, for the functions
x—)a

f(z) = 2?sin (i) and g(z) =z (xz €]0,1[);
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we have

But

/
m f'(z) = lim (2:10 sin <1> — COS <l)> = does not exist.

=0t g'(x)  a—0t

Theorem 6.9. [Hospital’s Rule I] Let a < b and let f, g be differentiable on I =|a,b|
such that ¢'(z) # 0 for all x € I. Suppose that

lim f(z) = 0= limg(x).

z—b— x—b—
If
f'(2)
—(eRU{—
xlirg o) ¢ e RU{—o0,+o0},
then )
lim 7f(x) = lim / (x)
e=b-g(x)  amb- g'(2)
Proof :
The proof is treated in an analogous way that the previous theorem. O

Theorem 6.10. [Hospital’s Rule II] Let a < b and let f, g be differentiable on I =]a,b]
such that ¢'(z) # 0 for all x € 1. Suppose that

lim f(z) = oo and lim g(x) = +oo.

T—b~ z—b—
If
- fi(x)
xlg(?l@r 7@ ¢ € RU{—o0,+o0},
then )
lim —f(m) = lim / (x)
e—at g(x)  z—at g (x)
Proof :
First, we consider the case
!/
limf(x) =/ eR.
z—at g/(ﬂf)

Let € > 0. We can write

lim f'(z)

r—a™t g/(l')

f'(x)
g ()

Let the real number y such that y €]a, a + ., so for all = €]a, y[, we suppose that

={= 30. >0: Vx €la,a+ i,

S
—£| <3 (6.1)

_ glr
¢(I,y)— 1_@'
f(z)
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From the hypotheses we get
lim ¥(z,y) = 1.
z—at
So, there exists 6. > 0 such that
€

) 55 ) —1 0 o\
x €la,a+ 4= |[Y(z,y) \<2(|€‘+§)

From Lagrange’s theorem, we can write
f@):<ﬂ@—fw)
g(x)  \g(@)—g(y)
Using ((6.1]), we obtain

)vte) = LOuta0), e oaiclasn

So, we get

x)

‘f(:v)_ ‘_ f'()
9(

IN

0+ 5) 1ty — 1]+

(
<(1+3) (20&12)) +

o 1)
gy = b

We conclude that

For the case, { = oo, we proceed in a similar way to the first rule with some minimal
adaptations. 0

Theorem 6.11. [Hospital’s Rule II] Let a < b and let f, g be differentiable on I =]a,b]
such that ¢'(z) # 0 for all x € 1. Suppose that

lzrgl_f(:c) = to00 and lir;z_g(:c) = Fo00.

If
lim f()
b~ g/<£L')

=( € RU{—o00,+o0},
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then )
@) fla)
e=b-g(x)  amb- g'(2)
Remark 6.2. In the last four theorems, we can take a = —oco or b = +o0.

Exercise 6.3. Use hospital rule to calculate the following limits

_sin(x) .1 —cos(z) . In(z) , <1 1 )
(1) xlirgi T (2. iz_% 2 (3. gﬂz}x -1 (+) i@_?’g, z  sinz
(1 1 et et -2 o | 1
(5. zli%%r (x a arctan(x)) . (6) lrl—% 1—cosz ’ (7. z@gﬁrx In(z)  (8) zlirgi (a:(ln x)2>
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Elementary functions

7.1 Exponential and Logarithmic functions

7.1.1 Natural Exponential function

Theorem and Definition 7.1. There exists a unique function f differentiable on R such

that o
{ fol. (7.1)

This function f is called the exponential function denoted by
z— f(z) =exp(x) or x> e".
e is an irrational number, approrimately by e ~ 2.71828183.

Proof :
We consider the function v defined on R by

This function is constant on R and
Ve e R, ¢(z) =1.
Indeed, v is differentiable on R by definition and for all x in R we have
(x) = f(@)f(=x) = f(2)f'(=2) = f(2)f (=) = f(2)f(—2) = 0.

Hence,
Vr e R, ¢(z) = ¢(0) = [f(0)* = 1.

Moreover, f is non-zero function on R because if f is the null function on R i.e.

Ve e R, f(z) =0,
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we obtain

Il o

{ f(z)

oy =g = @) =

Which contradicts the fact that
Ve e R, ¢(x) = 1.

We suppose now that there exists an another function g differentiable on R solution of ([7.1))

l1.e. { g/ —y
g9(0) = 1.

Ve e R, f(z) #0.
We show that f = g. To establish this equality, we need to define on R the function p by

According to the above

Ve e R, p(z) = M

()

p is differentiable on R and for all = belongs to R we have

g'(x)f(x) — f'(x)g(x) _ g(x)f(x) — flz)g(x)

plx) = = = 0.
@ TP 7P
We deduce that the function p is constant on R, so
9(0)
Ve eR, plz) =" =1.

Thus
Ve e R, f(z) = g(z).

Hence the uniqueness of the function f.

Property 7.1. [The basic property of an exponential function]

Vz,y € R, exp(z +y) = exp(z) exp(y) or e*1¥ =Y.

Proof :
Let 1 the function defined on R by :

_exp(z+y)
w(@ - exp( I)
where y € R. This function is differentiable on R and for all z € R, we have

W () = exp’(z + y) exp(z) — exp/(x) exp(z + y) _ exp(x + y) exp(z) — exp(z) exp(z + y)

exp(@)]? G -0
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Thus, v is a constant function, so

Vo € R, () = $(0) = 22;%; — exp(y).

We deduce that
Va,y € R, expla + ) — exp(x) exp(y).

Hence the property.

Proposition 7.1. For all x, y in R, then

. exp(0) =1, exp(z) #0, and exp'(z) = exp(x).

. exp(—z) = ex;(

1

2 >

3. exp(x —y) = eigg).
4. Vn € Z, exp(nz) = [exp(x)]".
5

P

€

. exp(x) > 0.

roof :
(1.) Direct result of the definition..
(2) We apply the property (7.1) with x = —y and we have

1 =exp(0) = exp(z — x) = exp(z + (—x))
1

exp(x

= exp(z) exp(—x) = exp(—x) =

~—

(3) We have

exp(r — y) = exp(r + (—y)) = exp(r) exp(—y)

. 1 :exp(x)
P eply)

(4) Let n € Z. We suppose that
exp(nz)

f(x) = [exi”'
p(z)]

This function is constant on R. In fact f is differentiable on R and for all x belongs to R,
we have
nexp’ (nz)lexp(z)]" — nexp'(z)[exp(x)]" " exp(nz)

[exp(z)]>
nexp(na)[exp(z)]" — nexp(z)[exp(x)]"! exp(nz)

[exp(z)]>
_ nexp(nz)lexp(z)]" — nlexp(x)]" exp(nz)

[exp(x)]?"

f'(x) =

=0.
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We deduce that
f(x) = f(0) =1 = exp(nz) = [exp(x)]".
(5) For all z belongs to R we have

expla) = exp (2(2)) = [esp ()] >0

Corollary 7.1. The function exp is strictly increasing function on R.

Proof :
The function exp is differentiable on R and it’s derivative function is exp. Therefore,

Vr e R,e” >0,
we deduce that exp is strictly increasing function on R.
Corollary 7.2. Let a, b be two real numbers.
1. a>bs et > el
2. a=bs et =el.
3.a>0<se*>1.
3. a<0&=0<e*<1.
7.2 Limits of the exponential function
Proposition 7.2.

lim ¥ = +oo and lim " =07,
T—+00 T—+00

Proof :
We consider the function f defined on ]0, 400 by

flx)=¢€"—u.
f is differentiable on |0, 4+o00[ and for all z €]0, +o0[, we have

f(z)=¢€"—1.
So f is strictly increasing function on [0, +oo[ and f(0) = 0. We deduce that

Vo € [0,+0c], f(z) > 0.
That is
Vr € [0, +o0[, e > x.
We have lim x = 400 thus lim e* = +o0.
T——+00 T—+00
Furthermore
lim e" = lim < > =0t
T ——00 r——00 \ e~ %

Graph natural exponential function :
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tangent line
5r A
/slope=e
4t A
3t
A (1.e)
2t M
," . height = e
oot ik
y :e’/ ;)
-3 -2 A1 | 1 2 3
MathBits.com

7.3 Functions of the form expof

Proposition 7.3. If the function f is differentiable on an open interval I of R, then the
function expof is differentiable on I and

Vo eI, (expof) (z) = f'(x)el@.

Proof :

Simply apply the result of the derivative of the composite of two functions.

Examples 7.1. (1) The derivative function of the function x — f(x) = e on R is
z— fl(z) = (322 —4) e’ 4.
(2) The derivative function of the function x — g(z) = eFm defined on R — {0, —2,2} is

1
T g/(l') = <_(;33x24;)2> exd—4z

7.4 Natural logarithm function In

The natural exponential function is continuous and strictly increasing function for R to R
The inverse function is also continuous and strictly increasing function from R to R.

Definition 7.1. The inverse function of the function y — exp(y) is called the natural
logarithm function, denoted by x — In(z) and satisfies

(yeR), z=exp(y) ©y=1Inz, (zeR}).
From the definition we can have the following result

Property 7.2. 1. Vzx € R, In(e”) = x.
2. Vz €]0, 40, e =z,

3. In1=0andIne =1.

4. Va,beRY, a>b< Ina > 1Inb.
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5. Ina>0<a€[l,+oo] and Ina < 0 < a €]0,1].

6. The graph of the natural logarithm function is deduced from that of the inverse gg function
natural exponential function by symmetry around the first bisector axes for equation

y=2x.

Graph natural exponential function :

A
¥
4
s = In(x)
3 ) (x
2
1 /
X
12 19 /M1 2 3 4 5 E-.
-1
-2
-3
i)
 J

7.5 Derivative of natural logarithm function

Property 7.3. The natural logarithm function is continuous and differentiable function on
10, +00[ and
1
Vr €]0,+oo[, (In) (x) = —.
x
Proof :
It follows from the definition and the differentiation theorem of the inverse function that the

natural logarithm function is continuous and differentiable function on |0, +occo. Furthermore,
for all z €]0, 400 and for all y € R such that Inz = y, we have

(In)' (z) = ()’ (exp(y)) = —>—~ = ——— =+

exp’(y) exp(y) =

7.6 Limits of the natural logarithm function
From the definition of the inverse function we can have the following result

Proposition 7.4.

lim Inx = +o00 and lim Inx = —o0.
T——+00 z—0t
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7.7 Algebraic properties of the natural logarithm func-
tion

Proposition 7.5. For all a and b be a strictly positif real numbers, we have
1. In(a.b) =Ina + Inb.

2. In(})=—nb.
3. In (%) =Ina—1Inb.
4. Vn € Q, In(a)" =nlna.

Proof : Let a and b be in |0, +00].
1. We pose A =In(a.b) and B =1Ina + Inb. Then we have

B=1In (eB) =In (eh“““lnb) =In (elnaelnb) =In (a.b) = In A.

b 1 1
0=Inl=In <b> ~In (b. M) —lnb+1n (b>
In <2> = —1Inb.

a 1 1
In (b) =In (a X b) =Ilna-+In (b> =Ilna —Inb.

Let n be rational number. We have tree cases

We deduce that

1.) n is a natural number.
2.) n is integer number.
3.) n is a rational number.

Case 1 : In this case, we use the induction to prove that
Vn eN, In(a)" =nlna.

When n = 0, we have
In(a)’=mIn1=0=0xIna.

So the statement is true for n = 0.
We assume that the statement In (a)" = nlna is true for the natural number n and we prove
that is true for the natural number n + 1 i.e. we prove that

In(a)"™ = (n+1)Ina.
We have

In(a)"™ =In(a" xa) =In(a)"+ma=nna+Ina= (n+1)Ina.
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So the statement is true for the natural number n+ 1. We deduce by the induction principle
that
VneN, In(a)"™ =n+1)na.

Case 2 : We prove that,
Vn € Z, In(a)" =nlna. (7.2)

In this case, n is an integer number thus n € Z, orn € Z_. n € Z, = N is proved. It
remains for us to show the statement for n € Z_. So we can write

ne€Z < deeN: n=—qa.

Furthermore,
1
Ina" =Ina* =1In () =—Ina*=—-alna=nlna.
aOt
Whence ([7.2)). Case 2 : We prove that the statement is also true for all n in Q. We have
neQ«sdpeZ: dge N*: n=2
q

We pose that

A" =beai =b
& af = b
< Ina? = Inb?
& plna=qlnbd

<:>lnb:]31na
q

< Ina” =nlna.

So the statement is proved for all n € Q.

7.8 Functions of the form Inof

Proposition 7.6. If the function f is differentiable and strictly positif on an open interval
I then the function Inof is differentiable on I. Furthermore

@)
fla)

Ve eI, (Inof) (x)

7.9 Basic logarithmic function
Exercise 7.1. Let’s look for all the functions f differentiable on R% and which verify
Vo,y € Ry, f(zy) = f(z) + f(y). (7.3)
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Solution :

For x =y = 1 we obtain f(1) = 0. We note that the function x — Inz is one solution of the
equation (?7?). Let’s look for other solutions

By deriving the function y — f(zy), we obtain

zf'(yr) = f'(y).

Replace y by 1 and set f/'(1) = k, we obtain

2f(2) = F/(1) = k.

Thus
deeR, f(z)=klnx+c and f(0)=1.

So
f(z) =klnz.

The function f is strictly monotone from R* to R, so there exists a € R} — {1} such that
klna =1. Thus k = -. Then f is the function defined on R* by

a"

Inz

Then it follows from what precedes the following definition.

Definition 7.2. Let a € R — {1}. We called Logarithmic function with base a denoted by
log, the function defined from ]0,4o00] to R by

Inx
x+—log, x = —.
Ina

log, x can be read as log basis a of x.

Remarks 7.1. Let a € R} — {1}.

1. log,1 =0.

2. Vr e R, log,x =Inw.

3. Vz,y e R, log,(z.y) = log, x + log, y.
4

. The logarithmic function with base 10 is called the common logarithmic function and it
is denoted by log,, or simply log.

5. The logarithmic function to the base e is the natural logarithmic function and it is denoted
by log, = In.

6. The logarithmic function to the base 2 is called binary logarithm function.
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Study of the logarithmic function with base « :
Let a € R} — {1}. The function log, is differentiable on R* and it’s derivative function is

1

rlna’

log) © =
Therefore,

a>1=log, > 0=>log, is strictly increasing,
0<a<1=log, <0=log, is strictly deacreasing.

Remark 7.1. Let a € Ry — {1}. We remark that the function a — X it is bijective from
|1, 4+00[ to |0, 1]. Furthermore,
1
In <> = —Ina,
a

Vr € R, log:1 x = —log, z.

we can deduce

Graph of the logarithmic function with base a :

7.9.1 Change of basis
Let a and b be two distinct bases. We have

. Inz Inb Inz
Ve e R, log,z= e lna X b = log, b x log, x.

Hence the formula for changing the base of logarithms :
Vo e RY, log,x =log,b x log, x.
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7.10 Exponential function

Let a € R — {1}. The function log, is continuous and differentiable function on R so it’s
bijective from R* to R then admits an inverse function defined from R to R7.

Definition 7.3. Let a € R* — {1}. The inverse function of the function y — log,y is called
the exponential function with base a or simply the exponential function denoted by x — a”.

Remark 7.2. Let a € RY — {1}. We thus have by definition,
VyeRL, x=log,y & y=a", vc€R.

Study of the exponential function with base « :
Let a € R} — {1}. From the previous remark, for all € R and for all y € R, we deduce

that

T lny zlna
y=a"r=—zrlha=hysy=e"""%
Ina

Thus, the derivative function of the function ¢ : = — ¥(x) = a” is
V' (z) = (Ina) e*™.

So, the function 1 is strictly increasing if a > 1 and is strictly decreasing if 0 < a < 1.
Graph of the exponential function with base a :

7.11 Power Function
Definition 7.4. Let « be real number. The function defined on RZ by
T x”

is called the power function of exponent c.

Remark 7.3. Let o € R. We thus have by definition,

alnz

VyeRL, y=2" ¢ hy=ahrsy=e
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Study of the power function of exponent «
Let a # 0. The function ¢ : x +— 2 is differentiable on |0, +oo[ and for all x €]0, 00|, we
can write

1
V(1) =« (a:) eolne = & po — gl

T

Then the function z — ¢ is strictly increasing if a > 0 and is strictly decreasing if o < 0.
If a > 0, we have

limz® =0 and lim z% = +o0.
r—0t T—>+00

If a < 0, we have

limz® = +o00 and lim z¢=0".
r—0t T—r—+00

Graph of the power function of exponent « :

Exercise 7.2. Let o and 3 be two strictly positive real numbers. Find the following limits

1. lim o)
r——+00 «

2. lim z%Inz|?.
xz—0t

7.12 Hyperbolic Functions

7.12.1 Hyperbolic cosine and sine

Definition 7.5. 1. We called hyperbolic cosine function, denoted x — cosh x, the function
defined on R as follows :

e’ +e*
her=————
cosh x 5
2. We called hyperbolic sine function, denoted x + sinhx, the function defined on R as
follows :
et — e %
he - & ¢
sinh x 5
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7.12.2 Properties

1. The function cosh is an even function and the function sinh is an odd function. Further-
more,
Vo € R, cosh(—z) = coshz and sinh(—z) = —sinhuz.

2. For all z € R we have

coshz 4+ sinhz = e and coshz — sinhz = e 7.

3. For all x € R we have
cosh? r — sinh?z = 1.

4. For all x € R we have
cosh x > sinh z.

7.12.3 Study of the Hyperbolic cosine and sine

1. Derivative function of the Hyperbolic cosine and sine : The two functions cosh
and sinh are differentiable on R. Furthermore, for all x € R, we have
et —e* et +e*

—ginhz band sinh’x = —y = cosh z.

cosh’ z =

2. Limits :

lim coshz = +00 = lim sinhz.
xr——+00 r——+00

3. The function sinh is strictly increasing function on R and cosh is strictly increasing
function on [0, +ool, strictly decreasing function on | — oo, 0].

4. Graphs :

y=shx

97



Dr. DJILALI Laid Exponential and Logarithmic functions

7.12.4 Hyperbolic trigonometric

Exercise 7.3. For all a,b € R, show that

. cosh(a + b) = cosh a cosh b + sinh a sinh b.
2. sinh(a + b) = sinh a cosh b + sinh b cosh b.
1. cosh(a — b) = cosh a cosh b — sinh a sinh b.
2. sinh(a — b) = sinh a cosh b — sinh b cosh b.

—
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