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Résumé

Dans ce projet de these, on s”intéresse a 1”étude de certaines classes d” équations différentielles
séquentielles non linéaires d”ordre non entier. On propose d”abord d’explorer le domaine
des inégalités intégrales selon les deux approches: Hadamard, Riemann-Liouville. Puis, en
utilisant la théorie des opérateurs non linéaires, la théorie des points fixes ainsi que les ap-
proches de Caputo, Riemann-liouville et de Hadamard, on établit des nouveaux résultats
sur 1”existence et 1”unicité des solutions pour les classes séquentielles qu’on a considérées.
D”autres résultats d”existence seront aussi établies, et des conditions suffisantes sur ”ces
existences” sont discutées. Des applications sur nos résultats sont aussi discutées dans cette

these.

Mots clés: Riemann-Liouville, séquentiel, point fixe, Hadamard, existence .



Abstract

In this thesis, we are concerned with the study of certain classes of nonlinear sequential
differential equations of arbitrary order. We first propose to explore the domain of inte-
gral inequalities according to the two approaches: Hadamard, Riemann-Liouville. Then,
using the theory of nonlinear operators, the theory of fixed points as well as the derivative
approaches of Caputo, Riemann-liouville and Hadamard, we establish new results on the ex-
istence and uniqueness of the solutions for the considered sequential classes. Other existence
results are also established. Some other sufficient conditions for the existence of results for
our considered classes also imposed. Each chapter is illustrated by some examples that show

the applicability of the obtianed results.

Keywords: Riemann-Liouville, sequential, fixed point, Hadamard, existence.



General Introduction

It is know that the notion of sequential differential equations have not a sense in the standard
case of derivation. This is because the commutativity and semi-groupe properties are satisfied
for these equations. But the above notions can be applied for differential equations of
fractional orders under some particular conditions.

In this project we are concerned with sequential fractional differential problems.

This thesis consists of four chapters organised as follows :

In the first chapter we present some concepts, definitions, lemmas and some basic results
of fractional calculus used in this work.

In the second chapter, we give two lemmas useful in our work as follows:

Lemma : Let ¢ a function and let ¥ : [0; 7] x R*> — R be a bounded function. Then
the operator defined on C ([0;7],R) by
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maps bounded sets into bounded in C' ([0;77,R).




The second lemma is about the boundedness of the operator defined by
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such that ¢, w : [a;b] x R® — R are two given functions.
Lemma : If ¢ and w are two bounded functions, then the above operator maps bounded
sets into bounded sets.

In the third chapter, we are concerned with the study of the following problem of sequen-

tial type:

[ (*D° + kD% (t) = f (t,x (t), Dz (1)), 1<a<2 0<B<1,0<t<T,

arz (0) + bz (T) = er 1 L0 a()g(€) de,

| 42D (0) + 6D (T) = ea [ 20 a(E)h(€) e

T(y)

Taking into account that ¢D®,¢ D? denote the Caputo derivatives, with, 1 < a <2,0< 3 <1
0 < u,p < T and ay,as,by,by,c1,00 € R, f:]0;T] x R — R is continuous and k, v are
positive real constants.

We prove two existence results for this problem, the first result is based on the Banach



contraction principle, and the second one uses the fixed point theorem of Schaefer to proven

the existence and uniqueness of solutions.

It’s in the fourth chapter where we study the following problem:

CDUHDP (1) = f(t,x(t),y(t) T D>y (), a<t<b,
HD%CDwy (1) = g (t,a (t) " D (t),y (), a<t<bh,
1z (a) + 95Dy (a) = 61, Mz (b) + A Dy (b) = 65,
3y (a) + 74" DPrz (a) = O3, Agy (b) + A D (b) = b4,

where ¢ D H DB denote the Caputo and Hadamard fractional derivatives of orders a; and
B;, respectively with, 0 < o, 8; < 1,7 = 1,2 and v;, A;,0;, (i = 1,4) are real numbers such
that 79,72 are no zero numbers, a,b € R with a > 0, and f,g : [a;b] x R® — R are two

given functions.

After giving the general solution, we use the Banach contraction principle to prove our
first main result.
The second main result concerns the existence and uniqueness of solutions for this problem.

It will be established via Scaefer theorem.

This thesis is achieved by a conclusion and some perspectives.
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Chapter 1

Basic Concepts on Fractional Calculus

In this chapter we recall some definitions, notions, properties and results on the different
approaches of fractional derivation and some results which will be useful in the rest of
this thesis. The first section includes a brief reminder on special functions. In the second
section we present some approaches of integration of arbitrary order and its properties.
We conclude the chapter with a section reserved for the different lemmas and fixed point
theorems used in this work. These definitions, notations and properties can be found in
references [29], [30], [35], [37], [40].

1.1 Notations and Basic Definitions

We recall the notations used in the following chapters, as well as some definitions and
properties of fractional calculus.

The sets of real and complex numbers are denoted respectively R and C. We note N the
set of integers {1,2,3,...,...} and Z, = NU{0}.

1.1.1 Some Functional Spaces
We denote by €2, the finite interval of the form [a,b] (0 <a < b < 0).

Définition 1.1.1 The space of continuous functions f: Q — R is noted C (2) and
1l = sup | f ()]
e

12



Définition 1.1.2 Either k € Z,, one notes C* () the space of k-times continuously differ-

entiable functions on 2, and

k
||f||ok(§2) = Z Hf(k)HC'(Q) :
a=0

Définition 1.1.3 Soit p € [1, +00], we define LP (Q) the set of function classes f : 2 — C

measurable such as
I, = ([1rde) o< o0
Q

[fllo = esssupl|f(z)].

z€Q

1.1.2 Absolutely Continuous Functions

Définition 1.1.4 the space of absolutely continuous functions on 2, denoted by AC () is

consisting of functions that are primitive Lebesque-summable i..e
feAC(Q) < Jpe L (Q) such that f(z) = c—l—/ (t)dt.

Théoréme 1.1 The space AC () coincides with the space of the primitives of summable

Lebesque functions, i.e.
feAC Q)< f(z)=c+ /9«“ e(t)dt, (peL'(Q))

Définition 1.1.5 Letn € N. We note AC™ (Q), the function space f : Q@ — C (n — 1) —times
continuously differentiable on Q such as f™~Y € AC(Q), i.e. :

ACT(Q)={f: Q@ —C, [P eC(Q),ke{0,1,..n-1} et fFIcAC(Q)}.

In particular AC' (Q) = AC' ().

A characterization of the functions of this space is given by the following lemma:

Lemma 1.1 Let n € N. Then f € AC™ () if the function f is represent in the form

@ nl ) (g .
fo) = ot | (m—t)”lf(”)(t)dHEO:f @t

13



1.2 Special Functions

In this section, we present the basics of the special functions used in the other chapters. We
give here some properties on the gamma and beta functions, these functions play the most
important role in the theory of differentiation and integration of arbitrary order and in the
theory of fractional differential equations. For more details see for example the references
[24], [39], [40].

Définition 1.2.1 Let z € R such as z > 0. The Gamma function, noted I' is defined by

+o0
[(2):= / e '*1dt,
0
with T' (1) = 1.
Proposition 1.2.1 The Gamma function is well defined on RT.

Proof. We write I" (z) under the form
[(2):= / e ' dt = / e "t + / e Tt = 1) + I,
0 0 1

such as 1 = fol e 't~ 1dt and I, = 1+°° e—t7=14dt.

We have
1 1 1
11:/ ett“dt</ = ldt = =,
0 0 %

from where [; is convergent for 0 < z < 1. Let us study the convergence of I,. We have

tzfl tzfl

< 1 because lim
t— 400

EzO.
2

Q)
N | o+
Q)

Then
+oo +o0o _f _
_72:/ e_ttz_ldt</ e 2dt =2e 2.
1 1

Hence the Gamma function is defined for every z > 0.

Proposition 1.2.2 Let z € R such as z > 0, then the Gamma function check the following

properties

14



DI (z+1)=20(2)
i) (n+1)=nl,VneZ,.

Proof. i) Using integration by part, we have
+oo o +oo
F(z4+1) = / e rdt = —e_ttz}o +/ ze L
0 0

+o0o
= z/ e 't dt = 2T (2) .
0

ii) Using the property i), we will have

re = 1ra) =1,
r@3) = 2r(2)=2x11=2l,
T'(4) = 3I(3)=3x2 =3,

'n+1) = nl'(n)=n(n—-1)=nl
Proposition 1.2.3 We have the following properties

)T (2) = [, e tt=dt

z
1 %0 =
ii) =z’ [] (1 + f) e n, (v is the Euler-Mascheroni constant)
['(2) nel n
| z
i) T(z) = lim nn L2 0,—1,-2, ..

n—+tooz (z4+1)...(z+n)
Proof. See [40].

Définition 1.2.2 Let o, € R such as «, > 0. The Beta function, noted B («, ) is
defined by

1
B(a,p) = / 7t (1 -t at.
0
Proposition 1.2.4 Let o, 5 € R such as o, 5 > 0. Then

NONE "

POl T

15



Then

s
Proof. we put t = ] and so we get dt =

s+ (s+1)*

B(a,B) = :/Oltal (1—t)" " dt
- )
B /0 (s -S:w—l ((3—1—11)6_1) ((si1)2>ds

+00 Sa—l
= ——ds.
/0 (S + 1>a+,3

From where,

[ ()T (B)

I'(a+pB) (12)

/+Oo w(u+1)" P du=B(a,B) =
0

Remark 1.2.1 The Beta function verifies the property of symmetry, i.e.

B(a, ) = B (B, ).

Indeed, using the relation (1.1) and change the order of a and .

1.3 Some Approaches of Integration of Arbitrary Or-

der

There are several mathematical definitions of fractional order integration, in this section
we will introduce the fractional integration operators that are more used in our work and

their definitions and characteristics, for more details about these integrals please browse the
references [19, 29, 31, 37]

1.3.1 Approache of Riemann-Liouville

Définition 1.3.1 Let f € L' (). The Riemann-Liouville fractional integral of order o > 0
of f is given by

(RE12F) (1) = ﬁ/ (t— )" f(s)ds, t > a. (1.3)

16



Remark 1.3.1 i) In the case o = 0, The fractional integral I° is interpreted as an identity
operator.
ii) If « = n € N, the definition (1.3) coincide with the nth integrals of the form

(") (1) = Axﬁ{lhﬁitémf@
:.@%Tﬁlr@—w”*f@dt

Exampel 1.3.1 Let f(£) = (£ —a)",& € (), A > —1, then for a > 0, we have

3
(M) ©) = 7 | (€= e = o ar (14)

Weput=a+p(E—71),0<p<1. Then tthe formula (1.4), is written in the form

i) © = S [ a

Thanks to (1.1) , we get

F(/\+1> a+A
T rl+ )@_a>+'
If X =0, then (PLI21) (§) = —— (£ —a)".

Proposition 1.3.1 Let a € R such as a > 0, then the operator BL T is well defined.

Proof. Let f € L' () and a € R (a > 0) . According to Fubini’s theorem, we have

[zl < ﬁ// (1 — 5" 1 (s)| dsd
([
< a;@ /|f (b s)°
<

M/a |f (s)]ds < 0.

17



Proposition 1.3.2 Let f € L' (). Then.
BLI(I2f () =" I8P f(t), Yo, BER (a, B> 0).

Proof. Using the Dirichlet formula, we have

1 X
MRS = [ @0 d

L A
() <5>/a( DAL
1

_ _L : : gj—uafl U — A1 U
= FwrE ) J0 [ @ e

Weputy:u:t,sowehave
o pf _ b1 e e
MIEFE) = e ) TOd @0 [ a—n
BB [* at+B-1 RL ratp
- Fotr [ =0 rwa = )

1.3.2 Approache of Hadamard

Définition 1.3.2 The Hadamard fractional integral of order a > 0, for a continuous func-
tion f on 2 is defined as:

N 1 L ogt\ ™! dr
H[ f(t)—m/a‘ (T) f(7)7,04>0,a§t§b

In particulair if a = 0, we have TI°f (t) = f (t).

Proposition 1.3.3 Let f € L' (Q). Then Va,B € R (a, 8 > 0), we have

Ty (ML (@) =),

T (L (@) =117 (I (@)

1.4 Some approache of fractional derivation

There are several approximations of fractional derivation, in this section we will present the

approaches of Riemann-Liouville and Caputo which are very useful in our work, for more

18



detail, see [29], [31], [35]

1.4.1 Approache of Riemann-Liouville

Définition 1.4.1 Let f € L' (Q). The fractional derivative of Riemann-Liouville of order
a €R (a>0) is given by

Copn o = (5) e (15)
= ﬁ (%)n/at(t—s)"alf(s)ds, neN n—-1<a<n,t>a.

Remark 1.4.1 Ifa=n € Z,, Then

("“Daf) (1) = f(t);
("tD3f) (1) = f (),

Where f™ is the usual derivative of order n of the function f.

Exampel 1.4.1 Let f the function defined by f (t) =t* X > —1 andn—1 < a < n,n € N*,

so we have
o ¢ (L) (r [ - )

- g () (1o

1 d\"
= ———BM\+1,n— — nmatA
L'(m—a) A+1,n—a) (d:z:) v

Knowing that, ¥p € R\ {—1,—-2,-3,...} , we have

a\" , on L+l
(@) =pp-1..(p—n+1)x “Thr-ntD
From where
RL o B 1 'A+1)I'(n—a) F'n—a+A+1) .
(D5 f) (@) = F(n—a)x F'A+1+n—a) XF(n—a—i—A—m—i—l)x
. F(/\+1> A—a
T TO—at 1)’

19



Remark 1.4.2 As a special case, if A =0, then we have

—Q

T
[1l-—a
BLpel = 0,Ya € Z,.

RL Do , Ya € R"\ {0,1,2,3,...}

Remark 1.4.3 The fractional derivative of a constant function in the sense of Riemann-

Liouwville is not zero.

Proposition 1.4.1 Let o, 5 >0 such asn—1<a<nandm—1<p <m,n,m e N*. If
a > > 0,then for f € L' (Q), we have

(DI () = 1577 F (1)
Proposition 1.4.2 Let a > 0 such asn—1 < a <n,n € N*. For f € L' (), we have
("EDISf) (1) = f (1)
Proposition 1.4.3 Letn —1 < a < n,n € N, m € N* and f € L' (Q). If the fractional
derivatives (XD f) (t) and (D*T™f) (t) exist, then

(D™D f) () = (D" f) (¢)

1.4.2 Approache of Caputo

In this part we give the definition of the fractional derivative in the sense of Caputo as well

as some essential properties. for more detail, see [19], [29], [31]
Définition 1.4.2 The Caputo fractional derivative of order o € R (o > 0) of a function
feC™(Q) is defined by

1 t
cDAf(t) =BL [ (1) = ) / (t—s)" """ f™ (s)ds, n e N n—1 < a <n,t>a.

I'(n—«
Remark 1.4.4

i) In particular, when 0 < a < 1 and f € C'(Q2), then

“DEf(t) = —— ) / (t— sy f'(s) ds = I (1)

| Qe

20



i1) If o € N, then we have
Dyf(t)=f" ().

Exampel 1.4.2 Let f(t) = C the constant function, then we have
cDf(t) =0 but BEDYf(t) # 0

Proposition 1.4.4 let f and g be two functions such that D f(t), D*g(t) exist. Then the

Caputo fractional derivation is a linear operator:
D (Af +79) () = XD f () +7v°Dgg(t), A,y € R.

Proposition 1.4.5 Let n — 1 < a < n,n € N*,m € N and let the function [ such that
¢D*f(t) exists, then:
“DD™ f(t) = D" f(t) # DD f(1).

The following theorem establishes the relation between the fractional derivative in the

sense of caputo and that in the sense of Riemann-Liouville.

Théoréme 1.2 Leta >0 withn—1 < a <n,n € N*, and let f a function such as D f (t)
et BEDf (t) emist, then :

n—1 (k) a e
“DF () =" D3 (1)~ X oty (= )

1.4.3 Approache of Caputo-Hadamard

In this section we are interested in the fractional derivative in the sense of Caputo-type

Hadamard and its properties.

Définition 1.4.3 The Caputo-type Hadamard fractional derivative of order o > 0 or an at

least n—times delta differentiable function f is defined as

HDaf(t)—;/t logt n_a_lénf()d—T n—l<a<n n=la+1t>a
T'n—a) /), \ 7 Y T ’ '

where, § = t% and log (.) =log, (.).

21



Proposition 1.4.6 Let f and g be two fonctions whose fractional derivatives in the sense
of Hadamard exist. Then  (1). For all \, p € R, LD [\f (t) + pg (t)] exist and

DG N () + ng ()] = XD [f (1)] + n" Dy [g ()] (1.6)

(2)
1D ["DIf ()] # "D [f (1) - (1.7)

(3)
1Dg ["DF1f (®)]) # DI "D [f (B)]] - (1.8)

1.5 Fundamental Lemmas

In this section, we provide some lemmas of fractional derivatives, witch will play major roles

in our analysis, for more details, see [1, 6, 8, 18]

Lemma 1.2 Let a > 0. Then the general solution of the differential equation D3 x (t) =0

can be given by:

such that ¢; € Ryi=0,1,2,..,n—1, n=[a] + 1.
Lemma 1.3 We consider an o > 0. Then, it yields that
n—1 ‘
FEIDYw (t) = x (t) + Y ¢ (t —a)’,
i=0

forc,eRi=0,1,2,...,n—1,n=[a] + 1

Lemma 1.4 Let « > 0 and x € AC} [a,b]. Then we have

T (DY) a (t) =z (t) — n;_lci <log G))

1=0

where, ¢; € Ri=1,2,...n—1,(n=[a] +1).

22



1.6 Fixed Point Theorems

In this section we present some fixed point theorems and definitions that are used in our
work to prove the existence and uniqueness of solutions of the problems studied. For more
details on these theorems you can see [21], [26], [37], [45].

In the following, X denotes a Banach space.

Définition 1.6.1 An operator T : X — X 1is said to be contraction if there is a constant
k €]0,1[, such that, for any xz,y € X, we have

17 () =T W <kl =yl

Définition 1.6.2 The operator T : X — X is completely continuous if it transforms all

bounded of X in a relatively compact part.
Définition 1.6.3 Let 7 : X — X. We call a fixed point of T any point x € X such that
T (z) = x.

Théoreme 1.3 ( Banach Fized Point Theorem) Let T : X — X a contraction operator.
Then, T has a unique fixzed point in X.

Théoréme 1.4 ( Arzela-Ascoli Theorem ) Let ) be a set of X. Then ) is relatively compact

wm X if and only if the following conditions are valid :

i) © is uniformly bounded.

i1) Q is equicontinuous.

Théoréme 1.5 ( Schaefer’s Fixed Point Theorem ) Let T : X — X a completely contin-

uous operator. If the set
Q={zeX:z=M,0< A< 1}.

18 bounded, then T has at least one fized point.

23



Chapter 2

Some Fractional Integral Estimates

2.1 Motivation

This chapter deals with tow important lemmas that are needed to elaborate the chapter
three. We begin by proving a first main result in chapter three. Then we prove another

auxiliary lemma involving the Hadamard operator.

2.2 Estimations Using Riemann-Liouville Operator

In this section, we present some estimates related to fractional integral of Riemann-Liouville
type which have an important role in the chapter three.
Before starting to give the results, we need some quantities and definitions : Let x, are

tow functions, 1 <a<2,0< B <1,v>0,0 < pu,p <T. We put

Iz _ eyl a—p3 b T8
0

I(y) Ta-p" T-8+1)
“p— &)
+ cl/o iy e~ (@b
[ g’ P
A ‘2/0 NS P ) Sl oy

We define the space
II:= {u,u € C[0;T], “Du(t) € C[0;T]}
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For computational convenience, with as, ag, by, by, ¢1, ¢, € R and N, := sup |x ()],
0<t<T

Ny == sup [¢(.)|, we set
0<t<T

- ( e PN, ba| T (o — 28) T8
M= \T@T@=8) TETMT (a—p) 14 ()] 179 (o) |eal
10| T (o — 28) T Al [er] 27 N, [A][by| T2~

[ (o) el T(B) AT (B) T (y) T (= 5) ~ T(B) I (a = B) A

le1]| pY Ny, 3
el W b.| | T8
( e lmth

[A[[%) ()| T (0 — B+ 1)
LS —

+

I'(v)
" [(a—5)
po = ( i | Ao |e1] p* 7N, | Al by T*°
? C(a—28) [AIT(Y)T(a=8) (T'(a—p))°|A|

|c1| pYNy ) - -
2% g+ b Col p@— Bt YN, T8
+< Ly Cm el Al|r| 727

Iy (o= B) Al (p)| T (o = 5+ 1) i 1179 (p)] (T (= 8))* A
|co pa—ﬁﬂNwToc—ﬁ

A[DY ()T (= B+ 1) T (1) T (a = B)

|bo| T (. — 28) T2 F )

Al (p)| T (0= B+1) )

s = ( e . Al fer] YNy AL [ba| T*°
@) (a=28) [AIDB)T ()T (a=p)  T@B)T(a—5)[A|

(—'CI;%V” + |a; + b1|> |co| p*TYNGT P
A[DY ()T (= B+ 1T (B)T (1) T (a = B)
(1425 ¢ o ) ol T 28) 720
Al (p)| T (@ =B+ 1) T (a = )

+

+

+
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_ (+ T Al |ex] p*PHYN, n [A|[by| TP
M= \UT@—28) " JAIT()T(@-8) ' (T(a— B Al
<|C1IL,<0;§V¢ + |a1 +b1|) |02|pa—ﬁ+vN¢Ta—ﬁ
L) T (a—B)[A[[I7 (p)| T (o — B +1)
(‘Clyva¢+|a1+bl|) Tafﬁ|b2|r(a_26)Ta725

APy ()T (= B+ 1)

+

where ay, ag, by, be,c1,c0 € R and N, := sup |x (.)|, Ny := sup [¢(.)]
0<t<T

0<t<T

Lemma 2.1 Let p be a function and let ¥ : [0; T] x R* — R is a bounded function. Then
operator defined on C ([0;T],R) by

)ﬂ

U (u_ s -1
></0 XE) U (s, (s), D% (s)) ds + ko(u)du

1 P(p_g)w—l 1 ¢ e
|fw<p>|{/o O (s ) €

u(M_S>,B—1 ,
/0 T(B) U (s,¢(s),D%(s)) ds + ke(u) | du | dE

| T (0~ 28) /T P

|02|

_|_

()

’Cl‘ M(N_§)7_1 1 ¢ a—pB—1
W/o () mr(a—ﬁ)/o(f‘“) ’

“n—s)"
X </0 NG U (s, (s), D% (s)) ds + k:gp(u)) du) dé

u — 35 p-1
X (/0 (=) U (s, (s), D% (s)) ds + k@(u)) du

+A

(2.1)
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|1 P
raTass ), Y
“(p—s)"
X (/0 W\I’ (s, (s),DPp(s)) ds—l—kgp(u)) du]
1 ¢ aeB1
Am [2‘/ ( (a—ﬁ>/o &=

(/um—sﬁ v <>Dﬂ<>ﬁz+k<>)d)ds
; F(ﬁ) S, (S S @wlu Uu

+wm|r«y—2ﬁy4 (T — )=
X (/Ou (e = >)ﬁ 1\11(3 ¢ (s), D% (s)) ds—l—kgp(u)) du]

(kﬂ/ = @+«m+wﬂ>}>

maps bounded sets into bounded sets in C ([0;T],R).

Proof. Now we consider the ball B, defined by B, = {¢ € II : ||¢||; < r} in II. We have

O e A

Uy — s)PL
></0 ( F(5>) (|® (s, (s), D¢ (s))| ds + k|p(u)]) du

: p (p = 5)7_1 ! 5 — )AL
‘ﬂhw@ﬂ{l O (s ) 6w

u _ s B—1
(/0 (MF(B>) \I!‘(s,gp(s),ij(p(s))‘ds—l—k\go(u)]) du) dé
+|bz| I' (o —2p) /T (T — w)> b1

|C2|

u — 5 p-1
X </0 (=) | (s, (s), D% (s))|ds+k‘|g0(u)|> du

()
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+A

D N N
|A|/0 () X<§)F(O‘_/3)/o (& —u)
X(/u(ﬂ—8)51|\y( ()DB ())|d k| ()|)d>d§

0 F(ﬁ) S,¢\(8), Pps S plu U
L ! _uafﬁfl
YaTeo s ), Y

/”(M )61|\I,( (s), D% (s))| ds + k| p
" G ¥ (599, D70 () [ ds + klow) | du

1 ¢ ot
AW [ (F(@—5>/0<£_u) ﬁ
s)”

(/0( T (3) }‘P(Sw() (3))|d8+k|<p(u)\>du>d§

|b2\F(a—25)/0( — )T 261

% /u(“_—)ﬁ_ll‘ﬂ( (5), D% (s))| ds + k()] | d
F(ﬁ) nele) e l)lds gl | du

o [ 2 o))

Using the fact that functions ¥ is bounded, then there exists M > 0, such that |V (.,.,.)| <
M. Then from (2.2), we get

40 < (7= | (¢ — uyeit
([ st
+m {/Op %h © (r (al— 3) /0E (€=w*"

</“ (M;(gj_lMds+kr> du) d¢
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+|b2’ [ (o —26) /T (T — u)"‘—ﬁ—l

|2

. (/Ou (MF_(—?;_IMds + kr) du
;ZI/ (M;(?;_lg(f) F(al— 5 /05 (€ —u)* !
x (/O (M;(fgf_lMds + kr) du) i
T,
y (Au%Mds+kr> du]

W [ 2|/ Siom 6 - ( (al— 8) /o5 (€ — w7
</ (ur_w))ﬁ Md”’f?“) ) ¢
+ 0| T (o — 283) /OT (T — u)>21
X ( /Ou (N;(‘;);_IMds + k‘r) du]

('C”/ d€+|(a1+b1)|>}),

Hence, we have the following inequality

! Uy — )Pt
ol < o (s [ o [T

1 il ! 5 — ) A u(ﬂ—s)ﬂil sdu
+|fw<p>|{/o T (7) X@r(a_mfo@ ) / Ty dsdudt

AT (0 =28) [T ey [
S ) @

+A
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+A

|c1] (n—8&" 1 ¢ ) Bt U(M—S)ﬁil sdu
|A|/ o) X@r(a—ﬁ)/g €= | gy deduds
|01 T o)At Y- S)ﬂil sdu
arass ), 0 s dd]
|ca| P (P—f)%l 1 ¢ ) “p— 5)571 sdu
Azwp)/o I X“’m—ﬁ)/o € | gy eduds

|b2|F(a—2ﬁ)/0T(T—u)a 26= 1/0 (n—s)"" dsdu”)

I'(B)
&) d& + |(ar + by)| )

- 1 ' — )AL (0—5)771
o (r<a—6>/o“ a d*mmn{/ iy M

1 ¢ a—pB-1 |b2| I (Oé B 25) g a—pB-1
Xr(a—ﬁ)/o (€ —u) dud§ + o /0 (T —u) du

% / s (?)H T (ozl— 5) /05 (& —w)* ™" dudg
+ ﬁ /OT S du] i AILCZ‘(P) [/op s ;(i);l "
" F(;/g(g_ w)* P 1dud§+|b2|r(a—2ﬁ)/oT( —U)O‘_%_ld“)]})

( d§+\a1+b1|>

By computation, we find that | Ay (t)| can be estimate as follows :

_|_

ro PN, bl T (o — 28) T2
(A @ < M <r BT@=5 THTO T a-ATowE 1100l
BT (- 29T |Alla 7N, Ao T2

[P (p)] eo| T (B) AT (B)T (N T (=) T(B)T (a—B)[A]
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I'(vy)

AR )T (= B+1) NCE

|Cl|p7N¢ o N
( ey Tl b)) T (0 v a) bzr(a25)T°‘ﬂ)

TP |As| |e1] p* PN, |Ag| |by| TP
k
i T(F(a—%) |A|F(7)F(a—ﬁ)+(P(a—6))2|A|

c1| p7 N,
<—| 1| Pty + |CL1 + b1|) |02| pa—5+’YN¢TO‘_5

AT L AT
F(MT(a=B) AN ()T (= B+1) [ (p)| (T (o = B8))* A

. |ca| p* PN TP |b2| I (o — 25) Ta_%Ta_B)
AP ()| T (= B+ 1T (V) T (a=p) Al (p)| T (= F+1)

Hence, we obtain

[(T2) (O] < Mpn + krps (2.3)

On the other hand, by application D to (2.1), we side

Te? Al lei| N
g X
A 0] < ¥ (sEra—m TR TTe=7
|A| by T ('cll oY |ar + bll) |ca| p**I Ny TF

['(y)
TAT(a—A)A] A @I T(a—B+ )BT (- p)
(L a0l Bl (o = 2 770

A|T% ()T (a— B+ T (@ B)

_|_

i ( T Al g PNy el b T
[@=28) JAITMT(@=5)  (T(a-p)7[A]
(0 o) e oo 7
D) (@ =B AN (I T (@ —B+1)
('C” PN 4o+ bly) T8 |by| T (a — 2) T2

I'(v)
|A[I (p)| T (= B+ 1)

+
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As a result of the above inequality, we find
|DPA(x) ()] < Mps + krpy
Based on the two results, (2.3) and (2.4), we deduce that
T (z)|| < oo, VYt €[0,T].

Hence, the operator 7 maps bounded sets into bounded sets in II.

2.3 Other Estimations Using Hadamard Operator

To prove our result, we need some notations and quantities :

(log (£))” N
A o= = ;o No = — A—,
1 1 T (5 + 1) 2 1 272
Y4 (b—a)a2 (91 71)
A = —XN—, Apyi=Xg———(———,
’ ! 3’73 ! SF(%‘FU Y2 2
X o :A4A1—A3A2.
and
0 Mk Ag| + Ay S8 Xa)) [ﬁl RLIal )) (b)
|)‘4|l1 a1 H7B1 (RL yan
sl Gt 2\ 5“ I 0 (T (1) (),
‘)\2H2 (Og(a)) B2
@ =25 |Asr+rA4\F<5l+1> 1% (1) (0)
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Q |/\1|l1 |74| A |/71‘ H[,Bl RL[al b
Al 5 b—a rE
(R }'“'*H' ITn) T
Aol i
o BB B
| Asla| |V4| |71| (b_a)az e as (H 782 RL 1o (H 752
b 1 —B1
1 _
L)
’ L(1—p) "7

where 0 < o, 8; <1, i =1,2 and v;, A;,0;, (i =1,4) are real numbers such that 72,7» are
no zero numbers, a,b € R with a > 0. We denote by FE;, F5 the Banach spaces defined as

follows

X :{UEC([a,b],]R),HDﬁlu(t)EC([a,b],R)},
Y ={vel([ab,R)," D*v(t) € C([a,b],R)}.

The two spaces can be equipped by the norms

Jull = max (el |7 D% a]) ol = sup o0, [|*D%a]| = sup |7 D%a)].
a<t<b a<t<b

We consider the operator

F : XxY — X
(u,v) (t) — T (u,v)(t)

defined by

1

F(u,v)(t) @ = 5

(log (£))”
—A30y + (Ag — A4m>

X (M7 (FE1 (b, w (b) , 0 (b) " D*0 (b))
(2.5)
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AT (000,00 T DP ) + 0

(log (£))"
(A1 +Ay) 04— <A1 + AQW)

1
b5
x (A1 (M1%0 (bu (b) v (0) T D7 (b))

+ I (bou(b) v (b)," D™ (D)) + A“%}

HAIP (BRI (tu (t) v (1), D*0 (1)),
where f, g : [a;b] x R?® — R are two given functions.

Lemma 2.2 If ¢ and w are two bounded functions, then the operator (2.5) maps bounded

sets into bounded sets in X.

Proof. Let 2 bounded in X x Y. For each t € [a,b] and (u,v) € Q, we have

oo (t 1
o+ (1 + i 0 26)

1

Pl < g

< (M7 (R |6 (b, () v (b) 7 D20 (1))

0

q

+ ol 1% Jw (b,u (b) v (B) 7 Dﬂlu(b))|) W

1)1
(18] + JAa]) 1] + (|A1| + 1 %)

nl
%]
(Wl 172 (11 o 0 0),00).7 D7 )

03

q

+ M 1 |6 (0w (b) v (D) 1 D20 (D))]) + [ s

+A1P (FET | (tu(t) v (t) T D0 (1))]) .
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Thanks to the conditions of ¢ and w , there exist two constants Ny, Ny such that
|¢(a7)| SNI? and |W(.,,,.)| SNQ (27)

Using(2.7) in (2.6), we obtain

F o) (t) € —

£\)/1
S |As0s| + <|A3| + | A4l M) (N1 |A1] [Py (b) (2.8)

I'(Bi+1)

4

)\
(1] + ] 6] + <IA1| + 1y (rl<g/3(—+))1>>

N ol 1% (0)) + o

1
%]

%

X (Na | As| 1227172 (b) + |Ag] N1I% (b)) + |As]

} + N 1P 1 (b)
V3

03

)

1
< NQu+ N+ o (|A392| T (A] + 1A [6a] + o

On the other hand, we can see that

1 d t t\ 2 ds
Hl)ﬁ1 < — — / log — — 2.
D ) (0] S e (tdt) ACH IO (2.9)
1 0
< 1 (80Qu + Ka@a + 157 (10afal + (] + [ ol + 1l | 2))
3
So, (2.8) and (2.9) yield to
”FHE1 < 0.

Then F maps bounded sets into bounded sets in X.
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Chapter 3

A Class of Fractional Differential
Equations With Sequential

Derivatives

3.1 Introduction

In recent years, the theory of fractional derivatives has attracted the attention of many
authors, especially the fractional differential equations, where several studies and research
have been prepared related to the existence and uniqueness of the solution on Banach spaces,
This is because of the importance of these equations in solving some important problems in
numerous areas, such as physics, biomathematics, control theory, etc. For more information,
we refer the reader to [31],[38], [24].We shall note also that the existence and uniqueness
studies of the above new theory have been published in many research papers, we cite
(3], 4], 6], [41]. Related to these studies, we need to cite some papers that have motivated

the present research work, and we can begin by [7] where their authors have studied the
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existence of solution of the problem :

[ (*D* + kD Yu(t) = f(tbu(t), 1<a<2 0<t<T, T >0,
au (O) —+ pP1U (T) = 61 s Oégul (0) + pgu/ (T) = 52,

aqu (0) + plu )\1 fO dS + )\2,

\ 052u, (0) + IOQU = M fg dS + M2,

taking into account that “D§, denotes the Caputo derivative of order a, k € RT,0 < 7 <
¢ < T and ay,ag, B, Ba, A\, A2, pi1, 2 € R. In an interesting paper, Mahmudov et al. [33]

have studied the existence of solutions for:

[ (°D* + kD Yu(t) = f(t,ut), D u(t), 1<a<?2, 0<t<T,

alu( )+61U *fyl fo d3+617

[ D tu(n) + BoD ' (T) = fc s)ds + €,

under the conditions that <D® is Caputo derivative of order o, 0 < n < T .0 << (< T
and ap, Qig, 617 627 V1,72, €1, €2 € R.
In this chapter we are interested with the study the existence and uniqueness of solutions of

the following problem of sequential type with initial conditions:

(°D* + k°DP) z (t) :f(t,x(t),D%(t)), l<a<2 0<pB<1,0<t<T,
a7 (0) + by (T) = ¢ f1 U a(e o(E)de, (3.1)

L'(v)

)
4D (0) + 1D (T) = e [ CHEa()h(€)de

by taking into account that ¢D®.,¢ D? denote the Caputo derivatives, with, 1 < o < 2,0 <
B<1,0<pu,p<Tanday,asb,byci,co €ER, f:[0;T] x R2 — Rand g,h:[0,7] — R
are continuous and k,~y are positive real constants. This chapter is structured as follows :
In the first section, we study the existence of solutions for the linear system of fractional
differential equations. In the second section we present the first result using the Banach
contraction principle, then we establish the second existence result using Schauder’s fixed

point theorem. At the end of this chapter we provide some examples.
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3.2 A Sequential System With Integral Representa-
tion
Let us prove the result:

Lemma 3.1 We take ¢ € C([0,T],R). The solution of

[ (D*+ kD) z(t)=p(t), l<a<2 0<B<1,0<t<T,

(n—&""
I'(v)

) ax(0)+ bz (T) = I z(§)g(§)d¢,

as D8z (0) + by DPx (T) = ¢ fop (p—&)7""

\ QUGS

18:

"0 =t [ ([ ;@))B_l@“)ds kel ) du

U —g p-1
X (/0 (MI‘ (B)) o(s)ds — kx (u)) du) d¢

——bQP(a_26) ' — )t u—(ﬂ_s)ﬁ_l s)ds — kx (u U
= [r-w) (/ el k())d

AR /0 = <?>7_1g © (r = /0é € -

u — 5 Bs—1
X (/0 (“P (B)) o(s)ds — kx (u)) du) d¢
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_ 1 c 7 (p— 5)771 1 ¢ )t
AT p>[2/o ror (MO ramg [ €
" (p—s)"
X (/0 NE) o(s)ds — kx (u)) du | d¢
T u —s -1
—bol" (v — 25)/0 (T — u)* 21 (/0 (HJF (5)) o(s)ds — kx (u)) du]

S I e
(/ — g(i)df—(aﬁbl))}xm’

where,
T LN b7
S B v b e i ey
M-t
ro [P Ea (@ it~ (m+ )
I VI &’ o, T
v O TG G
Proof. We see that
(“D* + kD) z (t) = ¢ (t) (3.2)
We see also that (4.7) can be written as follows:
‘DP (D P (t) + kx (t) = ¢ (t). (3.3)

The solution of (3.3) can be written as

__ t T “(u—9)7 s)ds — kx(u u— ——Alta_ﬁ
o) = gy 0o ([ e ket o= o= B

Therefore,

_ 1 ! o Na—28-1 Y (u—s)Pt . u— A28
Dalt) = gy (=0 (/ (g Pl kel >)d Ta—29+0)
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Thanks to the second condition of (3.1), we have

CLQD’BZL'(O) + bgD’BZL'(T)

b ! )21
Fm_%)/o (T — u) (3.5)

v (U — S)’Bil ~ bl B A1b2 To—28
. (/ m(p) Pl dsdu = kel >> Ma—29+0)

o f (pr_@;_lh“) (res /j“ —ut

x ( /0 C ;(;))Blgo(s)ds - kx(u)) du) de
Sy S

Plp—&" g’
—cA h d
o R O
Using the first condition of (3.1), we can write

a1x(0) + byz(T) by

T .

X (/0“ (u 1:(2))5_190(3)d3 — kx(u)) du — %

- o [ e (e [ o

= —Ao(ar +b1) +

X (/0“ (u 1:(2))5_190(3)% - km(u)) du) dE — e Ay /Oﬂ (1 — &)

X 9(&)d¢
o [ g’
A R
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Thanks to (3.5), it yields then that

Aiby T 28 Pp— &t
102 +02Ao/ (P 5)
0

" T(a—23+1) () e

P (p—&Nt IS
by [ O R e

- [ 0 (o ([ ) )

_ (ab2 %) / N e ( /0 " u ‘Fig)ﬁlgo(s)ds - k:x(u)) du

Thanks to (3.6), we observe that

o 7 k)
¢

+ A

><</0( F()ﬂ)ﬁ o(s)ds kx())du.

by
DY

ﬁ m : agg:m“‘réf;jw)
:Cl/o ’ ((2) 5¢) (F(al—m/o (€ -

([ et - et ) o) e - P

TR

_ﬁ /OT(T _ )AL (/Ou (u _FS();)_B_I o(s)ds — kx(u)) du.
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Co P (p — §)7—1 ; ¢ » .
[fo 1“5) h(§ df/O I'((7) ") (F(Oé—ﬁ)/o (€ )

X(Cl I (”{(8) 9(€)de — (m +b)).

(3.7)
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So,

o [*(u=&"" 1 ¢ a—f-1

el Crer J S
u _56—1

X(/o %gp(s)ds—km(u)) du) d¢

_ by T el Y —s)t
s ), T (/ r5)

1 [ e
Mh(p>[2/o o (i

UM S S — RT (U U
(/ L k())cl)df

— b, (- 2) / (e ( / :

(n—s
I'(B)

« ( /0 =" ey de - (ar +bl>)

['(v)
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e (s)ds — kx (u)) du

o /06 -w™

1

p(s)ds — kx (u)) du]



Therefore, we can state that

L e L
Ao_“h@{/o ror O (ra=g [ € v

X(/Ouw;(s s e ) >d§
(s

bQ (Oé—2ﬁ

C2

s)ds — kx (u )) du

—A

%/0“ (Ml:(i);_lg (€) (F (&1_ 3) /05 (& —u)* !

o —s)" o) i
X</0 W@(s)ds kx())d d¢

(n—s)""

_m/o (T —u)* 7! (/0“ F—(ﬁ) (p(g)ds—k’x(u)>du
T P VT LN A W LP
A[vh(p)[2/0 () h(§)<r(a_5)/o(§ )
u(y — g1
X (/0 %@(s)ds—kx(u)) du) d¢
w (), g)l
X </O (MF(ﬁ)) ¢(s)ds—kx(u)> du) 3
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T u —s B—-1
—boT (v — 25)/0 (T — )21 (/0 %gp (s)ds — kx (u)) du]

}

3.3 Criteria of Existence and Uniqueness

x <01/0#%9(5)d5—(a1+b1)>

Substituting Ag and A, we end our proof.

We begin this section by introducing the Banach space
E:={u,ueC0;T], “D’°u(t) € C[0;T]}

that can be equipped with

||u||E ‘= mnax (”U’Hoo ) CDIBUHOO) )

where

|lull, == sup |u(t)| and HCD*BUHOO:: sup |CD’Bu(t)|.
0<t<T 0<t<T

Then, we need to transform (3.1) to the following equivalent fixed point problem :

x="Tr,
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where 7 : E — FE is defined by:

T = s /< - ([ (s ) D% ) s — et )

? (p— f ) LI AP
- TG {/ (5 [ €
(/ (e (>) f(s,z(s),D’x ())ds—kx(u))du)dﬁ
. U — -1
_ bol' (0(22 25) /(; (T _ u)a—ﬁ—l (/(; %Jf (5’ T (5) 7D6x (3)) ds — kzx (u)) du
a [fp- 1 PSR
L e

u _ s Bs—1
X (/0 (MF (ﬁ>) f (s, (s) . Dy (s)) ds — kx (u)) du) dg]
b1 T o1 u (/~L _ S)ﬁ—l
_Af(a—ﬁ)/o (T —u) B (/0 Wf (S,&?(S),Dﬁx(s))ds—kx(u)) du

1 g (p B 5)7_1 1 ¢ a—p—-1
ARG [/ o (PO [, €
“ (= 3>ﬁ_1 K] _
X /0 NE) f(s,2(s), D%z (s))ds — kx (u) | du | d¢
T u _ s -1
—boI" (a — 23) /o (T —u)* 2! </0 (MFT%JC (s,z(s), D’z (s)) ds — ka (u)) du]

=T ~ Lt
><<cl/0 e aGL <a1+b1>>} N

MNa—p+1)
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The following quantities are introduced :

Q - I < T N P> TNy, |bo| T (o — 28) TP
L@B)ra—-p) T'BT)T(a—08) [ (p) 117 (p)] [c2]
6o T (0 — 28) T [Al lex] p**7N Al by T

P (AT @) ATBT M (@—F)  TBT (a—08)A
(2 +lon 4 bal) T2 (S + o+ bl B D0 - 26) Taﬁ)

AT ()| T (a— B+ 1) Fla—p)
+k,< L pr N, [ba| T (a = 253) T**F
Fla—B)  [Ph(pTMT(@=p8) ' [h(p)le
L Al (=45 +lar 4+ bal) 7077 o] T (2~ 25) T“”)
TR (DIJA[T ()T (@ - B) AT (p)| T {a— B+ 1)

o Al ea] o7, [A] by T2
e = L (rw)r(@—zm AT T -8  TOT@-F A
(2% + Jay + by]) Jea| o7 Ny T2
AThIT@=-F+ DT BT ()T (a—5)
(2% ¢ oy 4]} o] (0~ 25) T?W)

A[DA(p) T (@ =B+ 1)T (@~ 5)
+k ( 1o Rofle] 27PNy A6y TP
['(a—=28) AT (a—p) (F(Oé—ﬂ))2\A]
<\c1|pWNh + |ay + b1|) |co| po=PHY N, TP
F()T(a=B)IANIR ()T (@ =5 +1)
(% + Jas + bl|> T8 |by| T (o — 28) T2
|A[I7h (p)| T (o = B+ 1) )

L = max (L, Ls).

Before establishing the existence of solutions for the problem (3.1), we impose the following

assumptions :
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(Hy) : There are two positive reals numbers Ly and Lo, such as :
|f(t,$17y1) - f(taany2)| < Ll |J}1 - ZL‘2| + L2 |y1 - y2| ) Vt € [OvT] » X1, Y1, T2, Y2 € R.

(Hy) : The function f : [0,7] x R? — R is a continuous.
(Hj3) : There is 6 > 0 such that |f (t,z,y)| <0 Vt € [0,7] and z,y € R
Our first result in this work is based on the Banach’s contraction principle and reads as

follows.

Théoréme 3.1 suppose that the assumption (Hy) is verified. If
max (Qh Qg) <1

Then the problem (3.1) has a unique solution on [0,7].
Proof. We prove that 7T is contractive over the space F.
We have :

|(Tx)(t) — (Ty) (t)| < sup <ﬁ/{) (t — )P

t€[0,T]

Uy —g)Pt
[ RIS () D)~ £ (50 (6), Dy ()] s+ Klalw) — )

1 7 (p— 5)7_1 1 ¢ _ )AL
TER G {/0 iy © (F(a—m/o €=
u — 3 B-1
(/0 —(MF(B)) |f (s,2(s), Dz (s)) — f (s,y(s), D% (s))| ds + k |z(u) — y(u)|> du) dg

NZLCEL Uy

|co

h (N_S)B_l 3 _ 8 _
X /0 |/ (s,2(s), D% (s)) — [ (s,y(s), Dy (s))| ds + k |z(u) — y(u)| | du

@ " — 5)7_1 1 ¢ _ )Pt
+A\ALA 00) ggNwa—ﬁyé(g )
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1] ’ R |
i el O
)

u _85—1
x (/0 (MFTU(S z(s), D%z (s)) —f(S>y(8)>Dﬁy(8))\d3+k\x(“>—W‘)’) du
1 ¢ a—fB—1
W[’/ 1O (g [ €
</ | (s (5), Do () — f(s,y<s>,D%<s>>\ds“f‘x(“)‘“‘”’) d“> "

T
+ba| T (0 — 28) / (T — u)*=2!

(/ 1 () Dﬂ<>)—f(s,y<s>,Dﬁy<s>)\ds+k\x<U>—y<“>’>d“]

(p—o"
(’Cﬂ/ F(fy) d§+\(a1+b1)|>}>
su | (" (e = 5)7_1 1 ¢ _ )AL
+te 0%’] ({ |A| /0 L () 9(8) (F(a —B) /(; (€ )

x (/0 W |f (s (). D (5)) - f(say<8),Dﬁy<8))|d8+’f|x<u>—y<“>|> d“) d

|01 ’ |
+|A|F(a—6)/o (=)

X(/Ou( \f(sx ), Dz (s)) — f(S,y(S),D’By(S))‘ds+k|$(u)_y(“)|>du

(r (al— ) /o5 € =w™

\f s,x(s), D%z (s))~f (s,y (s), D% (s))| ds+k |z(u) —y(U)|> dU> dg

I'(8)
\Aym [
X</ s
+|bzrr<a—25>/0< )

x (/Owr—ﬁu s,2(s), D’ <>>—f(s,y<s>,D%<s>)\ds+k:\x<u>—y<u>|>du]

a8
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Consequently, we have

(T2) (t) = (Ty) )| < (Lile —yl+ La | D7 (z — y)|)
( T N pa—&-ﬂ\/‘h
F@)ra=p) TE)I@)T(«=p)H7h(p)
bo| T (0 — 23) TP
[17h (p)] |l
[b2| T (o — 28) 777 Al les| p* YN,
[I7h ()| e T (B)  [A[T(B) T (7) T (a = 5)
Al[by| T7
LB (a—=p) Al

(‘0111)?;]\7’1 + |CL1 + bll) T8
IAT[R ()| T (= B+1)
(B o+ ) [l T (= 28) T
T(a—pB)
+ 2 -yl ( kT + pt 7 N
M\T@=8) " (T ()T (a—p)
k |bg‘ r (Oé — Qﬁ) T2 k ’A‘ |Cl| pa—ﬁ—l—’yNh
RADIE R (p)[JAIT (1) T (a — B)

Gttt s

X

I'(v)
AR (p)| T (a =+ 1)

Using the right hand side of the obove inequality, we can write :

™ p* Ny,
(T2) (&) = (Tw) (0] < [L " (rw)r(a 5 T e B R
bl T (a— 28) T*#  by|T (o — 28) T2
GAOIE RABIENG
AlJed g, Mg b T

+

AT BT (D (@=p)  T@B)I(a—B)[A|
(‘Clll?;Nh + |a + b1|> T8

[A[[I7h (p)| T (a = B+ 1)
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<|01| P Np,

by| | To5
() + |a; + 1|)

AR T (@ =B+ 1)
(‘6111,(.;;)]\[/1 + |CL1 —+ b1|) |b2| F (CY — 25) Taiﬂ
- T(a-p)
. ( KT kpe~B+TN, i |bs| T (a0 — 28) To—25
T(a-5)  [Ph@ITMT (a—7) D% (o)) 2

E|A[ |er] p** YNy
(DR () TAIT ()T (a = B)
(e - Jay + b)) T b T (o = 28) T2
T'(y) |z =yl

[A[HR (p)| T (e = B+ 1)

Now we pass to work with the D?, we have

LT ? LAl |er| po N,
DT (@) O = DT W @] < o=l (rw)r(a —op) " IAIFiﬁglF(ggF(a —5)
LIA] by 727
NONCERIRN
L (‘Cllllzz/;vh + |a1 + b1|> |02| p‘”“thTO‘_B
AP R ()T @— B+ DT (BT (T (a—5)

1| pY Ny, -

L —— bi] ) [bo| T (v — 28) T*=P)

(™ o4l T e - 20
AFRIT(@- 5+ DT 5)

kTo—28 E|As||ci| p® PN, K |A]|by| T

_|_

Ta—20) " AITMT(@=8)  T(a-p) A

c| PN,
k (l 1‘ P Nn + |(11 + b1|> |C2| pa*ﬁJr’YNhTa*ﬁ
I'(v)

TN (a—B) AR (p)|T (a =5 +1)
k(™ o lan 4+ 01]) T2 bl T (o — 26) T
ATIPR ()T (0~ 5+ 1) |

_|_

From the last two inequalities, we have:
17 (x) =T (W)l p < max (§1, Q) [[x =yl < llz = yllp-

o1



Hence, we deduce that 7T is a contraction. As a consequence of Banach contraction principle,
(3.1) has exactly one solution defined on [0, 7.

The following theorem studies the existence of at least one solution of the system (3.1)

3.4 Criteria of Existence

The next main result is based on Scheafer’s fixed point theorem :

For this section we need the following quantities :

_ ( oo, PN, bo| T (a — 28) T
= \T@T =5 TETWT (a—p8) () RADIE
[bo| T (o — 28) T Al |e1| po N, (A [by] T

(IR (p)| [e2| T (B)  [AIT (BT (M T (@=p8) T (B)I(a—p)A|
(_Iqr\/zx\fh + |(11 + b1‘) TP
|A[ 7R (p)| T (o = B+ 1)

(122 4 Jay + 1]} o] T (o — 26) T

T@=5)
+k7“( T2 Al 2N, Al by T8
T@a=28) JAIL()T@=3) " Tia_g)PA
C1 20\ o— oa—
(2 +lor & bl leal P PONT 0 et

COIT (= A AR (@541 PR (T (a— A) 1A
|col PPN, T8

(AR () T (= B+ 1) T () T (a = 5)

[b2| T (o — 28) T*72PT 77 )

AR ()| T (@ =B+1) )

_|_
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po = 5( o0 Mlefp N, AT
2 T(B)T(a—28)  [A[TBT T (a—B) TBT(a—p) Al

<\C11L;();§Vh + |a1 + b1|> ’C2| pa-l-thTa—ﬁ

AR (p)| T (e =B+ 1T (B) T (1) T (o = f)

TN,
(lC}'(’# + |ay + b1|> 05| T (a — 23) T2(=5)
_|_
[A[I7h (p)|T (@ = B+ 1)T (a = B)
To—28 A a—f+v [\ Allp, | Ta=5
—I—kr( —I—’HCHP h+ |A| by )
Mo =28) " IATE)T (=3 © (00 = A)FIA
TN,
<M —+ |CL1 + bll) |C2| pa_ﬁ+’yNhTa_ﬁ
FANAG)

T ()T (a—B)|A[|Th (p)|T (a — B+ 1)
(% +lar + b1|> T8 |by|T (o0 — 28) T25
|A| 7R (p)| T (o — B+ 1)

At the moment, we are ready to present to the reader the following main result.

Théoréme 3.2 Assume that the assumptions (Hs) and (Hs) hold. Then, the problem (3.1)

has at least one solution on [0,T].

Proof. The proof of this theorem is done in four steps :

Stepl : Let (uy), .y be a sequence such that u, — u in C ([0,7],R). Then for ¢ €

neN

23



[0,77, we have

|Tun<t>—Tu<t>|sSup( L [

t€[0,T

X/o (u 1:<8 (|f (s,un (s), Duy (s)) — f (s,u(s), Du( (5))| ds + k Jun (u) — u(u)]) du

L e (L [ e
+|M<p>|{/o ror O (ra=g [ v

w () — g)f1
( | 18 (s (90, D%, (9) = F s(5) Do () s 4 ) ~ u<u>l> du) 4

+|b2| I'(a—2p) /T (T - u)afﬂfl

|col

y (/ U (50 (5) . DPun () = f (s (5), D7 () ds + K <u>—u<u>|> du
o T () e R '

| [*(u—€)7" 1 ¢ a—B-1
W/o T () g(g)F(a—ﬁ)/o(g_w i

¢ (p— S)B_l 8 _ 8 _
X /0 £ (5,un (5), D%uy () = f (s,u(s), Du(s))|ds+ k|x(u) — u(u)| | du | dé

@
|01 L ip a1
+|A|T(a—ﬁ)/o (T =)

. ( / b1 s (90, D (9) — f (s (5), D7 5)] s + Kl <u>—u<u>|> du

( P /o5 o

(/0 ( ) !f(s tn (), D%, (5)) = f (s,u(s), DPu(s))|ds + k Ju,(u) —u(u)y> du> d¢
(3.9)

Aﬁh

54



T
o] T (o — 28) / (T — u)> 2!
0

On the other side, we can say that

LTo=F N LAl |eq| p*t7Ny
)T (e =25) AT (B)T ()T (a = B)

|D°Tu, (t) — D°Tu(t)] < |“"(t)_“(t)|<F(ﬁ

L|A||by| To5
F(B)T (o= pB)|A|
L <|Cll_’,l<.;;)m + ’&1 + bl‘) ‘CQ’ pa—"_WNhTa_'B
A (p)| T (@ =B+ 1D)T(B)T ()T (a = B)
L (|CII|WI(.+)M —+ ‘Cll + b1|) |b2‘ T (Oé — Qﬁ) T2(a_ﬂ)
[A[I7R (p)| T (o = B+ 1) T (a = B)
L KT K] feal Ny kA T
T(a—=28) [AIT()T(@=8)  (F'(a—B))*|A|
k (MIL(’;;)M + |CL1 + b1|> |C2| pa_’B—i_thTa_ﬁ
(V)T (= B) Al 7R (p)| T (o = 5+ 1)
B (15 4 oy + b1]) T2 b T (o — 26) T2
|A[ 7R (p)| T (o — 5 +1) ‘

(3.10)

_l_

+

Thanks to the assumptions (3.9) and (3.10), and using (H2), we can find
| Tw, — Tu|| — 0 when n — +o0.

Then T is continuous on C ([0,7],R).

Step2 : Let r > 0. Now we consider the ball B, defined by B, = {z € E: ||z|, <r}
in E. To show that the operator T is uniformly bounded, it suffices to replace 7 by A and
f =V in lemma 2.1.

Step3 : In this step, we show that T is equicontinuous. Suppose that 0 < t; <ty < T

25



and z € B,. Then,

(T2 1) = (To) 0] < s | [ = = [ =]

UM S, T \S ﬂZL'S S u
< [ U (s (9). D (5) )|

el [ (=g L[ e
+{1A\/ 0) ""(@(w—ﬁ)/o(f )
u(lu /3 5
X /0 NG ]f s,z (s),D’x )\ds+k\x(u)y du | d¢
|b1| g _ua—ﬂ—l
+|A|F(a—ﬂ)/ T=w
)

0
B-1

Cleos) s,z (s), D’z (s))|ds (U u

(/ N <>)\d+k|<>>|)d
(=8 571 1 € e yampet

|Am 2'/ (F(a—ﬁ)/o €=

x</0u(“r If (s, (s), D2 (s))| ds + k | (u )|>du)d§

T
1| T (e — 25) / (T — u)>201

u /B
X (/0 (MF( |f (s, (s), D’ )‘ds—l—k:|a:(u)|> du]
tgt—ﬁ _toz—ﬁ

( 1|/ (n=8" " 5 d§+|(a1+b1)|>}xm_—ﬁ:L1)

It is to note that the right hand side of the previous inequality tends to zero independently

of the variable x € B,, when t, — t; — 0.
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The same remark for the following inequality :

D% (Ta) (1) — D* (Tw) (11)] < m [ /O ® by — w2t /0 " u)a_w_l}

MM S, TS B{ES S Uu
< [ 0 (s (0). D () )|

jea| " (=8 1 ¢ a—B—1
*{W/ 0) 0 (rap /) €0

u 6
x(/o (“F |f(sx ), DPx )]ds+k\x(u)|)du>dg

by T o)At
+Ar<a—ﬁ>/o =

u _85*1
% (/0 %{f(s,x(s),Dﬂx (s))‘ds+k|x(u))|) du
- p 671 1 ¢ _uaa@fl
HarnG [ 2'/ O (g €
X(/O“(MF |f (s,2(s), D%z (s))|ds + k|z(u )|)du>d§

T
1o/ T (0 — 25) / (T — )2

u B
X (/0 wF( |f (s,2(s),D’x )‘ds—l—k:|x(u)|)du]

boo CRO
( al [ d5+|<a1+b1>|>}>< T

So, T : E — E is equicontinuous. Then, by Arzela-Ascoli theorem, 7 is completely

continuous.

Let consider finally:

={r € E:x= ATz, forsome 0 <\ <1}.
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For z € G and t € [0,T], we have x (t) = AT (z), for some 0 < A < 1. Then

IN

T ()| < 4,
DT ()] <

]

1P|

IN

Consequently,
]| < max (p1, pa) < 00

We deduce that G is bounded. Finally, (3.1) has at least one solution defined over [0, 7] .
So, T : E — FE is equi continuous. Then, by Arzela-Ascoli theorem, 7T is completely

continuous.

3.5 Examples

Problem 1

To give an illustration of Theorem 3.1, we take the following problem

tan~1 CD%xt
(CD% + 2CD%) w(t)=et+220 4 7—(1014 ®)

DPz (0) + DPa (4) = [, 2 (€) sinéde (3.11)
2 (0) +x(4) = [P (€) cosede

In this problem, we have

_ T _ 3 N N A
Oé—ga5—17611—@2—51—52—01—02—17

T=4, k=

=
I
N
e
I
)

o =1
o) = et 4220 gt (D)

2
h(t) =sint, g¢(t) = cost.

\

Also, ¥Vt € [0,4], and x1, z2,91,y2 € R, so we have

2 7
|f (¢, 22,92) — f (21, 01)] < Toiz |zg — 21| + Tou ly2 — 11
. . 2 7 2
It 1S Clalr that Ll = W’ L2 = W’ L = max (L17L2) = W

o8



Moreover, the previous values give us

0 ~ 2.9488 x 1072,
0y ~ 5.1709 x 1072

Then, max (€21, £2) < 1, thus the assumptions of Theorem 6 are satisfied, hence, the BVP
(3.11) has a solution in [0, 4].
Problem 2

For Theorem 3.2, we consider the problem (3.1) with : f (¢,z,y) =

\/56729

2+ x + ty?
Clearly, f is continuous. We have also

This means that f is bounded, thus, the BVP (3.11) has at least one solution in [0,4] .

29



Chapter 4

A System of Differential Equations
With Sequential Fractional

Derivatives

4.1 Introduction

Differential equations theory is considered as one of the most important fields of mathemat-
ics. It has many applications in physics, electrochemistry, biomathematics, aerodynamics,
dynamics, electromagnetic, control theory of dynamical systems, etc. For more details, we
refer the reader to [24], [38], [39]. In particular, the existence and uniqueness problems of dif-
ferential equations of fractional order have been investigated by many authors. For instance,
we cite the papers [8],[42], [43]. Recently, in [43] some existence and the uniqueness results
are given for the following system of sequential Caputo and Hadamard fractional differential
equations
CDHDPx(t) = f(t,x(t)), a<t<b,
{ 1z (a) +~vEDPx (a) = 0, Mz (b) + MIDPx (b) =0,

where ¢ D # DF denote the Caputo and Hadamard fractional derivatives of orders o and f3,
respectively with, 0 < a, 8 < 1 and v, \; € R (@ = m) ,f i [a,b] x R — R is continuous
function. Very recently, S. Asawasamrit et al. [8] studied the existence and uniqueness of

solutions for the coupled system of nonlinear sequential Caputo and Hadamard fractional
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differential equations with coupled separated boundary conditions defined as

( CprHpDug(t)=f(t,z(t),yt), a<t<b,
TDECDry (t) = g (ta (t),y (1), a<t<b,
arz (a) + af Dy (a) = 0, Bu (b) + 55 Dy (b) =0,
azy (a) + o D%z (a) = 0, By (b) + B D7 (b) = 0

\

(4.1)

where ¢DPi # D% are the Caputo and Hadamard fractional derivatives of orders p; and

qi, respectively with, 0 < «;,8; < 1,4 = 1,2 and «;, §; (i = 1,4) are real constants and

f,9: la,b] x R¥ — R are continuous functions.

Our objective in this chapter is to study the following problem [10] :

( CD9HDPg (t) = f(t,x(t),y(t) " D2y (), a<t<b,
HDRCD2y (t) = g (t,x (), Dz (t),y (1)), a<

7z (a) + 9§ D2y (a) = 01, Mz (b) + 2§ D2y (b) = by,
vsy (a) + Y DPra (a) = 05, A3y (b) + A DPra (b) = 6

~

<,

4,

\

(4.2)

where D% H DB denote the Caputo and Hadamard fractional derivatives of orders a; and

B;, respectively with, 0 < oy, 3 < 1,4 = 1,2 and v;, \;, 0;, (@ = 1,_4) are real numbers such

that v; (i = 1,4) are no zero numbers, a,b € R with a > 0, and f, g : [a;b] x R® — R are

two given functions.

This chapter is structured as follows : In the first section, we study the existence of

solutions for the linear system of fractional differential equations. In the second section,

we present the first result using the Banach contraction principle. Then we establish the

second existence based on Schaefer fixed point theorem. We conclude this chapter by an

application.
Sequential System and Integral Representation

For computational convenience, we set
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b)) 01
Al : :Alw A2 '_)\1_)\2£7

LB +1)° o Vo
V4 (b—a)* (91 71)
As © =M= d—, Apgi=g—F—(=—-L1),
’ ! 3’73 o F(%"‘l) Y2 2
> o :A4A1—A3A2.

In the following lemma, we prove a first auxiliary main result.
Lemma 4.1 Let the functions p,v € C([a,b] ,R). Then, the solution of the problem

([ CDMHDBy () = (), a<t<b,

HpBCpo2y (t)y = (t), a<t<b,

mz (a) +15 D2y (a) = 01, Mz (b) + X5 D2y (b) = 0o,
| sy (@) + 74" DM (a) = 03, Agy (b) + A DPra (b) = 6,

is given by (z (t),y(t)), t € [a,b], where

t B1
z(t) = % [—A392 + (A3 — A4M)

(4.3)

[(B1+1)

X (A{f 7 ("E1) (b) + M T4 (b) + Aﬁ)]

Y2

(log (£))™
(Ay+ As) Oy — (Al + AQW)

s

X (Agzaz (17%4) (b) + NI (b) + )\3%”

V3

P (L) (),
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and

b 0
13 Y2 (g +1)

I (7 24! (t— a)a2 )
— | —Ay+ Ay
by <73 ! Y2 T (ap+1)

X <92 — (M (BRI ) (b) + AT (b)) — )\2%)
2

L [ (74 Y, (t—a)® )
—— | —A40s — | —Ay + —Ag——F—
by [73 o 3 ! V2 3F(CY2 +1)

0
X ()\fLI” (I7%4) (b) + AT (b) — AB’Y_?;)

t—a)*
PPN )

RL yaz (H 182
™ F(a2+1)}+ 1= (%) @)

Proof. We apply lemmas 1.3 to the first equation of (4.3), we can write
ADPry(t) =ci + 179 (t), ¢ €R

We apply lemma 1.4 to (4.4), we get

_ (log (é))ﬁl H 781 (RL jon
l‘(t)—Cg—i‘Clm—i‘ I ( 1 (p)(t), cs €ER

(4.5)

By using the Hadamard fractional integral of order 3, to the second equation of (4.3), it

yields that
CD2y (t) = c5 +7 1724 (1), c3 €R.

Thanks to lemma 1.3 to (4.6), yields the following formula

(t —a)™

————— 1 (T 172) (¢ R.
e A S ORI

y(t)=c4+c3
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Thanks to the initial conditions of (4.3), we obtain

(

Y1C2 + Yacs = 01,

log( & .
)\1 (CQ + Cl% +H [61 (RL[O“QO) (b)> + )\2 (Cg —|—H [,ng (b)) = 92,

(4.8)

V3Cs + Yyac1 = 03,

a
az+

A3 (04 +c3 éb(_ )a12) I e (HIB2¢) (b)> + A (e + 1% (b)) =04,

so, we have

( 1o g))ﬁl

(log (2
Alr(ﬂl—l—l)

2 2

Ya (b—a)™ <91 71) RL H 05
A — Ag— A3t [ = — =) cy=0, —NELJo2 (H[B2 b) — Ml (b) — Az—,
( ! 373) “a T+ e T ( ¥) () = Al () = A

By solving the system, we obtain

A161 + AQCQ - Al

Ascy + Nyeo = Ay,

where
0
Ar io= 0, = AP (TEI) (0) = MU (b) = Ao
Y2
0
Ny o= 04— NI (H1P20) (b) — My (b) — Agv—?’,
3
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we obtain

cT = —ZAl—f——EAQ,
Ay As

= A, - Z3A

Co S 2 5 1

Using (4.9) , we get the quantities

0 A A
03:—1—% 1A2 4! 3A1,
Yoo PeX Y22
0 A A
ca = U3 T4 2A2_74 4A1.
Y3 Y3 Y32

Substitute the values of ¢, ¢ in (4.5) and ¢3, ¢4 in (4.7), then lemma 9 is thus proved.

4.2 Solvability: Existence and Uniqueness

We introduce the spaces

X :{xeC([a,b],R),HDﬁlx(t)GC([a,b],R)},
Y ={yeC([a,b,R)," Dy (t) € C([a,b],R)}.

We endowed the space X by the norm

H oy

Jull == max (] )+ lall = sup la(t)], [“D%a] = sup [“DMa(r)].

a<t<b

In the same manner with Y, we consider

Iyl = mase (ol 7Dy . 1yl = sup [y(e)]. Dy = sup |7 Doy(r).

a<t<b

Thus, (X x Y,||.|[x,y) is a Banach space with norm

||(x7y>HX><Y = maX(HxHX ) ||x||Y) .
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The Riemann-Liouville and Hadamard fractional integrals of a function with three variables

are given by

¢ s q—1 5
HIT (PRI (foy,2)) () = m/a /a (logg) (S_T)p1f(7‘,:r(7"),y(7"),z(r))drd?7
and

¢ s ot )
O ) O = o €= (0w3) " F )t () T

where 0 < p,q <1 and ¢ € {¢,b}.
As a special case that will be needed in this paper, we consider the following two quan-

ities:
t H g (RL]P (1)) ) = m /: /as (log g)q—l (s — T)P—l dr%,

q—1 dr

P 0) ©) = o [ € (ion2) T L

We consider the operator 7 defined as follows:

T: XxY — XxY
(zy) () — (Ti(z,y) (1), T2(z,y) (1)),

where, Vt € [a, b,

)Pt
Ti(z,y) (1) : = % [—A392 + (Ag - AA‘—(IE (gﬁfaj)l) )

< (ML (REL (5,2 (5) 5 (5) 7 D™y (1)

+ A 1% (b (0),y (b)) D7 (b)) + AQ%}
1 (1og (£))™
+§ (A1 + Ay) 0y — (Al + A2m
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x (AT (M1%g (b, (0) ,y (0) M DM (1))

03

T (bx(0),y (0),7 Dy 1)) + da

HI (FE1 f (e (1), y (1) 7 D22y (1))

and
O35 60 (t—a)™
T(zy)(t) + ==+ —o—"—
) () ¢ =2 St

1 (1 M (t —a)™ )
—= | M+ AT
)Y (’73 e T (g + 1)

X (0, — (M1 (BEpoa £ (b, (), y (0) /T D2y (b))

1 [ V4 7, (t—a)” )
—— | A0 — | BA+ EA—
|: 4V4 ("}/3 4 Y2 3F(C¥2+1)

x (Agh1ee (T1%g (b, (0),y (0) 7 D' (1))

93 Y1 (t_a)a2
AT f (b2 (b) ,y (b)), Dy (b)) — A —) + =0 ————
£EIf (b (b),y (b) y(B) =X )+ o T(as + 1)

AL (M1 (10 (1), y (1) 7 D* (1))

Before proving the existence of the solution to the problem (4.2), the following hypotheses

are proposed :
(H1) : Suppose that there exists constants [;; > 0,4 = 1,2, j = 1,3 such that

’f (t7x27y27 Z2> - f (thl’ylu Zl)’ S lll |.’L’2 B 131| + l12 |y2 - y1| T 113 |22 B le ’
|g (t7 x27y2722) - 4g (twrhylu Zl)’ S l21 |l’2 - $1| + l22 |y2 - y1| T l23 |Z2 N le ’

for each t € [a,b] and all z;,y;, z; € R.
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(Hs) : The functions f,

(Hs) :

[a,b] x R® — R are continuous

There exist two constants K7 Ky > 0 such that,Vt € [a,b],2z,y,2z € R

|f (2, y,2)| < K, g (t@,y,2)| < Ko
Then, we introduce the quantities

Al log
QO - =%<|A:;|+|A4

]ﬁl RL[m
ﬂ + 1

(1) (@)

+
.
M2
D
=
+
=

FHTP (T (1) (),

Jo2 Hjﬁz
5 _|_1 )) (b)7
M|l (s v (b—a) \" o
@ :‘le:f(:v_;'f\“'*l |l a2+ Faty) o
Ll () 7] e
|42|1 |4|+|7:|3’ a+1 =
| A2 I |74’ 71 -
Q .= 12
oo = (s 2 £
A3l v 0% b—aa2 RL N .
Pt (il (< +)1>) 1 (015 0) )+ 0 (11 () ),
b 1-51
<log—)
a
M, . = —r~>t—
1 T2 f)

b 1—as
<log —)
a
My | = —~— 2
? I'(2—as)

where,

[; = max (5117 li2, 113)

ly = max (la1, la2, l23) -
Now, we are able to prove the following result

Théoréme 4.1 Assume that (H1) is satisfied. Then, the problem (4.2) has a unique solution
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on la,b], provided that Q@ < 1, where

Q = max {max ((Q1 + Q2) , M1 (Q1 + Q2)) ,max ((Q3 + Qu) , M2 (Q5 + Qu))} .

Proof. We show that the operator T is contractive. Let (x1,41), (22,y2) € X x Y. Then,

for each t € [a, b], we have

T (22 92) (8) = Ti (@) ()] <

oo (b B1
5] (|A3|+|A4|M> (IM]l (flzg — 2|

I'(B+1)

e =l + |7 (o — w)|)) " 17 (BRI (1)) (b)

+ ol by (lze — 21| + lye — sl + || D7 (z2 — 1) ||)

<|A1| + | As| M)

H 152 1
117 (1) (0))] + = T (B +1)

2

x (IAs] Iz (|2 — 21| + ly2 — wal| + || D™ (22 — 21)|])
ez (172 (1)) (0) + Ml by (Jlez — 21l + [ly2 — wall
DRy, — )™ 1 (1) (8)]

+h ([Jo2 = 21| + [ly2 — w1

D |lyy — g ) 1P (FET00 (1)) (8).
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Consequently, the following estimate is valid

Al (log (%))Bl
T1 (w2, y2) (t) = Th (w1, 91) ()] < SR (!A3| + A4 m) (4.10)

X (s = allx + llyz = ully) ™" 1712 (1) (b)

Ll (|A3| b ol mﬂl)

X (s+1)

% (llz2 = @llx + llye — wlly)™ 1% (1) (0)

[Dalls (log (£))”
+ 5 <1A1|+|A2\ F(ﬁl—i—l))

* (lz2 = 21llx + llyz = wally) 12717 (1) ()

+|)\4’ h (|A1| + Az —(log <§))61>

2] [(B1+1)

(s =21l + llye = wally)" 17112 (1) (0)

< (Q1+ Q) max (||lvg — 21| |y2 — w1lloo) -

On other hand, using the 8;—norm, we can write

B DT, (290 2) (8) =2 DAT, (a00) ()] < ﬁ(t%) /at (10g£>51 (4.11)
ds

X |Ti (w2,y2) (t) — Ti (1, 91) (5)] o
< My (Q1+ Qo) max (|lze — x| s ly2 — willo0)

Similarly, for 75, we remark that

T2 (w2, y2) (t) = Ta (z1,91) ()] < (@3 + Qu) max (||zg — 21| s [y — w1lls) -
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Also, using as—norm, we have
19 DT, (23, 2) (6) —7 DT (a0, 0) (8)] <~ (¢ /t og L)
2 (22, Y2 221, Y1 = T—ay) \dt) ), gs
ds

X | Tz (w2,92) (t) — T2 (w1, 91) (5)] o
M (Q3 + Q) max (|22 — 21, ly2 — v1ll)

IN

Thanks to (4.11), (4.10), we obtain

171 (w2, 92) — Ti (w1, y1) ||y = max (|71 (w2, 92) = Ti (@1, )|, ||" DO Ti (w2, 32) =" DOV (1, 1)]|)
< max ((Q + Q2), My (Q1 + Q2)) max (||v2 — x|, ly2 — villy)

With the same arguments as before, for 75, we have

172 (22, y2) = T2 (21, 91) ly < max ((Qs + @a) , Mz (Qs + Qu)) max ([lz2 — z1lly , ly2 — wally)

consequently, we obtain

1T (22, 92) = T (21, 1) x oy < @max ([l — 21l x, [ly2 = wlly) -

Using the fact that @@ < 1, we conclude that 7 is a contraction mapping.
As consequence of Banach’s fixed point theorem, the problem (4.2) admits a unique solution

over |[a, b].

4.3 Solvability: Existence

The second main result is based on Schaefer fixed point theorem. We prove the following

existence result.

Théoréeme 4.2 Assume that the following two hypotheses (Hs)and (Hs) are valid. Then,

the problem (4.2) has at least one solution on [a,b].

Proof. First of all, it is to note that the operator is continuous since the given functions
of our problem are also continuous.
Then, the following steps are needed to achieve the proof of this results.

Stepl: We show that the operator 7 maps bounded sets into bounded sets in X x Y.
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we prove that 7; maps bounded sets into bounded set in X.Let 2 bounded in X x Y. By
applying lemma 2.2 for the operator 7; with f = ¢,g = w and M = M, then for each
t € [a,b] and (z,y) € Q, we have

03

o)
)

i)

1
|71 () ()] < KiQu + KoQ2 + B (\A302\ + (1As] + [Aa]) [6a] + [ As]

In other hand, we have

1
DA, () (8)] < M, (K@ +KaQut (|A392| T (1Ad] + [Ad]) 63] + [l

So, (2.8) and (4.12) yields

il

73)’

03
)

(4.13)
By the same method followed in lemma 2.2, we prove that 75 maps bounded sets into
bounded set in Y. We have

Qi+ Q-+l (1Aa8al + (] D Il + 3o

I7: (2,9) (0] < max
. (Kl@l t sty (|A392| (1] + 1) (6] +

63 91 (b—a)az
To(e,y) ()] < |2+ |22
17z (@,9) ()] V3 Y2 | T (g + 1)
1 V4 " (t—a)az)
=] (2] A+ [P As| —2—
‘2’(73 Al v | T (g + 1)

X (0 — (TP (PRI f (b, (b) g (0) 7 D2y ()
H H 0
g 0,0 0),0 )7 D ) ~ )

L v <74 7, (t—a)® )
—— | =A0 — | SN ANy ——
by {73 o Y3 ! Y2 SF(% +1)

x (AFETe (F1%g (b, () ,y (b) 7 D72 (b))
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0 M (t—a)™
FABLT £ (b2 (B),y (b) 7 Dy (b)) — A —3)+—9A—}
ST f (b, @ (b) ,y () y (b)) 3, M G )

FRLpen (B 1P (10 (1), y (1), 7 DP (1))

then, we get the following estimate

03
73

th
V2

(b— a)o‘2 1
Mo+ 1) ' 5]

91
V2

V4

T2 (z,y) ()] < —3 [ Ayl |04]

(]92| + [ Ao] | —

(b—a)*
F (Oég —f- ]_)

0
2161 4] Il |2
2

V3

) + K1Q3 + KQy.

Also, we have

03

V3

th
V2

(b—a)™
r (042 + 1)

8l 16]+ n
-

DT, (2,y) (1) < M, (K1Q3+K2Q4+ +

1 01
O] + |A
sy (e

)

03
V3

(b—a)™
F (062 —f- ].)

V4

|01] [ Ay

+ A3

Then,

«91

Y2
| 2] 16 1]
2

0
(b—a)™2 1
Sos + & (162|+|A2| ol

F(a2+1)
(b— a)az

[(az+1)
17 DT, (2, y) (8)||,, < max | My | KiQs + KaQ + |-

1 0,
‘E‘ (‘92‘ + [ Ao| |[—

71 (b a)a2
0] |Ay] =——

T4 A 164]
3

|/\3|
01

+ K1Q3 + KoQy,
(b—a)a2
7| T (az + 1)
A
03

2)

Hence, from (4.13) and(4.14), we deduce that 7€ is a uniformly bounded set.

+

73

+ [ A3

(4.14)

Step2: We prove that 7 maps bounded sets into equicontinuous sets. Let tq,ts € [a, b]

73



such that t; < ¢y, and let (z,y) € €2, then

A4l

70 () (t) = Ti (2,9) (B)] < ST (B + 1)

t2 51 tl B1
log — — | log —
a a

x (Il 1% (L (b, (0),y (8), 7 D2y (0) )

Dol 1% g (b, (1) 5 ()" D (3)])

t2 61 tl Bl
(2"~ (m2)
a a

(Il 172 (117 |g (b2 (), (). D (b))

T lPE T f (b (8), 5 (). Doy (1))

| As|

MSTNCESY

+H[ﬁ1RL[a1 (|f (tg, T (t2) Y (tg) ’H Dazy (tZ))

—f (tr, (), y (), Dy (1))]) -

So, we can write

| A4
I (B +1)

t2 ﬁl tl ﬁl
log — — | log —
a a

(Bl P (R (1) (8) + K ol 17 (1) (8))

t2 61 tl 61
<log —) — <log _>
a a

(K D™ 1o (1% (1) () + Il K41 (1) (0)

B1 B1 A
t t t
2 <log t_2) + <log —2> - (1085 _1>
1 a a

Tu (2,y) (b2) = Ta (2, y) (W) <

|As|

ST G 1)

K1 (b — a)al

T+ DTG+ 1)

|
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As t; — to, the right-hand side of the above inequality tends to zero.
On the other hand, we obtain

"D T (,y) (t2) =" DO Ti (2, y) (t)| < My |Ti (2,) (B2) = Ti (2, 9) (12)]
Therefore, we obtain
Tu (2, y) (t2) = Ta (2, y) (B)] — 0, as &y — 1.
With the same manner, we can show that
T2 (2, y) (t2) = T2 (2, y) ()] — 0, as &y — 1.

Thanks to the Stepsl,2 and using Arzela-Ascoli theorem, we conclude that the operator 7

completely continuous.

Stpe3: Now, we show that the set
E={(z,y) e X XY :(2,y) = AT (z,9), 0<A <1}

is bounded.
If (z,y) € &, this yields that

; ,Vt € [a, D]

Hence, we have

[z ()] < AT (2,y) O < NIT1 (2,9)]

and

ly (O] < ATz (2,y) O < [[T2 (2, 9)|

On the other hand,
["D%x (1) < [TDOTi (2, y) (1))

1 D> Toy ()| < |7 D75 (2, y) ()]
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Thus, we get

G2, )l ey 7= max ([l (@) x , ly (Dlly) < max ([T (@, 9)|, (|72 (2, y)]]) < o0

At the end, in view of Schaefer’s fixed point theorem, we conclude that 7 has a fixed

point which is a solution of the problem (4.2).

4.4 Tllustration

Let us consider the example:

(

0.2 (1) +1.2°D7y (1) = 1.3, 0.6z (3) +2.6°D7y (3) = 0.9,

\ 215y (1) + 1.6¥Diz (1) = 1.7, 0.3y (1) + 1.67 Diz (1) = 3.2.
(4.15)
Here, oy =2, a0 =& 81 = 1; fo = 3; 11 = 0.2; 30 = 1.2; 93 = 2.15; 34 = 1.6; 6, = 1.3;
0y =0.9; 05 =1.7,0, =3.2; Ay =0.6; \y =2.6; A3 =0.3; \y, = 1.6, and
the functions f, g : [1;3] x R® — R be given by

f (t,az (t),y(t), D7y (t)) = %t + 54(t1+(5?(t)) + % cosy (t) + 1t—8tan‘1 (HDgy (t)>
w1 "Dl

H _ 1 -1
g (t,x(t), Diz (t) 71/@)) =7t O+ g my T (1 +H Dig (t)>

It is clear that f, g are continuous functions and we have:
13
|f(t,$7y72>| S ﬁ = K17 |g (tax7y7z)| S “no K2

Thanks Theorem (4.2), the system (4.2) has at least one solution (z (¢),y (t)),t € [1,3].
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GENERAL CONCLUSION AND PERSPECTIVES

In our thesis project, we have presented some notions, some definitions, some auxiliary lem-
mas and some other integro- differential concepts and properties that we have used in the
other chapters for proving the main results. Then, we have proved some integral lemmas
that have relationships with the results of the other chapters. These integral estimates have
allowed us to find the integral equations for our studied differential problems. We have also
been concerned with some classes of differential equations that have the property of ”sequen-
tial”. This notion has not a sense in the classical cases of differential equations since the two
important properties, regarding the commutativity and the semi group of the derivatives of
integer orders, are satisfied. In this sense, some existence and uniqueness criteria have been
established and proved. Some other results on the establishment of sufficient conditions ”for
the existence of at least” have also been discussed in this project. We have illustrated the
main results with some examples to show to the reader the applicability of some of the main
results.

At the end, we propose to the interested reader to investigate the studied problems using
the important approach of fractional calculus in the sense of Khalil. Also the interested
reader can use the Atangana Baleanu approach to study the above problems. Certainly, he
will have the possibility to propose comparative studies in this sense. In our opinion, we
suppose that these two approaches are important and they can be used for modelling many

real phenomena.
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