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Abstract

In this paper, by introducing the fractional derivative in the sense of Caputo, we apply
the Adomian decomposition method (ADM) to solve the modified Kawahara equation with
fractional derivatives. Two cases of special interest such as the temporal-fractional modified
Kawahara eqaution and the spatial-fractional modified Kawahara equation are discussed in
details. Further, we compare the obtained results with those obtained for integer derivatives.

1. Introduction

Since Adomian rstly proposed the decomposition method [4, 5] at
the begin of 1980s, the algorithm has been widely used for obtaining an-
alytic solutions of physical signi cant equations [6, 16, 26, 27, 28, 29, 30,
32]. With this method, we can easily obtain approximate solutions in the
form of rapidly convergent in nite series with each term computed con-
veniently[1, 2, 9, 14]. As we know, for the nonlinear equations with de-
rivatives of integer order, many methods are used to derive approximate
solutions [3, 4, 5, 8, 12, 19, 24, 25]. However, for the fractional differential
equations, there are only limited approaches, such as Laplace transform
method [21], Fourier transform method [17], the iteration method [23] and
the operational method [20].
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In recent years, considerable interest in fractional differential equa-
tions has been stimulated due to their numerous applications in the area
of physics and engineering [10, 15, 33], like phenomena in electromag-
netic theory, acoustics, electrochemistry and material science [11, 13, 21,
23, 33]. We introduce Caputo fractional derivative and we apply the ADM
to derive numerical solutions of the modified Kawahara equation with
temporal and spatial fractional derivatives. This equation is a mathemati-
cal model of a wide range in important physical phenomena; it arises in
the context of shallow water waves [7]. Also, this equation describes water
waves with surface tension [31].

The purpose of the present paper is to establish approximate solu-
tions of the modified Kawahara equation with temporal and spatial frac-
tional derivatives and to compare these solutions with those obtained for
integer derivatives. The equation studied is given by

D¥u+ (1 + uP)DPu+ putyes + e = 0,0 <, B < 1 1)

where pand garenonzeroreal constants[7],0 < o < 1,0 < 8 < land x > 0.

When o = 8 =1, the fractional equation reduces to the modified
Kawahara equation of the form

U+t + Uty + Py + QUi = 0,0<a,B<1,peRgeR (2)

The paper is organized as follows: In Sec. II, some necessary details
on the fractional calculus are provided. In Sec. III, the modified Kawahara
equation with temporal-and-spatial-fractional derivatives are studied
with the Adomian method. In Sec IV and Sec V numerical applications
are given and gures are used to show the e¢ ciency as well as the accu-
racy of the approximate results which are achieved. Finally, conclusion is
followed.

2. Preliminaries and notations

For the concept of fractional derivatives, there are multiple defini-
tions [11]. Here, we will adopt Caputo’s definition which is a modi cation
of Riemann-Liouville definition and has the advantage of dealing prop-
erly with initial condition assumption and boundary conditions.

Definition 1: A real valued function f(x),x > 0 is said to be in the space
Cu, i € R if there exists a real number p > i such that f(x) = x f(x) where
fikx) € C([0,00)).
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Definition 2: A function f(x),x> 0 is said to be in the space
Cu,n € IN,if feCy.

Definition 3: The Riemann-Liouville fractional integral operator of order ot = 0,
for a function fe€ Cu,(y =—1) is defined as
Jf0 = s [T 077 fndr a > 0.4> 0
I'la) 0 ’ ’

JO fx) = flx). (3)

For the convenience of establishing the results for the fractional modi-
fied Kawahara equation, we give one basic property:

JOIBR(x) = J9Bp(x). (4)

For the expression (2), when f(x) = xP we get another expression that
will be used later:

o p_ LB+ oy

Definition 4: The fractional derivative of fe C” in the Caputo’s sense is de-
fined as

1 Lo myi—a—1 p(n) _ *
. r(n_a)fo(t ) F(Ddr, n—1<a<nnelN*

;’; o, a=n

(6)
According to the Caputo’s derivative, we can easily obtain the follow-
ing expressions:
DK = 0; K is a constant.
F(ﬁ+1> [ﬁ_a,ﬂ>a_1,

DP = T(B+1-0)
0. B<a-1.

?)

Remark 5 In this work, we consider the equation (1). When 2 R+, we have:

0%u(x,t) _

D%u(x,t) = v
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1 et 9t T) _
I“(n—oc),é(Z (2 odr, n—1<a<n

- aT
Bl 9"u(x,1) a=n ®

ot"

3. Proposed method

It is more natural to consider the equation (1) under the following
form

D%u =1+ u?)DP u — s — QU 0 < @ < 1,0< <1, (9)

where the operators Df, D? stand for the fractional derivative and are de-
fined as in(6).

Take the initial condition as

u(x,0) = f(x). (10)

By applying the operator J%, the inverse of D* on the corresponding
subequation of Eq. (9) and using the initial condition (10), we get:

u(x,t) = flx) = J%O, (u(x,t) — J*L; (ulx, 1) + J¥ L, (u(x, 1), (11)

where
D, (u) = (1+ uz)DEu, , Ly (u(x,t) = pltyy and Lo (u(x,1) = Gl

The ADM method consists in nding a solution in the form:
u(rn)= 3y (x0). (12)
n=0

The nonlinear operator 1(u) can be written in the decomposed form
Q= 3 A, (13)
n=0

where Ap,n = 0,1,2,..., are the so called Adomian polynomials and have
the form

L [(1 (5 A |t (5 uk>L:0 (14)
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We give the rst four components of these polynomials:

Ay =(1 +u§)D§u0,
A = 2u, u1D£u0+(1 +ué)Dfu1,

Ay =+ 2uguy) DPug+ ugu, DP u, + (1 +u2) DP u,, (15)
Az = (% uyu, + 2u, u3> Df Ug + <%u% + % U u2>Df u,
+%u0 U Df Uy + (u% - 1)Df Us.

Substituting (12) and (13) into Eq.(11), yields the following recursive
formula:

uy(x,1) = fx),
u, + 1(x,8) ==J%(A,) = J*Ly (u,, (x, 1) + J* Ly (1, (x,2),n = 0. (16)

According to the above steps, we will derive numerical solutions for
the Eq.(1) in details.

4. Fractional temporal numerical solution
Consider the following form of the temporal-fractional equation
D(txu 2_(1 + Mz)ux_puxxx_quxxxxX7 (17)

with the initial equation

u(x,0) = 3 sech? (kx)), (18)

v —10p
-1 /=P
where k = 3 54 [7].

The recursive formula (16) permits to give the successive terms:

MO = %OPSEChZ(kX)), (19)
(142 B0 w0 )
ul_< (1+M0) dx p dx3 q dXS I'a+1)
_ du, 2)du; d*u, d5u1) 2%
u2—<2u0u1dx+(1+“0)dx_p &3 —4 ] TQa+1)°
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_((TQa+1) 2 duy  TQa+1) duy
”3_<<r2(a+1> ”1+2”°”2> d T T2+ 0" dx
2y duy d3u2 _ dsu2 32

1+ ug) dx P g 948 |TGa+ D

As an illustration, we compute the terms (u;);cy for p=1;9 =—1
1 /1
and k = PR we get:
3 v 10
Uo

~ 10 cosh?0.22361x |

1 t
h(x) ,
4000cosh’0.22361x  Tla+ D

Uy =~ /10 (FLGO+ £, G0 + f5(20))

16000000 ¢osh!20.22361x
tZoc
TQa+ 1)’

Uy =~ /10 (FL GO+ £ (0 + £ (20)

16000000 ¢cosh!?20.22361x
Z‘205

ro+1)

Uy

—-27
uy = —0:23X10 "0 ()4 g (1) + g, (1) + g, (1))

cosh!70.22361x
t3a

IrGa+1»

where

h(x)=87+2 sinh0.22361x+ 174 V2 sinh0.22361x
+261/2sinh0.670 83x,

f1(x) = 1827 cosh V5 x —919242 cosh % V5 x,

£,(x) = 162 864 cosh % /5 x +182 439 cosh % /3x,

£,(x) = 7308 cosh 5 ¥/5.x — 905148,
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Solution obtained for a =8 =1 Solution obtained for a = 8/2 = 1

g, (x) = 6.7824 x 10> sinh 2.906 9x — 6.164 1 X 10° sinh 0.670 82x,
g, (X) =+1.1057 X 10?® sinh 1.565 2x + 6.7824 X 10?° sinh 3. 3541x,
g5(x) =—5.6676X 10°° sinh 0.223 61x — 1.8247 X 10>’ sinh 2.0125x,

g, (X) =+7.9838x 10*" sinh 1. 118x + 6.6926 X 10> sinh 2.4597x,

The approximate solution is given by

u(x,t) = ug+u;+u, +us+ - (21)
we conclude by drawing gures for numerical solution (21) with
o=p/2= % as well as the solution obtained when a = 8 = 1.

5. Fractional spatial numerical solution

In this section, we present a numerical example to demonstrate the
behavior of the solution of the fractional spatial of modified Kawahara
equation.

Considering the operator form of the spatial-fractional equation

;= —(1+ uP)DP t = ptyy — Uy 0 < B< 1, (22)
Assuming the initial condition as

u(x,0) = f(x) = x%, (23)
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Initial condition has been taken as the above polynomial to avoid
heavy calculation of fractional differentiation.

In order to estimate the numerical solution of equation (22), substitut-
ing (13), (14) and the initial condition (23) into (16), we get the Adomian
solution.

Here, we give the rst few terms of the series solution:

uy = f(x) = x%,
u; =—J(Ag) — JL1 (uo(x,1) + JLy (uo(x,2),
=—J((1 + ud) DP uy) — JL\ (uo (x, 1) + JL (o (x, 1),

_ I'® 6-B, 2-B
_F(3—ﬂ) (x + x )t,

uy = —JQuguy DPug+ (1 + ud) DP uy) — JLy (uy (e, ) + TLo (uy (x, 1),
l2
= (5, + 8,(x) 5,
such that

s

__ 2 I'G-B) - L(7T-B) -
gl(x)_F(S—ﬁ)(l+x2)(r(3—2ﬁ) x? 2ﬁ+r(7—2/3) x0 2/3>
gz(x)=ﬁ(x6_2ﬁ+xlo_zﬂ),

R
LR
QLR
LERA

& 90095090
ZHX L AKLAL
esetents

Figure(a): Solution of Eq.(16) Figure(b): Solution of Eq.(16)
obtained by ADM method for § = obtained by ADM method for g = 1.

D=
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The numerical solution of spatial-fractional equation (22)derivative
in series form is given by

u(x,t) =ug+u; +uy+u;+ ... (25)

Figures (a,b) show respectively the numerical solutions given by ex-
pression (25) for the equation (16) using the expressions (24) with 8 = %
and B = 1.

6. Conclusion

In this paper, the ADM has been successfully applied to derive ex-
plicit numerical solutions for the modified Kawahara equation with tem-
poral-and-spatial fractional derivatives. The above procedure shows that
the ADM method is efficient and powerful in solving wide classes of equa-
tions in particular evolution fractional order equations.
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