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On certain  nonlinear elliptic systems with

indefinite terms  «
Ahmed Bensedik & Mohammed Bouchekif
Abstract
We consider an elliptic quasi linear system with indefinite term on
a bounded domain . Under suitable conditions , existence and positivity
results for solutions are given .
1 Introduction
The purpose of this article is to find positive solutions to the system

—Agv =m(z)0f, (u,v) inQ (1.1)

where € is a bounded regular domain of RV, with a smooth boundary 052,
Apu = div (| Vu |P=2 Vu) is the p— Laplacian with 1 < p < N, m is a continuous
function on 2 which changes sign , and H is a potential function which will be specified later .
The case where the sign of m does not change has been studied by F . de
Th élinand J.V élin [ 9] . These authors treat the system ( 1. 1) with a function H
having the following properties
o HThere(g, o istsy) < CC(\>2|p, oy ale) e Q, forall (u,v) € Djsuch
that 0 <
e  There exists C' > 0, for all z € Q, for all (u,v) € Dy such that H(x,u,v) <

Cl
e There exists a positive function a in L*°(£2), such that for each z € Q and

(u,v) € D1 NR2 H(z,u,v) = a(x)u* o
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2 Nounlinear elliptic systems with indefinite terms  EJDE — 2002 / 83 where
Dy = {(u,v) €R?:| u|> Aor | v |> A},
Dy = {(u,v) € R*\ Dy :| u |> dor | v |> d}
and D3 = R?\ (Dy U Dy) with A > 6 > 0,1 < p’ < p* := Npn_p, and 1 < ¢’ < ¢*. They
established the existence results under the conditions
oa+,1+8+,1>1 and a—i—p*l—&—ﬁlf@ <1

by using a suitable application of the variational method due to Ambrosetti - Rabinowitz [ 2]
M . Bouchekif [4] generalized the work of F . de Th € lin and J . Velin [ 9 | for the
large class of functions of the form

H(u,v)=alul"+elv|®+bu || v]7H

where a, 8 > 0;v,6 > 1 and a,b and ¢ are real numbers .  The case where the system (1. 1
) is governed by a single operator A, has been studied by Baghli [ 3] . Our aim is to extend to
the system ( 1. 1) the results obtained in the scalar case (see [5]). Our existence results

follow from modified quasilinear system in

the —Smalecondition

orderschemet0asaPPLYinT. G ani Palais[g) condition | rneiin (P.S.)andand 'SP i the[9]. WeMoser's - Tterative )}y
weak solutions , and assume that H satisfies the following hypothesis .
H e CY(RT x RT) (H1)
H(u,v) = o(u? + v?¥)as(u,v) — (07,07) (H2)

(H3) There exists Rp > 0 and u,1 < p < min (p*/p, ¢*/q), such that

updf o (u,v) +vgoh ,(u,v) > pH(u,v) > 0¥(u,v) € RY x R% uP +v? > Ry.

2 Preliminaries and existence results
The values of H(u,v) are irrelevant for u <0 or v < 0. We set

I(u,v):lp/Q|Vu |pd;v+1q/Q|Vv | d:cf/ﬂm(x)H(u,v)dx

defined on E := WP (Q) x W, 4(Q). The solutions of the system (1. 1) are
critical points of the functional I. Note that the functional I does not satisfy in general the
Palais - Smale condition since

B, H(u,v) == upaglu(m v) + vqaglv(m v) — pH(u,v)
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In order to apply Ambrosetti - Rabinowitz Theorem [ 2],
we modify H so that the corresponding B, H (u,v) becomes bounded . Let

A(R) = max{(HfLZ’+v7’)q)“ tR<u+0v! <R+1}
and

Cr =max{u’ sup 105 . (u,v)| + 2ppA(R)(R+ 1)*'71, sup 1|nk(r)|;

v <R+ <rr<R+
sup 195 (u, )| + 20uAR)(R+ 1)1 71, sup 1| np(r) |}
vy, SR+ <rr<R+

where nR € C1(R) is a cutting function defined by

nR(r)braceex — braceleftmid — braceex — braceleftbt= < 09 ififr™® >< rgR <4141

Our main result is the following :

Theorem 2 . 1 Assume that (H;)i=1,2,3 ho ld and Cgr = O(R(p*pi"p)z‘q*_q)u) for
R sufficiently larg e . Then the system (1. 1) has at least one nontrivial s o lution
(u,v) in EN[L®(Q)])? with u and v positive . Before proving this theorem , we truncate the
potential function H.

The modified problem
Let R > Ry be fixed , and set

Hp(u,v) :=nRWP + v H (u,v) + (1 — nR(u? + v?1)) A(R)(u? + v7) a

)

By construction Hy is C' and nonnegative . Let
Mpg = (R+1)max+,,v? < R+ 1[nx(u? +v?)(H (u,v) — A(R)(u” 4+ v?)")]
+uP max +v?! < R+ 1B, H(u,v),
Lemma 2.2Hp satisfies ( H 1) - ( H 3 ) and the following estimates

0 < B,Hg(u,v) < Mg, Y(u,v) € RT x RF, (2.1)
" v A(R)up— I k=1
047 (Wl OHR=<0M|  (u,CPl < pSR A=, NP v, ) € RE, (2.2)

Hg(u,v) > mp, Ry, (uf + 09" V(u,v) € R xR, suchthatu? +v? > Ry,

(2.3)

withmpg, := min{H (u,v); u? + v¥ = Ry }.
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and ( H 2 ) can be easly verified for Hg.  We verify for ( H 3 ) as
follows : For any v > 1, we have
BVHR(ua U)
= (u” + v’ + v [H (u,v) — A(R)(u” +v*)"] + nR(u” + %) B, H (u,v),
forRg < u? +v? < R;
B,Hg(u,v) = B,H(u,v) > B, H(u,v) >0 forl<v<p
forR <u” +v? < R+1;
B,Hg(u,v) > nR(u” +v?) B, H(u,v) > nR(u? + v?) B, H(u,v) > 0forl < v < pu;
finally for u? +v? > R+ 1, B,Hr(u,v) =0 for any v > 1. Thus ( H 3 ) holds for
Hp.
Conditions (2. 1) and ( 2. 2 ) result from straightforward computations . Using (
we have
Hg(u,v) > mp, Ry, (uP + 0" V(u,v) € RY x Risuchthatu? + v > Ry.
In fact , put f(t) := Hp(t"Pu, tly,) with uP +v? > Ry then
£t =5 gl o2 e e o H < (00) 0 )]
Integrating (2 . 5 ) between ty and ¢, we obtain
S = forall ¢ >t
and takingt=11in (2. 6 ), we have
Hp(u,v) = f(1) = (uPp gya)" f (to)
and  f(to) = Hg(ui,v1) = H(uy,v1), where wu; = (%0, )"Pu, and
v1 = (%0, ,4)Y%.Consequently,
in Rof(to(u,v)) = in  H(u,v),
(min, Rof(to(w,v)) = min  H(u,v)
hence ( 2. 4 ) follows . Now , consider the modified system
~Ayu = m(z)df ", (u,v)  inQ
—Agv =m(x)d", (u,v) inQ

(H1)

H3),

(2.4)

(2.5)

(2.7)
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functional Ip defined on E as

Ig(u,v) = 1p/ | Vu |P dx + 1q/ | Vo |9 dz — / m(z)Hpg(u,v)dx.
Q Q Q
Lemma 2 . 3 Under the hypotheses  (H1)-(H3), the functional IR satisfies the

Palais - Smale condition .
Proof . Let (up,vy) be an element of E such that Ir(uy,v,) is bounded and

I (tp,vy) — 0 strongly in Woilp’ (Q) XW(;lq’ (©)( dual space of F). Claim 1. (uy, v,) is bounded
in E. In fact , for any M, we have

-M < 1,,/ | Vuy, [P dz + 1q/ | Vo, |1 dx — / m(z)Hg(un, vp)de < M;
Q Q Q
and for € € (0,1), we have again
—& < lp/ | Vg, |pdx+1q/ | Vo, |1 dx
Q Q

7/ m(x)[uzaglRu(un,vn) + vnqaglRU(un,vn)]dx <e.
Q

Then we obtain

,u—pl/ | Vg, [ dx—i—u—ql/ | Vo, |Tdx < M,u—/m(ac)BﬂHR(uw)dx
Q Q Q
< Mp+1+ | m | 0MR(measQ)
where | m | 0 := maxze_q(] m(z) |). Hence (un,vy) is bounded in E. Claim 2. (uy,vy)

converges strongly in E.  Since (u,,v,) is bounded in FE, there exists a subsequence denoted
again by (uy,,v,) which converges weakly in
E and strongly in the space L¢(Q) x L"(2) for any ¢ and 7 such that ,1 < ¢ <p*and 1 <7 <

¢*. questiondown From the definition of I, we write

/Q(| Vg P72 Vu,— | Vg [P72 V)V (uy, — up)de
= (Ip(un,vn) = Ig(us, vr), (un — w,0))
+ /Q m(@) PR (u, v,) — 0T (wr, v1)] (wn, — w)der.
By assumptions on I, (Ig(un,vn) — In(w, vr), (un — u,0)) converges to 0 as

n and [ tend to +0o. In what follows , C' denotes a generic positive constant . Now , we prove
that

Cp = / m(z)[aguR(un,vn) — 3§Ru(ul,vl)](un —w)dx
Q
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and [ tend to +co0. We have
Hpg Hpr
| Cn [<m | 0/ [ 05 uluns vn) | + 1 0y " u(ur,v0) || [ un —w | d
Q
and
/ | O () || un — g | da
Q
< [ Cot upAR) L 7 G P o 197 [ = |
Q
< 20 [ L 7 L 7 ) [ = |
Q
< 2“_103[/ | wn — uy | dx—l—/ | un [P uy, — g | doe
Q Q
+/ | U [P v |77 uy — g | d].
Q
Using H 6 lder ’ s inequality and Sobolev ’ s embeddings , we obtain
/ 105 (e v)] |t — | d
Q
< 287 1CR(measQ)p —pl[/ | wp — g |P dx]1l/p
Q
+2“_1CR[/Q | wp, [FP dx]upl:lp[/g | un —w [P dx]l,,
2 LCORI | un |12 d$]p;1p[/ | vp M dalpy — 1] | | up —w M7 dx]l,,,
Q Q Q
( because (uy,) € Wy () and up < p*, (v,) € Wy '%(2) and ug < ¢*). Then
108 s va)| [t = w1 do < C [l = || (@) + C || = | Lp(@)
Q
Similarly , we obtain

/ | 05 " ulur, vr) [ un —w | da < C | un —wg | Lp(2) + C || wp — ur || Lup(S2)
Q

and so | Cpy |<|m | 0(C || up —w || Lp+ C || wp, — w; || Lup). Hence C,,; converges to
0 as n and [ tend to +o0o. We have the following algebraic relation [ 8 ]

‘ Vun — Vul |p
< C[(| Vn [P72 Vup— | Vg P72 V) V(un — w)]s/2(] Vuy |P + | Vg |P)1 52,

(2.8)
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pP < 2. Integrating (2. 8 ) on €2, and using H 6 lder ’ s in -
equality in the right hand side , we obtain

Il —wa |17,

< C[/Q(I Ve 772 Vi — | Vg 72 V)V (un, —w)dals2(|| wn | prpe || w || 1, 2.

Now since

/(| Vg P72 Vu,— | Vg [P72 V)V (uy, — wp)dz — (
Q

Sim-—

: tend ) in  WrP(Q).
asinandlarlywel 500 to + oothatyy , thesequencesequence(,, ) (un)convergesconvergesgion gy Stronglyp,ya ).

prove the

The next lemma shows that Ir satisfies the geometric assumptions of the
Mountain - Pass Theorem .
Proposition 2 . 4 Under assumptions ( H1 ) - ( H 3 ) we have
1. There exist two positive real numbers p,o  and a neighborhood V,  of the
origin  of E, such  that for any  element (u,v) on  the  boundary  of
7%
Ir(u,v) >0 > 0.

2. There exist (¢,0) in E such that Ir(¢,0) < 0. Proof . From ( H 2 ) and taking
into account that Hg(u,v) = H(u,v) for uP+
v? < R, we can write

Ve > 0,30 > 0:uP + 07 <. = Hpr(u,v) < e(uf +v?),

and since Hg(u,v)/(uP 4+ v?)* is uniformly bounded as u? 4+ v? tends to 400

IM(e,R) > 0:uP +v? > 6. = Hr(u,v) < M(u? + v7) H

Then for every (u,v) in R™ x R* we have

Hp(u,v) <e(u? +v?) + M(uP + v9) a

Hence
/Q () (u, v)dz
< |m| O[e/ﬂ(u”+vq)dx+M/Q(up+vq)"d:z:]
< |m]| 0[/9(sup+2“*1Mupﬂ)dx+/ﬂ(evq+2H*1qu#)dz]
1)

< ClmlOe(ullf,+1vITy)+M> wllif + vl
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Ip(u,v) > |lullf, [=Clm]|0(e+M | ull ©f "))
vl arglg=C I m [ 0(e+M | v 1)) =0 >0,

for every (u,v) in the sphere S(0, p) of E where p is such that 0 < p < min (pl, p2) with

pl = [zl)MC\m\O — sM]lpH,p and p2= [;Mc|m|0 — 6M]1q“,q
with e sufficiently small . 2.  Choose (¢,0) € E such that : ¢ > 0,6 > 0,

suppp C QF,  suppf C QF,
where QT = {x € Q;m(x) > 0}. Hence , for ¢ sufficiently large
b b y g b

In(t'779,t90) = p' | ¢l prp+d' 161 a4~ / m(z)Hp(t'"/7,1"/9)dx
Q

< 0 Iy 10, Iy —tmngRyy [ mia) (0
and so limy_, oo IR(t'/P$,t/99) = —oo,( because p > 1). By continuity of Ir on E, there
exists (¢,0) in E \ B(0, p) such that Ir(¢,0) < 0. By the usual Mountain - Pass Theorem |,
we know that there exists a critical point of I which we denote by (ugr,vgr), and corresponding
to a critical value cg > 0. Since
(R, R}), where R} := max (ug,0), is also solution for the system (Sf ), we
assume ugr > 0 and vg > 0. Positivity of ug and vg follows from Harnack * s in - equality ( see
J . Serrin [ 7] ) . We prove now that , under some conditions , (ug,vpR)
is also solution of the system (2. 7).
3 Existence results
We adapt the Moser iteration used in [ 6 , 9 ] to construct two strictly unbounded sequences
(Ax)k € N and (pk)k € N such that (ug,vg) satisfies

. { uREL)‘k’(Q) } { UREL)‘]G—Fl(Q) }

if then

vr € L*K(Q) vr € LMk + 1(Q).
Bootstrap argument
Proposition 3. 1 Under the assumptions of Theorem 2. 1,  there exist two s e - quences
(Ak)k and (pk)k such that
1. For each k,ug and vg belong to L k() and L*k(Q) respectively
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2. There exist two positive constants Cp, and Cy such that
| ur [|oo< lim sup || ug | A < Cp, and || vr ||oo< lim sup || vr || L'k < Cy.
k— 400 k— +o0

Lemma 3. 2  Let (ag)k € N and (by)k € N be two positive s equences satisfying , for each
integ er k, the relatio ns

p+Akar +q(p, k1) =1, and q+ur b +p(p— A1) = 1. (3.1)

If ugr and vg are in L k() and L*k(Q) respectively , A1 < (14-app)my, pk+1 < (14b))7,
with 1 <m, <p* and 1< my, <q*, th en we have :

A k
lur 157 < Kp{bp[1 + aipl[Cr [ m | O] ur 13} + || vr 1)1 /pHA, (3-2)
k+1 k
lor Nl < Kol0g[L+ 05)[Cr | m | Ol ur 3% + Il vr a1 La}br v (3-3)
+

where || z||g is || z || LP(Q) and K,, K,,0,, and 0, are positive constants .

Proof . Remark that if , for an infinite number of integers k, || ur || Ax < 1 then || ug ||co< 1
and proposition 1 is proved . So we suppose that || ug || Ax > 1 for all

k € N. Let ¢,,n € N, be C! functions such that

Cn(s)=s ifs<n
Co(s)=n+1 if s>n+2
0< (¢ (s)<1 if seRT.

Put u, := (u(ug), then niter e WP(Q) N L®°(Q) and upg satisfies the first
equation of the system ( 2. 7).  Multiply this equation by n.™*  and integrate over ) to
get
/ —ApuR.nilfa’“dx = / m(x)ﬁgRu(uR,vR)ni+a’“dx
Q Q
< 2R m 0 [ (el el
Since u, < ugr, we have

/ —Apug.nlTdr
Q

<2470k |m | O{/Q 1R, " d + /Qpﬁ:akdm + /sz‘gw%u—qu}'

Using H 6 lder ’ s inequality , we obtain

< 2710k | m | 0{(measQ)' "1 4y, ax || ur ||}\':a’c + | ur Hgﬁigz Jo —Apug.nytirde

+lur o+ X5 [or | %67}
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that pp + ar = k. Since || ug || Ax > 1, we get

/ ~Apyug.nlTdr
Q

< 28710k | m | Omax(1, measQ)[2 || ur || )xz’“—k | ug | p—|—ax\Z lvgr |l ,u‘”‘,;‘ﬂ.

Moreover , using the relation (3. 1) , we obtain

— A k
lur | p+ A" ok | w7 <[ ur I3F + [ or I

so , with ¢p := 3 max ( 1, meas (),

/Q—A,,UR.ny%dx <247 eoCr | m | O[] ur I3 + || vr ||g’,§ I, (3.4)
On the other hand we have
/Q—ApuR.n}f“kdac = (1—1—6%)/Q | Vug [P ¢, (ur)ul*dx
> () [ | Vun P Glum)Putds

= (1+ak)/ | Vi, [P utkde
Q

and thus

/ —Apup.nlt*dr 2/ | Vg, |P upkde. (3.5)
Q Q
Since 1 4+ nyagp € VVol’p(Q)7 the continuous imbedding of Wol’p(Q) in L™p(Q) implies the
existence of a positive constant ¢ such that
([ 11+ mamy | da)te, < o[ |91+ | o)1/
Q Q
= c[1+ akp](/ urk | Vuy, [P dx)l/p. (3.6)
Q
By assumption , we have A\y41 < jk := [1 + agp|mp,. Then

| un || A1 < (measQ)™* || wy, ||jr, wheremy = 1\; 1y — (1 +abq1)m,

and thus

Ak Ak
Fun 5750 < Kp [ un (5

where K, is a positive constant greater than ( meas Q)™**++1 independently of the integer k. By
the relation (3.6 ),

Fun || Ak < [eft +akp](/ ug® | Vi 7 dz)1/p|Akyilags. (3.7)
Q
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ities (3.4)-(3.7), we deduce

Ak k
Il (3053 < Kp{0p[1 + arpl{Cr [ m [ O] ur I3s + | vr ) Y23

>\k+1 — +§ k
with 0, = 2“;10(1)/]00. Hence , by letting n — +o00, we obtain ( 3. 2 ) . Similarly we
show (3.3).

Construction and definition of (\;)k and (uk)k.
Here we construct the sequences (A\;)k and (uk)k using tools similar as those

in [O]or [TV ]. The first terms of each sequence cannot be determined directly by using the
Rellich - Kondrachov continuous imbedding result . So , we first con - struct two other sequences

(Xk;)k: and (fik)k, such that for each k,ur and vgr belong to ka(Q) and LFE(Q) respectively .
By a suitable choice of kg, A, and
1tko determine the first terms of (\x)k and (uk)k

Construction of (Xk)k and (pk)k.
Suppose p < ¢, and fix a number s, such that ¢p/p* < s < 1/u. Put

C:=2'+ s2p,,.
Remarkandﬁk:tha‘cig@k, > 1, Byldefinition < upé < p*of?gdk),lfveuqahave < g*. Now , we take
~ Ak
Ak = up©
P+ Akag + pgrlg =1

then a; = Xk — pp. Similarly , we find by = ik — qu. Lemma 3 . 3 For each integer
k,up € L k(Q) and vg € LAK(Q).

Proof . By induction . For k = O,XO = pp < p*, 10 = ug < ¢*, and since
(ugr,vgr) € E, by the Sobolev imbedding theorem , we have ur € L*0(f2) and

VR € LﬁO(Q)
Suppose that the proposition is true for all integers &’ such that 0 < k' < k. Take

Tp = wp®  and Tg = uq©.

Sinceup € Lik(Q)and

~ O A Ak+1 A Ak+1
[1+ applmy = [L+ N\, — puplpup® = wp© + p2p© — p®p© > wp®

i.e. [1+agplm, > }:]CJFI’ Lemma 3 allows us to write up € Lk +1(Q2) and vy €

LPE + 1(Q).
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(Ak)k and (uk)k  Put
Ak
C=N"—p, and §=Ru"%— (u-1)]C,
where the integer kg is chosen so as to have § > 0.  The sequences (A;)k and (uk)k are defined
by Ax = pfk and puk = qfk, where
fk=0C% —1[6C* 1 + (u—1)].

We remark that the three last sequences are strictly increasing and unbounded .
Furthermore (fk) satisfies the relation fk+ 1 = C[fk — (u — 1)]. Proof of Proposition 2 .
1. We show by induction that for all integer k,

ug € L k(Q)andvg € LPE(Q).Fork = 0,
Xo = pf0=pCo 11+ —1)] = pl fjuC" ] = Ax,,

and similarly , u0 = fikg.
By Lemma 4,ug € L*0(Q) and vg € LFO(Q). Suppose that (ug,vg) €
L k() x LME(QQ). First we establish that A\ = ay + pp. By condition (3. 1),
L=p+ Aeag + qly), 1 = pAe — qpi + apAp + Qi
thus

arpfr + pfr =1
which implies ax = p(fk — 1) = A\x — pu, and similarly pk = by + qu = q(fk — u). Now when we
t ake m, = C'p and w4 = Cq, we then have
[L+ awplmp = (L+ fk = p)Cp=pfk+1=Aps1.
andsimilarlyaccording to [{1°  kq|m,3, = pk + that'. Since (ug,vg) € L k(Q) x LFE(Q), we
conclude ,
(up,vr) € L’k 4+ 1(Q) x L'k + 1(Q).
So ur € L k(Q), and vg € L*k(Q), for all integer k. 2 . Now we prove that ur and vg are

bounded . By Lemma 3 , we have

Ak A k
lur Iy < Kp{Op[1 + arpl{Cr [m [ O(|| ur (I35 + || vr [l}) 3736

k1 — +ak>

k+1 A k
lor 5 < Ko{f[L+ 05{Cr | m | 0 ur I35 + Il v 1) b0
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ailﬂiﬂ =pC and bzuklil = qC.
Consequently ,
A ) le]
[ ur |3 < 29 K05 [+ arplES (| m o Cr) max(|| ug 3%, || vg I,
k+1 M C, kC
Il or [14551< 2 K099 11+ 0E1gC mjo e max(|| u | Ay || vr || 1f .
We have
ltap=1+bF =1+ fk—p<C%—1[0+p—1]C*.
Take

A:=C% —1[8+p - 1)K, + K,]
and 0 := 2 | m | 0 max (67 67), then we can write
Ak ) o Cpuky
max(|| ur 5,7} 1 vr i) < (A90)CHCCE max(|| ur |31 vr [47).
We construct an iterative relation

Epi1 <rp+CEy

where E = In max (|| ug ||§:,|| VR |1 k), and 7, = ak + b, with a = In C9¢ and b = In
[AgOCR]®. Proceeding step by step , we find

Eppw < g +Cro1+ Czrk_z 4+t C’kro + C’kHE(L

k
By < C"MEp+ Zcimfr
1=0

Let us evaluate

k

k:ZCirk,i.

i=0

We have ri_; = a(k — i) + b = ak + b — ai, then
k ok
o = (ak+b)ZC’ifaZiC’i
i=0 i=0
bCF T2 4 (a — b)CFT 4+ (1 — C)ak — [Ca +b) — 1]
= (C—-1)?

Since C > 1, and a, b are positive , we have

o, <DCFHE(La — 1y2b)CM!
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Epy1 < (C*9M 3 + CM 1 (aC =7 1°)° + Bl
By an appropriate choice for the constants K, and K,, we ensure that
(Cb - a1)2 Z Eo.
Recall that
b—a=ClnAL0Ck with A=CY—1[5+u—1][K, + K;
hence Ej1 < bC**2/(C — 1)2. By the definition of Ey,; and the last inequality , we obtain

MeprIn || ur || App1 < B < (Cbc,fr%)?v

thus

ln || UR H )\k+1 S )\Zi’f(*czl)Q

Letting k — 400, we find
In || ug || 0o <§,(C*¢ —1), or In| ug |s< N6p®b. Similarly

In || vg [|eo< N3G?b.

We deduce the existence of constants €, and C such that :

| ur o< Cp and [ vg [|< Cq.
Take
Cp = exp Nop?b, and C, = exp Ndog?b.
Then C), and Cy, are greater than 1, which is compatible with the remark
noted at the beginning of the proof of Lemma 3 .  This completes the proof of proposition 1 .
Proof of Theorem 2 . 1. If || ug ||I% + || vr ||% < R, then (ug,vr) furnishes a

solution of the system (1. 1) . We have

[ur |5 + || vr [|&< CF + C¢ < 2exp Nop”

so it is sufficient to have 2 exp Ndp® < R for R large enough , to get (ug,vg) solution of
the initial system (1. 1) . Replacing b by it s expression , we obtain

(A99CR)CNG, < Ryie.
Cr < 2CN%4a

Sp
Rép
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such that

14 2
don > N,

p *q*

_ *
o= (0" =" g —On
asteriskmath—minus—parenright—parenle ft—asteriskmath—minusp plqF q
and we can take Cr < R; P 2pCNOAq
Then (ug,vg) is solution of system ( 1. 1) if

CR _ O(Rasteriskmath7minusfparenright7pa7'enleftfasterisk:mathfminusp p;q; q,u)

for R sufficiently large .

Examples

Nowgor, Welpresentil;‘?;gi“j&,q;‘satisfying), let  the hypotheses in our main result .
H(u,v) = (uf +0v)Y

be defined on Ri Then H satisfies the hypotheses of Theorem 2. 1. For o, 8 > 0, a4-pl+5+41 >
Land a+pl + 81 <1, let

H(u,v) = u®TlyftL

be defined on RZ. Then H satisfies the hypotheses of Theorem 2 . 1 .

References
[1] Adams,R.A ., Sobolev spaces , Academic press , New York , 1975. [2] Ambrosetti
, A . P.H. Rabinowitz , Dual variational methods in critical point
theory and application , J . of Funct . Anal . ;14 (1973),349-381.[3] Baghli, S.,
R é sultats d ’ existence de solutions non n é gatives de classe de

syst & mes elliptiques  contenant le p- Laplacien, These de Magister, n°445
(1998 ), Universit é de Tlemcen , Alg é rie . [4] Bouchekif , M . , Some Existence results
for a class of quasilinear elliptic sys -
tems , Richerche di Matematica , vol . XLVI , fas. 1 (1997 ),203-219.[5] Bouchekif,
M ., On cert ain quasilinear elliptic equations with indefinite terms ,
Funkcialaj Ekvacioj , 4 1 (1998 ),309-316. [6] O tani, T ., Existence and nonexistence
of nontrivial solutions of some non -
linear degenerate elliptic equations , J . Funct . Anal. ;76 (1988),183-1141.[7] Serrin
, J ., Local behaviour of solutions of quasilinear equations , Acta . Math . |

113(1964),302- 347 .



16 Nonlinear elliptic systems with indefinite terms EJDE - 2002 / 83

[8] Simon, J., R é gularit é de la solution d ’ une equation non lin é aire dans RY, Ph .

Benilian and J . Robert eds . Lecture notes in math . 665 , Springer Verlag , Berlin , (1 978 ) ,

205 - 227 .

[9] De Thélin, F.and J.V élin , Existence and nonexistence of nontrivial solutions
for some nonlinear elliptic systems , Revista Matematica , 6 (1993 ), 153-193.

AHMED BENSEDIK ( e - mail : ahmed benseddik 2002Q yahoo . fr)

MOHAMMED BOUCHEKIF ( e - mail : m bouchekif @ mail . univ - tlemcen . dz )

D é partement de Math é matiques , Universit é de Tlemcen B . P . 119, 1 3000 Tlemcen , Alg

é rie .



