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\centerline{On \quad c e r t a i n \quad non l inea r \quad e l l i p t i c systems with }

\centerline{ i n d e f i n i t e terms \quad $ ∗ $ }

\centerline{Ahmed Bensedik $ \& $ Mohammed Boucheki f }

\centerline{Abstract }

\centerline{We cons id e r an e l l i p t i c quas i l i n e a r system with i n d e f i n i t e term on }

\centerline{a bounded domain . \quad Under s u i t a b l e c o n d i t i o n s , e x i s t e n c e and p o s i t i v i t y }

\centerline{ r e s u l t s f o r s o l u t i o n s are g iven . }

\noindent 1 \quad In t roduc t i on

\noindent The purpose o f t h i s a r t i c l e i s to f i n d p o s i t i v e s o l u t i o n s to the system

\begin { a l i g n ∗}
− \Delta { p } u = m ( x ) \partial { \partial }ˆ{ H } { u } ( u ,

v ) in \Omega \\ − \Delta { q } v = m ( x ) \partial { \partial }ˆ{ H } { v }
( u , v ) in \Omega \ tag ∗{$ ( 1 . 1 ) $}\\ u = v = 0 on \partial
\Omega
\end{ a l i g n ∗}

\noindent where $ \Omega $ i s a bounded r e g u l a r domain o f $ R ˆ{ N } , $ \ h f i l l with a smooth boundary
$ \partial \Omega , $

\noindent $ \Delta { p } u : = $ div $ ( \mid \nabla u \mid ˆ{ p − 2 }
\nabla u ) $ i s the $ p − $ Laplac ian with $ 1 < p < N , m $ i s a cont inuous

\noindent f unc t i on on $ \Omega $ which changes s i gn , and $ H $ i s a p o t e n t i a l f unc t i on which w i l l be
s p e c i f i e d l a t e r .

\hspace ∗{\ f i l l }The case where the s i gn o f $ m $ does not change has been s tud i ed by F . de

\noindent Th $ \acute{e} $ l i n and J . V $ \acute{e} $ l i n [ 9 ] . These authors t r e a t the system ( 1 . 1 ) with a func t i on
$ H $

\noindent having the f o l l o w i n g p r o p e r t i e s

\hspace ∗{\ f i l l } $ \bullet H ˆ{ There } ( x , u ˆ{ e x i s t s } { , } v ) \ leq C ˆ{ C }
( \mid > { u \mid ˆ{ p ˆ{ \prime }}}ˆ{ 0 }ˆ{ , } { + }ˆ{ f o r } \mid v \mid ˆ{ a l l { \prime { q }}}
) x \ in \Omega , $ \quad f o r a l l $ ( u , v ) \ in D { 3 }$ such that
$ 0 \ leq $

\hspace ∗{\ f i l l } $ \bullet $ \quad There e x i s t s $ C ˆ{ \prime } > 0 , $ f o r a l l $ x
\ in \Omega , $ f o r a l l $ ( u , v ) \ in D { 2 }$ such that $ H ( x
, u , v ) \ leq $

\ [ C ˆ{ \prime }\ ]

\hspace ∗{\ f i l l } $ \bullet $ \quad There e x i s t s a p o s i t i v e func t i on $ a $ in $ L ˆ{ \ infty }
( \Omega ) , $ such that f o r each $ x \ in \Omega $ and

\ [ ( u , v ) \ in D { 1 } \cap R ˆ{ 2 } { + ˆ{ , }} H ( x , u ,
v ) = a ( x ) u ˆ{ \alpha + 1 } v ˆ{ \beta + 1 } , \ ]
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\begin { cente r }
Key words : E l l i p t i c systems , p − Laplac ian , v a r i a t i o n a l methods , mountain − pass Lemma ,

Pa l a i s − Smale cond i t i on , p o t e n t i a l f unc t i on , Moser i t e r a t i v e method .
\end{ cente r }

\noindent $ c i r c l e c o p y r t−c 2002 $ Southwest Texas State Un ive r s i ty .
Work supported by r e s ea r ch p r o j e c t B 1 301 / 2 / 2000 .

\centerline{Submitted Apr i l 2 , 2002 . Publ ished October 2 , 2002 . }

\centerline {1 }

Electronic Journal of Differential Equations comma Vol period 2002 open parenthesis 2002 closing parenthesis comma No
period 83 comma pp period 1 endash 1 6 period

I SSN : 1072 hyphen 6691 period URL : http : slash slash ejde period math period swt period edu or http : slash slash
ejde period math period unt period edu

ftp ejde period math period swt period edu open parenthesis login : ftp closing parenthesis
On .. certain .. nonlinear .. elliptic systems with
indefinite terms .. *
Ahmed Bensedik ampersand Mohammed Bouchekif
Abstract
We consider an elliptic quasi linear system with indefinite term on
a bounded domain period .. Under suitable conditions comma existence and positivity
results for solutions are given period
1 .. Introduction
The purpose of this article is to find positive solutions to the system
minus Capital Delta sub p u = m open parenthesis x closing parenthesis partialdiff sub partialdiff sub u to the power of H

open parenthesis u comma v closing parenthesis in Capital Omega Equation: open parenthesis 1 period 1 closing parenthesis
.. minus Capital Delta sub q v = m open parenthesis x closing parenthesis partialdiff sub partialdiff sub v to the power of H
open parenthesis u comma v closing parenthesis in Capital Omega u = v = 0 on partialdiff Capital Omega

where Capital Omega is a bounded regular domain of R to the power of N comma .... with a smooth boundary partialdiff
Capital Omega comma

Capital Delta sub p u : = div open parenthesis bar nabla u bar to the power of p minus 2 nabla u closing parenthesis is
the p hyphen Laplacian with 1 less p less N comma m is a continuous

function on Capital Omega which changes sign comma and H is a potential function which will be
specified later period
The case where the sign of m does not change has been studied by F period de
Th acute-e lin and J period V e-acute lin open square bracket 9 closing square bracket period These authors treat the

system open parenthesis 1 period 1 closing parenthesis with a function H
having the following properties
bullet H to the power of There open parenthesis x comma u sub comma to the power of exists v closing parenthesis less or

equal C to the power of C open parenthesis bar greater u bar to the power of p to the power of prime to the power of 0 sub
plus to the power of comma to the power of for bar v bar to the power of all prime q closing parenthesis x in Capital Omega
comma .. for all open parenthesis u comma v closing parenthesis in D sub 3 such that 0 less or equal

bullet .. There exists C to the power of prime greater 0 comma for all x in Capital Omega comma for all open parenthesis
u comma v closing parenthesis in D sub 2 such that H open parenthesis x comma u comma v closing parenthesis less or equal

C to the power of prime
bullet .. There exists a positive function a in L to the power of infinity open parenthesis Capital Omega closing parenthesis

comma such that for each x in Capital Omega and
open parenthesis u comma v closing parenthesis in D sub 1 cap R sub plus to the power of comma to the power of 2 H

open parenthesis x comma u comma v closing parenthesis = a open parenthesis x closing parenthesis u to the power of alpha
plus 1 v to the power of beta plus 1 comma

* sub Mathematics Subject Classifications : 35 J 20 comma 35 J 25 comma 35 J 60 comma 35 J 65 comma 35 J 70 period
Key words : Elliptic systems comma p hyphen Laplacian comma variational methods comma mountain hyphen pass

Lemma comma
Palais hyphen Smale condition comma potential function comma Moser iterative method period
circlecopyrt-c 2002 Southwest Texas State University period
Work supported by research project B 1 301 slash 2 slash 2000 period
Submitted April 2 comma 2002 period Published October 2 comma 2002 period
1

Electronic Journal of Differential Equations , Vol . 2002 ( 2002 ) , No . 83 , pp . 1 – 1 6 .

I SSN : 1072 - 6691 . URL : http : / / ejde . math . swt . edu or http : / / ejde . math . unt . edu

ftp ejde . math . swt . edu ( login : ftp )

On certain nonlinear elliptic systems with
indefinite terms ∗

Ahmed Bensedik & Mohammed Bouchekif
Abstract

We consider an elliptic quasi linear system with indefinite term on

a bounded domain . Under suitable conditions , existence and positivity

results for solutions are given .

1 Introduction
The purpose of this article is to find positive solutions to the system

−∆pu = m(x)∂H∂ u(u, v) inΩ

−∆qv = m(x)∂H∂ v(u, v) inΩ (1.1)

u = v = 0 on∂Ω

where Ω is a bounded regular domain of RN , with a smooth boundary ∂Ω,
∆pu := div (| ∇u |p−2 ∇u) is the p− Laplacian with 1 < p < N,m is a continuous
function on Ω which changes sign , and H is a potential function which will be specified later .

The case where the sign of m does not change has been studied by F . de
Th é lin and J . V é lin [ 9 ] . These authors treat the system ( 1 . 1 ) with a function H
having the following properties
• HThere(x, uexists

, v) ≤ CC(|>0
u|p′

,
+

for | v |all′q ) x ∈ Ω, for all (u, v) ∈ D3 such

that 0 ≤
• There exists C ′ > 0, for all x ∈ Ω, for all (u, v) ∈ D2 such that H(x, u, v) ≤

C ′

• There exists a positive function a in L∞(Ω), such that for each x ∈ Ω and

(u, v) ∈ D1 ∩ R2
+,H(x, u, v) = a(x)uα+1vβ+1,
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where

\ [\ begin { a l i gned } D { 1 } = \{ ( u , v ) \ in R ˆ{ 2 } : \mid u \mid
\geq A or \mid v \mid \geq A \} { , }\\

D { 2 } = \{ ( u , v ) \ in R ˆ{ 2 } \setminus D { 1 } : \mid u
\mid \geq \delta or \mid v \mid \geq \delta \} { , }\end{ a l i gned }\ ]

\noindent and $ D { 3 } = R ˆ{ 2 } \setminus ( D { 1 } \cup D { 2 } ) $ with
$ A > \delta > 0 , 1 < p ˆ{ \prime } < p ˆ{ ∗ } : = Np { N − p }
, $ and $ 1 < q ˆ{ \prime } < q ˆ{ ∗ } . $
They e s t a b l i s h e d the e x i s t e n c e r e s u l t s under the c o n d i t i o n s

\ [ \alpha + { p } 1 + \beta + { q } 1 > 1 and \alpha + { p } { ∗ } 1
+ \beta { q }ˆ{ + } { ∗ } 1 < 1 \ ]

\noindent by us ing a s u i t a b l e a p p l i c a t i o n o f the v a r i a t i o n a l method due to Ambrosetti −
Rabinowitz \quad [ 2 ] . \quad M . \quad Boucheki f [ 4 ] \quad g e n e r a l i z e d the work o f F . \quad de Th

$ \acute{e} $ l i n and
J . Vel in [ 9 ] f o r the l a r g e c l a s s o f f u n c t i o n s o f the form

\ [ H ( u , v ) = a \mid u \mid ˆ{ \gamma } + c \mid v \mid ˆ{ \delta }
+ b \mid u \mid ˆ{ \alpha + 1 } \mid v \mid ˆ{ \beta + 1 }\ ]

\noindent where $ \alpha , \beta \geq 0 ; \gamma , \delta > 1 $ and
$ a , b $ and $ c $ are r e a l numbers . \quad The case where the

system ( 1 . 1 ) i s governed by a s i n g l e operator $ \Delta { p }$ has been s tud i ed by Baghl i [ 3 ] .
Our aim i s to extend to the system ( 1 . 1 ) the r e s u l t s obta ined in the s c a l a r
case ( s ee [ 5 ] ) . \quad Our e x i s t e n c e r e s u l t s f o l l o w from modi f i ed q u a s i l i n e a r system in

\ [ o rder { Scheme } to { as } apply { in T }ˆ{ the } { . } { \hat{O} t an i } Pa la i s { [ }ˆ{ −
Smale } { 6 ] } { or in F }ˆ{ cond i t i on } { . } { de Th \acute{e} l i n } ( P
. S . ) { and } and { J . V }ˆ{ then } { \acute{e} l i n } the { [ } 9 ] .
We ˆ{ Moser }ˆ{ ’ s } { con s id e r }ˆ{ I t e r a t i v e } only \ ]

\noindent weak s o l u t i o n s , and assume that $ H $ s a t i s f i e s the f o l l o w i n g hypothes i s .

\begin { a l i g n ∗}
\ tag ∗{$ ( H 1 ) $} H \ in C ˆ{ 1 } ( R ˆ{ + } \times R ˆ{ + } ) \\\ tag ∗{$ (
H 2 ) $} H ( u , v ) = o ( u ˆ{ p } + v ˆ{ q } ) as ( u ,
v ) \rightarrow ( 0 ˆ{ + } , 0 ˆ{ + } )
\end{ a l i g n ∗}

\noindent ( H 3 ) \quad There e x i s t s $ R { 0 } > 0 $ and $ \mu , 1 < \mu < $
min $ ( p ˆ{ ∗ } / p , q ˆ{ ∗ } / q ) , $ such that

\begin { a l i g n ∗}
u{ p } \partial { \partial }ˆ{ H } { u } ( u , v ) + v{ q } \partial { \partial }ˆ{ H } { v }
( u , v ) \geq \mu H ( u , v ) > 0 \ f o ra l l ( u , v
) \ in R ˆ{ ∗ } { + } \times R ˆ{ ∗ } { + ˆ{ , }} u ˆ{ p } + v ˆ{ q } \geq R { 0 }
.
\end{ a l i g n ∗}

\noindent 2 \quad P r e l i m i n a r i e s \quad and \quad e x i s t e n c e \quad r e s u l t s

\noindent The va lue s o f $ H ( u , v ) $ are i r r e l e v a n t f o r $ u \ leq 0 $ or
$ v \ leq 0 . $ We s e t

\ [ I ( u , v ) = 1 { p } \ int { \Omega } \mid \nabla u \mid ˆ{ p }
dx + 1 { q } \ int { \Omega } \mid \nabla v \mid ˆ{ q } dx − \ int { \Omega }
m ( x ) H ( u , v ) dx \ ]

\noindent de f ined on $ E : = W ˆ{ 1 , p } { 0 } ( \Omega ) \times W ˆ{ 1
, q } { 0 } ( \Omega ) . $ \ h f i l l The s o l u t i o n s o f the system ( 1 . 1 ) \ h f i l l are

\noindent c r i t i c a l po in t s o f the f u n c t i o n a l $ I . $ \quad Note that the f u n c t i o n a l $ I $
does not s a t i s f y

in gene ra l the P a l a i s − Smale cond i t i on s i n c e

\ [ B { \mu } H ( u , v ) : = u{ p } \partial { \partial }ˆ{ H } { u } (
u , v ) + v{ q } \partial { \partial }ˆ{ H } { v } ( u , v ) − \mu
H ( u , v ) \ ]

2 .. Nonlinear elliptic systems with indefinite terms .. EJDE endash 2002 slash 83
where
Line 1 D sub 1 = braceleftbig open parenthesis u comma v closing parenthesis in R to the power of 2 : bar u bar greater

equal A or bar v bar greater equal A bracerightbig sub comma Line 2 D sub 2 = braceleftbig open parenthesis u comma v
closing parenthesis in R to the power of 2 backslash D sub 1 : bar u bar greater equal delta or bar v bar greater equal delta
bracerightbig sub comma

and D sub 3 = R to the power of 2 backslash open parenthesis D sub 1 cup D sub 2 closing parenthesis with A greater
delta greater 0 comma 1 less p to the power of prime less p to the power of * : = Np N minus p comma and 1 less q to the
power of prime less q to the power of * period
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alpha plus p 1 plus beta plus q 1 greater 1 and alpha plus p sub * 1 plus beta sub q sub * to the power of plus 1 less 1
by using a suitable application of the variational method due to Ambrosetti hyphen
Rabinowitz .. open square bracket 2 closing square bracket period .. M period .. Bouchekif open square bracket 4 closing

square bracket .. generalized the work of F period .. de Th acute-e lin and
J period Velin open square bracket 9 closing square bracket for the large class of functions of the form
H open parenthesis u comma v closing parenthesis = a bar u bar to the power of gamma plus c bar v bar to the power of

delta plus b bar u bar to the power of alpha plus 1 bar v bar to the power of beta plus 1
where alpha comma beta greater equal 0 semicolon gamma comma delta greater 1 and a comma b and c are real numbers

period .. The case where the
system open parenthesis 1 period 1 closing parenthesis is governed by a single operator Capital Delta sub p has been

studied by Baghli open square bracket 3 closing square bracket period
Our aim is to extend to the system open parenthesis 1 period 1 closing parenthesis the results obtained in the scalar
case open parenthesis see open square bracket 5 closing square bracket closing parenthesis period .. Our existence results

follow from modified quasilinear system in
order sub Scheme to sub as apply in T sub period to the power of the sub O-circumflex tani Palais open square bracket

sub 6 closing square bracket to the power of hyphen Smale sub or in F sub period to the power of condition sub de Th e-acute
lin open parenthesis P period S period closing parenthesis and and sub J period V sub acute-e lin to the power of then the
open square bracket 9 closing square bracket period We to the power of Moser sub consider to the power of quoteright s to
the power of Iterative only

weak solutions comma and assume that H satisfies the following hypothesis period
Equation: open parenthesis H 1 closing parenthesis .. H in C to the power of 1 open parenthesis R to the power of plus

times R to the power of plus closing parenthesis Equation: open parenthesis H 2 closing parenthesis .. H open parenthesis u
comma v closing parenthesis = o open parenthesis u to the power of p plus v to the power of q closing parenthesis as open
parenthesis u comma v closing parenthesis right arrow open parenthesis 0 to the power of plus comma 0 to the power of plus
closing parenthesis

open parenthesis H 3 closing parenthesis .. There exists R sub 0 greater 0 and mu comma 1 less mu less min open
parenthesis p to the power of * slash p comma q to the power of * slash q closing parenthesis comma such that

u p partialdiff sub partialdiff sub u to the power of H open parenthesis u comma v closing parenthesis plus v q partialdiff
sub partialdiff sub v to the power of H open parenthesis u comma v closing parenthesis greater equal mu H open parenthesis
u comma v closing parenthesis greater 0 forall open parenthesis u comma v closing parenthesis in R sub plus to the power of
* times R sub plus to the power of comma to the power of * u to the power of p plus v to the power of q greater equal R sub
0 period

2 .. Preliminaries .. and .. existence .. results
The values of H open parenthesis u comma v closing parenthesis are irrelevant for u less or equal 0 or v less or equal 0

period We set
I open parenthesis u comma v closing parenthesis = 1 p integral sub Capital Omega bar nabla u bar to the power of p

dx plus 1 q integral sub Capital Omega bar nabla v bar to the power of q dx minus integral sub Capital Omega m open
parenthesis x closing parenthesis H open parenthesis u comma v closing parenthesis dx

defined on E : = W sub 0 to the power of 1 comma p open parenthesis Capital Omega closing parenthesis times W sub 0
to the power of 1 comma q open parenthesis Capital Omega closing parenthesis period .... The solutions of the system open
parenthesis 1 period 1 closing parenthesis .... are

critical points of the functional I period .. Note that the functional I does not satisfy
in general the Palais hyphen Smale condition since
B sub mu H open parenthesis u comma v closing parenthesis : = u p partialdiff sub partialdiff sub u to the power of H

open parenthesis u comma v closing parenthesis plus v q partialdiff sub partialdiff sub v to the power of H open parenthesis
u comma v closing parenthesis minus mu H open parenthesis u comma v closing parenthesis

2 Nonlinear elliptic systems with indefinite terms EJDE – 2002 / 83 where

D1 = {(u, v) ∈ R2 :| u |≥ Aor | v |≥ A},
D2 = {(u, v) ∈ R2 \D1 :| u |≥ δor | v |≥ δ},

and D3 = R2 \ (D1 ∪ D2) with A > δ > 0, 1 < p′ < p∗ := NpN−p, and 1 < q′ < q∗. They
established the existence results under the conditions

α+p 1 + β +q 1 > 1 and α+ p∗1 + β+
q ∗1 < 1

by using a suitable application of the variational method due to Ambrosetti - Rabinowitz [ 2 ]
. M . Bouchekif [ 4 ] generalized the work of F . de Th é lin and J . Velin [ 9 ] for the
large class of functions of the form

H(u, v) = a | u |γ +c | v |δ +b | u |α+1| v |β+1

where α, β ≥ 0; γ, δ > 1 and a, b and c are real numbers . The case where the system ( 1 . 1
) is governed by a single operator ∆p has been studied by Baghli [ 3 ] . Our aim is to extend to
the system ( 1 . 1 ) the results obtained in the scalar case ( see [ 5 ] ) . Our existence results
follow from modified quasilinear system in

orderSchemetoasapplythe
inT.ÔtaniPalais[

−Smale
6]

condition
orinF .deThélin(P.S.)andandthen

J.V élinthe[9].WeMoser′s
consider

Iterativeonly

weak solutions , and assume that H satisfies the following hypothesis .

H ∈ C1(R+ × R+) (H1)

H(u, v) = o(up + vq)as(u, v)→ (0+, 0+) (H2)

( H 3 ) There exists R0 > 0 and µ, 1 < µ < min (p∗/p, q∗/q), such that

up∂H∂ u(u, v) + vq∂H∂ v(u, v) ≥ µH(u, v) > 0∀(u, v) ∈ R∗+ × R∗+,up + vq ≥ R0.

2 Preliminaries and existence results
The values of H(u, v) are irrelevant for u ≤ 0 or v ≤ 0. We set

I(u, v) = 1p

∫
Ω

| ∇u |p dx+ 1q

∫
Ω

| ∇v |q dx−
∫

Ω

m(x)H(u, v)dx

defined on E := W 1,p
0 (Ω)×W 1,q

0 (Ω). The solutions of the system ( 1 . 1 ) are
critical points of the functional I. Note that the functional I does not satisfy in general the
Palais - Smale condition since

BµH(u, v) := up∂H∂ u(u, v) + vq∂H∂ v(u, v)− µH(u, v)
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i s not always bounded . In order to apply Ambrosetti − Rabinowitz Theorem [ 2 ] ,

\noindent we modify $ H $ so that the cor re spond ing $ B { \mu } H ( u , v ) $
becomes bounded . Let

\ [ A ( R ) = \max \{ ( H { u ˆ{ p }}ˆ{ ( u , } { + } v ˆ{ v ) { q }}
) ˆ{ \mu } : R \ leq u ˆ{ p } + v ˆ{ q } \ leq R + 1 \} \ ]

\noindent and

\ [\ begin { a l i gned } C { R } = \max \{ u ˆ{ p } \sup { v { + }ˆ{ q } \ leq R + }
1 \arrowvert \partial { \partial }ˆ{ H } { u } ( u , v ) \arrowvert + 2
p \mu A ( R ) ( R + 1 ) ˆ{ \mu + 1 − } 1 { p } \sup { \ leq { R }
r \ leq R + } 1 \mid \eta ˆ{ \prime } { R } ( r ) \mid ; \\
\sup { v { + { p { u }}}ˆ{ q } \ leq R + } 1 \arrowvert \partial { \partial }ˆ{ H } { v }

( u , v ) \arrowvert + 2 q \mu A ( R ) ( R + 1 ) ˆ{ \mu
+ 1 − } 1 { q } \sup { \ leq { R } r \ leq R + } 1 \mid \eta ˆ{ \prime } { R }
( r ) \mid \} \end{ a l i gned }\ ]

\noindent where $ \eta R \ in C ˆ{ 1 } ( R ) $ i s a cu t t i ng func t i on de f ined by

\ [ \eta R ( r ) braceex−brace l e f tmid−braceex−b r a c e l e f t b t ˆ{ = } { = } < 0 ˆ{ 0 } { 1 }
i f ˆ{ i f } { i f } r ˆ{ r { R }} \geq ˆ{ < } r ˆ{ R } { \ leq R } <{ + } 1 ˆ{ R } { . }

+ 1 \ ]

\noindent Our main r e s u l t i s the f o l l o w i n g :

\noindent Theorem 2 . 1 \ h f i l l Assume that $ ( H { i } ) i = 1 , 2 , 3 $
\ h f i l l ho ld and $ C { R } = o ( R ˆ{ ( } p ˆ{ ∗ } p { − p ) }ˆ{ ∗ { q }}ˆ{ ∗ } { (
q ˆ{ ∗ } − q ) } \mu { ) }$ f o r

\noindent $ R $ s u f f i c i e n t l y l a r g e . \ h f i l l Then the system ( 1 . 1 ) has at l e a s t one n o n t r i v i a l s o l u t i o n

\noindent $ ( u , v ) $ in $ E \cap [ L ˆ{ \ infty } ( \Omega ) ] ˆ{ 2 }$
with $ u $ and $ v $ p o s i t i v e .

Before proving t h i s theorem , we truncate the p o t e n t i a l f unc t i on $ H . $

\noindent The modi f i ed problem

\noindent Let $ R \geq R { 0 }$ be f i x e d , and s e t

\ [\ l e f t . H { R } ( u , v ) : = \eta R ( u ˆ{ p } + v ˆ{ q } ) H
( u , v ) + ( 1 − \eta R ( u ˆ{ p } + v ˆ{ q } ) ) A (
R ) ( u ˆ{ p } + v ˆ{ q } )\ begin { a l i gned } & \mu \\

& , \end{ a l i gned }\ right . \ ]

\noindent By co n s t r uc t i o n $ H { R }$ i s $ C ˆ{ 1 }$ and nonnegat ive . Let

\ [\ begin { a l i gned } M { R } : = ( R + 1 ) \max{ + { p { u }}} v ˆ{ q } \ leq
R + 1 [ \eta ˆ{ \prime } { R } ( u ˆ{ p } + v ˆ{ q } ) ( H ( u ,
v ) − A ( R ) ( u ˆ{ p } + v ˆ{ q } ) ˆ{ \mu } ) ] \\

+ u ˆ{ p } \max{ + } v ˆ{ q } \ leq R + 1 B { \mu } H ( u , v )
, \end{ a l i gned }\ ]

\noindent Lemma $ 2 . 2 H { R }$ s a t i s f i e s ( H 1 ) − ( H 3 ) and the f o l l o w i n g e s t imate s

\begin { a l i g n ∗}
0 \ leq B { \mu } H { R } ( u , v ) \ leq M { R } , \ f o ra l l ( u

, v ) \ in R ˆ{ + } \times R ˆ{ + } , \ tag ∗{$ ( 2 . 1 ) $}\\ \arrowvert
\partial { \partial }ˆ{ H { R }} { v } ( u ˆ{ \arrowvert } { , } \partial H { R }{ \ leq }
\partial { v ) }ˆ{ u } { \arrowvert } ( u , { C }ˆ{ v ) } { R } { + }ˆ{ \arrowvert } \ leq{ \mu } { qA }ˆ{ C { R }} { (
R }ˆ{ + } { ) v }ˆ{ \mu pA ( R ) u } { q − 1 { ( u } p }ˆ{ p − } { + }ˆ{ 1 { (
u } p } { v ˆ{ q } ) ˆ{ \mu − 1 }}ˆ{ + } { , } v{ q } { \ f o ra l l ( u }ˆ{ ) ˆ{ \mu
− 1 }} { , }ˆ{ , } { v ) } \ in R ˆ{ 2 } { + ˆ{ , }}\ tag ∗{$ ( 2 . 2 ) $}\\ H { R }
( u , v ) \geq m { R { 0 }}{ R } { \mu { 0 }} ( u ˆ{ p } + v ˆ{ q } ) ˆ{ \mu }
\ f o ra l l ( u , v ) \ in R ˆ{ ∗ } { + } \times R ˆ{ ∗ } { + ˆ{ , }} such that
u ˆ{ p } + v ˆ{ q } \geq R { 0 } ,
\end{ a l i g n ∗}

\hspace ∗{\ f i l l }( 2 . 3 )

\begin { a l i g n ∗}
with m { R { 0 }} : = \min \{ H ( u , v ) ; u ˆ{ p } + v ˆ{ q }

= R { 0 } \} .
\end{ a l i g n ∗}
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is not always bounded period In order to apply Ambrosetti hyphen Rabinowitz Theorem open square bracket 2 closing

square bracket comma
we modify H so that the corresponding B sub mu H open parenthesis u comma v closing parenthesis becomes bounded

period Let
A open parenthesis R closing parenthesis = maximum open brace open parenthesis H u to the power of p sub plus to the

power of open parenthesis u comma v to the power of v closing parenthesis q closing parenthesis to the power of mu : R less
or equal u to the power of p plus v to the power of q less or equal R plus 1 closing brace

and
Line 1 C sub R = maximum open brace u to the power of p supremum v plus to the power of q less or equal R plus 1

vextendsingle-vextendsingle partialdiff sub partialdiff sub u to the power of H open parenthesis u comma v closing parenthesis
vextendsingle-vextendsingle plus 2 p mu A open parenthesis R closing parenthesis open parenthesis R plus 1 closing parenthesis
to the power of mu plus 1 minus 1 p supremum less or equal R r less or equal R plus 1 bar eta sub R to the power of prime
open parenthesis r closing parenthesis bar semicolon Line 2 supremum v plus p u to the power of q less or equal R plus 1
vextendsingle-vextendsingle partialdiff sub partialdiff sub v to the power of H open parenthesis u comma v closing parenthesis
vextendsingle-vextendsingle plus 2 q mu A open parenthesis R closing parenthesis open parenthesis R plus 1 closing parenthesis
to the power of mu plus 1 minus 1 q supremum less or equal R r less or equal R plus 1 bar eta sub R to the power of prime
open parenthesis r closing parenthesis bar closing brace

where eta R in C to the power of 1 open parenthesis R closing parenthesis is a cutting function defined by
eta R open parenthesis r closing parenthesis braceex-braceleftmid-braceex-braceleftbt sub = to the power of = less 0 from

0 to 1 if from if to if r to the power of r R greater equal to the power of less r from R to less or equal R less plus 1 sub period
to the power of R plus 1

Our main result is the following :
Theorem 2 period 1 .... Assume that open parenthesis H sub i closing parenthesis i = 1 comma 2 comma 3 .... ho ld

and C sub R = o open parenthesis R to the power of open parenthesis p to the power of * p minus p closing parenthesis to
the power of * sub q sub open parenthesis q to the power of * minus q closing parenthesis to the power of * mu sub closing
parenthesis for

R sufficiently larg e period .... Then the system open parenthesis 1 period 1 closing parenthesis has at least one nontrivial
s o lution

open parenthesis u comma v closing parenthesis in E cap open square bracket L to the power of infinity open parenthesis
Capital Omega closing parenthesis closing square bracket to the power of 2 with u and v positive period

Before proving this theorem comma we truncate the potential function H period
The modified problem
Let R greater equal R sub 0 be fixed comma and set
H sub R open parenthesis u comma v closing parenthesis : = eta R open parenthesis u to the power of p plus v to the

power of q closing parenthesis H open parenthesis u comma v closing parenthesis plus open parenthesis 1 minus eta R open
parenthesis u to the power of p plus v to the power of q closing parenthesis closing parenthesis A open parenthesis R closing
parenthesis open parenthesis u to the power of p plus v to the power of q Case 1 mu Case 2 comma

By construction H sub R is C to the power of 1 and nonnegative period Let
Line 1 M sub R : = open parenthesis R plus 1 closing parenthesis maximum plus p u v to the power of q less or equal

R plus 1 bracketleftbig eta sub R to the power of prime open parenthesis u to the power of p plus v to the power of q
closing parenthesis open parenthesis H open parenthesis u comma v closing parenthesis minus A open parenthesis R closing
parenthesis open parenthesis u to the power of p plus v to the power of q closing parenthesis to the power of mu closing
parenthesis bracketrightbig Line 2 plus u to the power of p maximum plus v to the power of q less or equal R plus 1 B sub
mu H open parenthesis u comma v closing parenthesis comma

Lemma 2 period 2 H sub R satisfies open parenthesis H 1 closing parenthesis hyphen open parenthesis H 3 closing
parenthesis and the following estimates

Equation: open parenthesis 2 period 1 closing parenthesis .. 0 less or equal B sub mu H sub R open parenthesis u
comma v closing parenthesis less or equal M sub R comma forall open parenthesis u comma v closing parenthesis in R
to the power of plus times R to the power of plus comma Equation: open parenthesis 2 period 2 closing parenthesis ..
vextendsingle-vextendsingle partialdiff sub partialdiff sub v to the power of H sub R open parenthesis u sub comma to the
power of vextendsingle-vextendsingle partialdiff H sub R less or equal partialdiff v closing parenthesis sub vextendsingle-
vextendsingle to the power of u open parenthesis u comma C sub R to the power of v closing parenthesis sub plus to the
power of vextendsingle-vextendsingle less or equal mu sub qA sub open parenthesis R to the power of C sub R sub closing
parenthesis v to the power of plus sub q minus 1 sub open parenthesis u p to the power of mu pA open parenthesis R closing
parenthesis u sub plus to the power of p minus sub v to the power of q closing parenthesis to the power of mu minus 1 to the
power of 1 sub open parenthesis u p sub comma to the power of plus v q forall open parenthesis u sub comma to the power of
closing parenthesis to the power of mu minus 1 sub v closing parenthesis to the power of comma in R sub plus to the power
of comma to the power of 2 H sub R open parenthesis u comma v closing parenthesis greater equal m sub R sub 0 R sub
mu sub 0 open parenthesis u to the power of p plus v to the power of q closing parenthesis to the power of mu forall open
parenthesis u comma v closing parenthesis in R sub plus to the power of * times R sub plus to the power of comma to the
power of * such that u to the power of p plus v to the power of q greater equal R sub 0 comma

open parenthesis 2 period 3 closing parenthesis
with m sub R sub 0 : = minimum open brace H open parenthesis u comma v closing parenthesis semicolon u to the power

of p plus v to the power of q = R sub 0 closing brace period
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In order to apply Ambrosetti - Rabinowitz Theorem [ 2 ] ,
we modify H so that the corresponding BµH(u, v) becomes bounded . Let

A(R) = max{(H(u,
up +v

v)q)µ : R ≤ up + vq ≤ R+ 1}

and

CR = max{up sup
vq+≤R+

1|∂H∂ u(u, v)|+ 2pµA(R)(R+ 1)µ+1−1p sup
≤Rr≤R+

1 | η′R(r) |;

sup
vq+pu

≤R+

1|∂H∂ v(u, v)|+ 2qµA(R)(R+ 1)µ+1−1q sup
≤Rr≤R+

1 | η′R(r) |}

where ηR ∈ C1(R) is a cutting function defined by

ηR(r)braceex− braceleftmid− braceex− braceleftbt== < 00
1 if if

ifr
rR ≥< rR≤R < +1R. + 1

Our main result is the following :
Theorem 2 . 1 Assume that (Hi)i = 1, 2, 3 ho ld and CR = o(R(p∗p

∗q
−p)
∗
(q∗−q)µ) for

R sufficiently larg e . Then the system ( 1 . 1 ) has at least one nontrivial s o lution
(u, v) in E ∩ [L∞(Ω)]2 with u and v positive . Before proving this theorem , we truncate the
potential function H.
The modified problem
Let R ≥ R0 be fixed , and set

HR(u, v) := ηR(up + vq)H(u, v) + (1− ηR(up + vq))A(R)(up + vq)
µ

,

By construction HR is C1 and nonnegative . Let

MR := (R+ 1) max +puv
q ≤ R+ 1[η′R(up + vq)(H(u, v)−A(R)(up + vq)µ)]

+up max +vq ≤ R+ 1BµH(u, v),

Lemma 2.2HR satisfies ( H 1 ) - ( H 3 ) and the following estimates

0 ≤ BµHR(u, v) ≤MR, ∀(u, v) ∈ R+ × R+, (2.1)

|∂HR∂ v(u
|
,∂HR≤∂uv)| (u,C

v)
R
|
+ ≤ µ

CR
qA

+
(R
µpA(R)u
)v

p−
q−1(up

1(up
+

+
vq)µ−1 ,vq

)µ−1

∀(u
,
,v) ∈ R2

+, (2.2)

HR(u, v) ≥ mR0
Rµ0

(up + vq)µ ∀(u, v) ∈ R∗+ × R∗+, suchthatup + vq ≥ R0,

( 2 . 3 )

withmR0
:= min{H(u, v);up + vq = R0}.
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Proof . \quad ( H 1 ) and ( H 2 ) can be e a s l y v e r i f i e d f o r $ H { R } . $ \quad We v e r i f y f o r ( H 3 ) as

\noindent f o l l o w s : For any $ \nu > 1 , $ we have

\ [\ begin { a l i gned } B { \nu } H { R } ( u , v ) \\
= ( u ˆ{ p } + v ˆ{ q } ) \eta ˆ{ \prime } { R } ( u ˆ{ p } + v ˆ{ q } )

[ H ( u , v ) − A ( R ) ( u ˆ{ p } + v ˆ{ q } ) ˆ{ \mu } ]
+ \eta R ( u ˆ{ p } + v ˆ{ q } ) B { \nu } H ( u , v ) , \\

f o r R { 0 } \ leq u ˆ{ p } + v ˆ{ q } \ leq R ; \\
B { \nu } H { R } ( u , v ) = B { \nu } H ( u , v ) \geq

B { \mu } H ( u , v ) \geq 0 f o r 1 < \nu \ leq \mu \\
f o r R \ leq u ˆ{ p } + v ˆ{ q } \ leq R + 1 ; \\
B { \nu } H { R } ( u , v ) \geq \eta R ( u ˆ{ p } + v ˆ{ q } )

B { \nu } H ( u , v ) \geq \eta R ( u ˆ{ p } + v ˆ{ q } ) B { \mu }
H ( u , v ) \geq 0 f o r 1 < \nu \ leq \mu ; \end{ a l i gned }\ ]

\noindent f i n a l l y f o r $ u ˆ{ p } + v ˆ{ q } \geq R + 1 , B { \nu } H { R }
( u , v ) = 0 $ f o r any $ \nu > 1 . $ Thus ( H 3 ) ho lds f o r

\begin { a l i g n ∗}
H { R } .
\end{ a l i g n ∗}

Condit ions ( 2 . 1 ) and ( 2 . 2 ) r e s u l t from s t r a i g h t f o r w a r d computations . Using
( H 3 ) , we have

\begin { a l i g n ∗}
H { R } ( u , v ) \geq m { R { 0 }}{ R } { \mu { 0 }} ( u ˆ{ p } +

v ˆ{ q } ) ˆ{ \mu } , \ f o ra l l ( u , v ) \ in R ˆ{ ∗ } { + } \times R ˆ{ ∗ } { + }
such that u ˆ{ p } + v ˆ{ q } \geq R { 0 } . \ tag ∗{$ ( 2 . 4 ) $}
\end{ a l i g n ∗}

\noindent In f a c t , put $ f ( t ) : = H { R } ( t ˆ{ 1 / p } u ,
t 1 { q } { v ) }$ with $ u ˆ{ p } + v ˆ{ q } \geq R { 0 }$ then

\begin { a l i g n ∗}
f ˆ{ \prime } ( t ) \geq ˆ{ = } { \mu }ˆ{ t }ˆ{ t } { 1 } f ˆ{ [ ˆ{ t }}ˆ{1{ / } { p }

p { u }} { ( t ) } f o r ˆ{ \partial { \partial }ˆ{ H } { u }}ˆ{ R } { a l l }ˆ{ ( t }ˆ{ 1
/ } { t }ˆ{ p { u }} { \geq }ˆ{ , } { t { 0 }}ˆ{ t }ˆ{ 1 { q } { v ) }} { : = } { u }ˆ{ + } { R { p
+ }}ˆ{ t q v ˆ{ q } { 1 }} { 0 { v ˆ{ q }}} \partial H { R }{ \ leq } ( ˆ{ \partial
v } 1 ) ˆ{ ( t ˆ{ 1 / p } u , } { . } t 1 { q } { v ) } ] \ tag ∗{$ ( 2
. 5 ) $}
\end{ a l i g n ∗}

\noindent I n t e g r a t i n g ( 2 . 5 ) between $ t { 0 }$ and $ t , $ we obta in

\begin { a l i g n ∗}
f ˆ{ f }ˆ{ ( t ) } { ( t { 0 } ) } \geq t ˆ{ \mu }ˆ{ 0 } { t ˆ{ \mu }} f o r a l l

t \geq t { 0 }\ tag ∗{$ ( 2 . 6 ) $}
\end{ a l i g n ∗}

\noindent and tak ing $ t = 1 $ in ( 2 . 6 ) , we have

\ [ H { R } ( u , v ) = f ( 1 ) \geq ( u ˆ{ p } \mu ˆ{ 0 } {+{ R }
v ˆ{ q }} ) ˆ{ \mu } f ( t { 0 } ) \ ]

\noindent and \quad $ f ( t { 0 } ) = H { R } ( u { 1 } , v { 1 } )
= H ( u { 1 } , v { 1 } ) , $ \quad where \quad $ u { 1 } = ( { u ˆ{ p }}ˆ{ R { 0 }} { +
v ˆ{ q }} ) ˆ{ 1 / p } u , $ \quad and

\begin { a l i g n ∗}
v { 1 } = ( { u ˆ{ p }}ˆ{ R { 0 }} { + v ˆ{ q }} ) ˆ{ 1 / q } v . Consequently

, \\ \min { + { p { u }} v ˆ{ q } \geq } R { 0 } f ( t { 0 } ( u , v
) ) = \min { + { p { u }} v ˆ{ q } = R { 0 }} H ( u , v ) ,
\end{ a l i g n ∗}

\noindent hence ( 2 . 4 ) f o l l o w s . Now , con s id e r the modi f i ed system

\begin { a l i g n ∗}
− \Delta { p } u = m ( x ) \partial { \partial }ˆ{ H { R }} { u } ( u
, v ) in \Omega \\ − \Delta { q } v = m ( x ) \partial { \partial }ˆ{ H { R }} { v }
( u , v ) in \Omega \ tag ∗{$ ( 2 . 7 ) $}\\ u = v = 0 on \partial
\Omega
\end{ a l i g n ∗}

4 .. Nonlinear elliptic systems with indefinite terms .. EJDE endash 2002 slash 83
Proof period .. open parenthesis H 1 closing parenthesis and open parenthesis H 2 closing parenthesis can be easly verified

for H sub R period .. We verify for open parenthesis H 3 closing parenthesis as
follows : For any nu greater 1 comma we have
Line 1 B sub nu H sub R open parenthesis u comma v closing parenthesis Line 2 = open parenthesis u to the power of

p plus v to the power of q closing parenthesis eta sub R to the power of prime open parenthesis u to the power of p plus v
to the power of q closing parenthesis open square bracket H open parenthesis u comma v closing parenthesis minus A open
parenthesis R closing parenthesis open parenthesis u to the power of p plus v to the power of q closing parenthesis to the
power of mu closing square bracket plus eta R open parenthesis u to the power of p plus v to the power of q closing parenthesis
B sub nu H open parenthesis u comma v closing parenthesis comma Line 3 for R sub 0 less or equal u to the power of p plus
v to the power of q less or equal R semicolon Line 4 B sub nu H sub R open parenthesis u comma v closing parenthesis =
B sub nu H open parenthesis u comma v closing parenthesis greater equal B sub mu H open parenthesis u comma v closing
parenthesis greater equal 0 for 1 less nu less or equal mu Line 5 for R less or equal u to the power of p plus v to the power of
q less or equal R plus 1 semicolon Line 6 B sub nu H sub R open parenthesis u comma v closing parenthesis greater equal eta
R open parenthesis u to the power of p plus v to the power of q closing parenthesis B sub nu H open parenthesis u comma
v closing parenthesis greater equal eta R open parenthesis u to the power of p plus v to the power of q closing parenthesis B
sub mu H open parenthesis u comma v closing parenthesis greater equal 0 for 1 less nu less or equal mu semicolon

finally for u to the power of p plus v to the power of q greater equal R plus 1 comma B sub nu H sub R open parenthesis
u comma v closing parenthesis = 0 for any nu greater 1 period Thus open parenthesis H 3 closing parenthesis holds for

H sub R period
Conditions open parenthesis 2 period 1 closing parenthesis and open parenthesis 2 period 2 closing parenthesis result from

straightforward computations period Using
open parenthesis H 3 closing parenthesis comma we have
Equation: open parenthesis 2 period 4 closing parenthesis .. H sub R open parenthesis u comma v closing parenthesis

greater equal m sub R sub 0 R sub mu sub 0 open parenthesis u to the power of p plus v to the power of q closing parenthesis
to the power of mu comma forall open parenthesis u comma v closing parenthesis in R sub plus to the power of * times R
sub plus to the power of * such that u to the power of p plus v to the power of q greater equal R sub 0 period

In fact comma put f open parenthesis t closing parenthesis : = H sub R open parenthesis t to the power of 1 slash p u
comma t 1 q sub v closing parenthesis with u to the power of p plus v to the power of q greater equal R sub 0 then

Equation: open parenthesis 2 period 5 closing parenthesis .. f to the power of prime open parenthesis t closing parenthesis
greater equal sub mu to the power of = to the power of t from t to 1 f to the power of open square bracket to the power of t
sub open parenthesis t closing parenthesis to the power of 1 slash p p sub u for to the power of partialdiff sub partialdiff sub
u to the power of H sub all to the power of R to the power of open parenthesis t sub t to the power of 1 slash sub greater
equal to the power of p sub u sub t sub 0 to the power of comma to the power of t sub : = to the power of 1 q sub v closing
parenthesis u sub R p plus to the power of plus sub 0 sub v to the power of q to the power of t q v from q to 1 partialdiff
H sub R less or equal open parenthesis to the power of partialdiff v 1 closing parenthesis sub period to the power of open
parenthesis t to the power of 1 slash p u comma t 1 q sub v closing parenthesis closing square bracket

Integrating open parenthesis 2 period 5 closing parenthesis between t sub 0 and t comma we obtain
Equation: open parenthesis 2 period 6 closing parenthesis .. f to the power of f sub open parenthesis t sub 0 closing

parenthesis to the power of open parenthesis t closing parenthesis greater equal t to the power of mu from 0 to t to the power
of mu for all t greater equal t sub 0

and taking t = 1 in open parenthesis 2 period 6 closing parenthesis comma we have
H sub R open parenthesis u comma v closing parenthesis = f open parenthesis 1 closing parenthesis greater equal open

parenthesis u to the power of p mu from 0 to plus R v to the power of q closing parenthesis to the power of mu f open
parenthesis t sub 0 closing parenthesis

and .. f open parenthesis t sub 0 closing parenthesis = H sub R open parenthesis u sub 1 comma v sub 1 closing parenthesis
= H open parenthesis u sub 1 comma v sub 1 closing parenthesis comma .. where .. u sub 1 = open parenthesis sub u to the
power of p sub plus v to the power of q to the power of R sub 0 closing parenthesis to the power of 1 slash p u comma .. and

v sub 1 = open parenthesis sub u to the power of p sub plus v to the power of q to the power of R sub 0 closing parenthesis
to the power of 1 slash q v period Consequently comma minimum plus p u v to the power of q greater equal R sub 0 f open
parenthesis t sub 0 open parenthesis u comma v closing parenthesis closing parenthesis = minimum plus p u v to the power
of q = R sub 0 H open parenthesis u comma v closing parenthesis comma

hence open parenthesis 2 period 4 closing parenthesis follows period Now comma consider the modified system
minus Capital Delta sub p u = m open parenthesis x closing parenthesis partialdiff sub partialdiff sub u to the power of

H sub R open parenthesis u comma v closing parenthesis in Capital Omega Equation: open parenthesis 2 period 7 closing
parenthesis .. minus Capital Delta sub q v = m open parenthesis x closing parenthesis partialdiff sub partialdiff sub v to the
power of H sub R open parenthesis u comma v closing parenthesis in Capital Omega u = v = 0 on partialdiff Capital Omega

4 Nonlinear elliptic systems with indefinite terms EJDE – 2002 / 83 Proof . ( H 1 )
and ( H 2 ) can be easly verified for HR. We verify for ( H 3 ) as
follows : For any ν > 1, we have

BνHR(u, v)

= (up + vq)η′R(up + vq)[H(u, v)−A(R)(up + vq)µ] + ηR(up + vq)BνH(u, v),

forR0 ≤ up + vq ≤ R;

BνHR(u, v) = BνH(u, v) ≥ BµH(u, v) ≥ 0 for1 < ν ≤ µ
forR ≤ up + vq ≤ R+ 1;

BνHR(u, v) ≥ ηR(up + vq)BνH(u, v) ≥ ηR(up + vq)BµH(u, v) ≥ 0for1 < ν ≤ µ;

finally for up + vq ≥ R+ 1, BνHR(u, v) = 0 for any ν > 1. Thus ( H 3 ) holds for

HR.

Conditions ( 2 . 1 ) and ( 2 . 2 ) result from straightforward computations . Using ( H 3 ) ,
we have

HR(u, v) ≥ mR0
Rµ0

(up + vq)µ ,∀(u, v) ∈ R∗+ × R∗+suchthatup + vq ≥ R0. (2.4)

In fact , put f(t) := HR(t1/pu, t1qv) with up + vq ≥ R0 then

f ′(t) ≥=
µ
tt
1f

[t1/ppu
(t) for∂

H
∂ uR

all
(t1/
t
pu
≥
,
t0
t1qv)
:=

+
u
tqvq1
Rp+0vq ∂HR≤(∂v1)(t1/pu,

. t1qv)] (2.5)

Integrating ( 2 . 5 ) between t0 and t, we obtain

ff
(t)
(t0) ≥ tµ0

tµ forall t ≥ t0 (2.6)

and taking t = 1 in ( 2 . 6 ) , we have

HR(u, v) = f(1) ≥ (upµ0
+Rvq )

µf(t0)

and f(t0) = HR(u1, v1) = H(u1, v1), where u1 = (R0
up +vq )

1/pu, and

v1 = (R0
up +vq )

1/qv.Consequently,

min
+puv

q≥
R0f(t0(u, v)) = min

+puv
q=R0

H(u, v),

hence ( 2 . 4 ) follows . Now , consider the modified system

−∆pu = m(x)∂HR∂ u(u, v) inΩ

−∆qv = m(x)∂HR∂ v(u, v) inΩ (2.7)

u = v = 0 on∂Ω
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which has an a s s o c i a t e d f u n c t i o n a l $ I { R }$ de f ined on $ E $ as

\ [ I { R } ( u , v ) = 1 { p } \ int { \Omega } \mid \nabla u \mid ˆ{ p }
dx + 1 { q } \ int { \Omega } \mid \nabla v \mid ˆ{ q } dx − \ int { \Omega }
m ( x ) H { R } ( u , v ) dx . \ ]

\noindent Lemma 2 . 3 \quad Under the hypotheses \quad ( H 1 ) − ( H 3 ) , \quad the f u n c t i o n a l
$ I { R }$ s a t i s f i e s the

Pa l a i s − Smale cond i t i on .

\noindent Proof . \ h f i l l Let $ ( u { n } , v { n } ) $ be an element o f $ E $ such that
$ I { R } ( u { n } , v { n } ) $ i s bounded and

\noindent $ I ˆ{ \prime } { R } ( u { n } , v { n } ) \rightarrow 0 $ s t r o n g l y in
$ W ˆ{ − 1 p { , }ˆ{ \prime }} { 0 } ( \Omega ) \times W ˆ{ − 1 q { , }ˆ{ \prime }} { 0 }
( \Omega ) ( $ dual space o f $ E ) . $

Claim $ 1 . ( u { n } , v { n } ) $ i s bounded in $ E . $ In f a c t , f o r any
$ M , $ we have

\ [ − M \ leq 1 { p } \ int { \Omega } \mid \nabla u { n } \mid ˆ{ p } dx +
1 { q } \ int { \Omega } \mid \nabla v { n } \mid ˆ{ q } dx − \ int { \Omega }
m ( x ) H { R } ( u { n } , v { n } ) dx \ leq M ; \ ]

\noindent and f o r $ \varepsilon \ in ( 0 , 1 ) , $ we have again

\ [\ begin { a l i gned } − \varepsilon \ leq 1 { p } \ int { \Omega } \mid \nabla u { n }
\mid ˆ{ p } dx + 1 { q } \ int { \Omega } \mid \nabla v { n } \mid ˆ{ q } dx \\
− \ int { \Omega } m ( x ) [ ˆ{ u }ˆ{ n } { p } \partial { \partial }ˆ{ H { R }} { u }

( u { n } , v { n } ) + v { n }{ q } \partial { \partial }ˆ{ H { R }} { v }
( u { n } , v { n } ) ] dx \ leq \varepsilon . \end{ a l i gned }\ ]

\noindent Then we obta in

\ [\ begin { a l i gned } \mu −{ p } 1 \ int { \Omega } \mid \nabla u { n } \mid ˆ{ p }
dx + \mu −{ q } 1 \ int { \Omega } \mid \nabla v { n } \mid ˆ{ q } dx \ leq
M \mu − \ int { \Omega } m ( x ) B { \mu } H { R } ( u , v ) dx \\
\ leq M \mu + 1 + \mid m \mid 0 ˆ{ M } R ( meas \Omega ) \end{ a l i gned }\ ]

\noindent where $ \mid m \mid 0 : = \max { x \ in −{ \Omega }} ( \mid
m ( x ) \mid ) . $ Hence $ ( u { n } , v { n } ) $ i s bounded in $ E
. $
Claim $ 2 . ( u { n } , v { n } ) $ \quad converges s t r o n g l y in $ E . $
\quad Since $ ( u { n } , v { n } ) $ i s bounded in $ E , $

the re e x i s t s a subsequence denoted again by $ ( u { n } , v { n } ) $ which converges weakly in

\noindent $ E $ and s t r o n g l y in the space $ L ˆ{ \zeta } ( \Omega ) \times L ˆ{ \eta }
( \Omega ) $ f o r any $ \zeta $ and $ \eta $ such that $ , 1 < \zeta < p ˆ{ ∗ }$
and $ 1 < \eta < q ˆ{ ∗ } . questiondown $ From the d e f i n i t i o n o f $ I ˆ{ \prime } { R ˆ{ , }}$

we wr i t e

\ [\ begin { a l i gned } \ int { \Omega } ( \mid \nabla u { n } \mid ˆ{ p − 2 } \nabla
u { n } − \mid \nabla u { l } \mid ˆ{ p − 2 } \nabla u { l } ) \nabla
( u { n } − u { l } ) dx \\

= \ langle I ˆ{ \prime } { R } ( u { n } , v { n } ) − I ˆ{ \prime } { R }
( u { l } , v { l } ) , ( u { n } − u { l } , 0 ) \rangle \\

+ \ int { \Omega } m ( x ) [ ˆ{ \partial }ˆ{ H { R }} { \partial u } ( u { n }
, v { n } ) − \partial { \partial }ˆ{ H { R }} { u } ( u { l } , v { l }
) ] ( u { n } − u { l } ) dx . \end{ a l i gned }\ ]

\noindent By assumptions on $ I ˆ{ \prime } { R ˆ{ , }} \ langle I ˆ{ \prime } { R } (
u { n } , v { n } ) − I ˆ{ \prime } { R } ( u { l } , v { l } ) , (
u { n } − u { l } , 0 ) \rangle $ converges to 0 as

\noindent $ n $ and $ l $ tend to $ + \ infty . $ \quad In what f o l l o w s $ , C $
denotes a g e n e r i c p o s i t i v e constant .
Now , we prove that

\ [ C { n , l } : = \ int { \Omega } m ( x ) [ ˆ{ \partial }ˆ{ H } { \partial
u }ˆ{ R } ( u { n } , v { n } ) − \partial { \partial }ˆ{ H { R }} { u } (
u { l } , v { l } ) ] ( u { n } − u { l } ) dx \ ]
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which has an associated functional I sub R defined on E as
I sub R open parenthesis u comma v closing parenthesis = 1 p integral sub Capital Omega bar nabla u bar to the power

of p dx plus 1 q integral sub Capital Omega bar nabla v bar to the power of q dx minus integral sub Capital Omega m open
parenthesis x closing parenthesis H sub R open parenthesis u comma v closing parenthesis dx period

Lemma 2 period 3 .. Under the hypotheses .. open parenthesis H 1 closing parenthesis hyphen open parenthesis H 3
closing parenthesis comma .. the functional I sub R satisfies the

Palais hyphen Smale condition period
Proof period .... Let open parenthesis u sub n comma v sub n closing parenthesis be an element of E such that I sub R

open parenthesis u sub n comma v sub n closing parenthesis is bounded and
I sub R to the power of prime open parenthesis u sub n comma v sub n closing parenthesis right arrow 0 strongly in W

sub 0 to the power of minus 1 p comma to the power of prime open parenthesis Capital Omega closing parenthesis times
W sub 0 to the power of minus 1 q comma to the power of prime open parenthesis Capital Omega closing parenthesis open
parenthesis dual space of E closing parenthesis period

Claim 1 period open parenthesis u sub n comma v sub n closing parenthesis is bounded in E period In fact comma for any
M comma we have

minus M less or equal 1 p integral sub Capital Omega bar nabla u sub n bar to the power of p dx plus 1 q integral sub
Capital Omega bar nabla v sub n bar to the power of q dx minus integral sub Capital Omega m open parenthesis x closing
parenthesis H sub R open parenthesis u sub n comma v sub n closing parenthesis dx less or equal M semicolon

and for epsilon in open parenthesis 0 comma 1 closing parenthesis comma we have again
Line 1 minus epsilon less or equal 1 p integral sub Capital Omega bar nabla u sub n bar to the power of p dx plus 1 q

integral sub Capital Omega bar nabla v sub n bar to the power of q dx Line 2 minus integral sub Capital Omega m open
parenthesis x closing parenthesis bracketleftbig to the power of u sub p to the power of n partialdiff sub partialdiff sub u to
the power of H sub R open parenthesis u sub n comma v sub n closing parenthesis plus v sub n q partialdiff sub partialdiff
sub v to the power of H sub R open parenthesis u sub n comma v sub n closing parenthesis bracketrightbig dx less or equal
epsilon period

Then we obtain
Line 1 mu minus p 1 integral sub Capital Omega bar nabla u sub n bar to the power of p dx plus mu minus q 1 integral

sub Capital Omega bar nabla v sub n bar to the power of q dx less or equal M mu minus integral sub Capital Omega m open
parenthesis x closing parenthesis B sub mu H sub R open parenthesis u comma v closing parenthesis dx Line 2 less or equal
M mu plus 1 plus bar m bar 0 to the power of M R open parenthesis meas Capital Omega closing parenthesis

where bar m bar 0 : = maximum sub x in minus Capital Omega open parenthesis bar m open parenthesis x closing
parenthesis bar closing parenthesis period Hence open parenthesis u sub n comma v sub n closing parenthesis is bounded in
E period

Claim 2 period open parenthesis u sub n comma v sub n closing parenthesis .. converges strongly in E period .. Since
open parenthesis u sub n comma v sub n closing parenthesis is bounded in E comma

there exists a subsequence denoted again by open parenthesis u sub n comma v sub n closing parenthesis which converges
weakly in

E and strongly in the space L to the power of zeta open parenthesis Capital Omega closing parenthesis times L to the
power of eta open parenthesis Capital Omega closing parenthesis for any zeta and eta such that comma 1 less zeta less p to
the power of *

and 1 less eta less q to the power of * period questiondown From the definition of I sub R to the power of comma to the
power of prime we write

Line 1 integral sub Capital Omega open parenthesis bar nabla u sub n bar to the power of p minus 2 nabla u sub n minus
bar nabla u sub l bar to the power of p minus 2 nabla u sub l closing parenthesis nabla open parenthesis u sub n minus u
sub l closing parenthesis dx Line 2 = angbracketleft I sub R to the power of prime open parenthesis u sub n comma v sub n
closing parenthesis minus I sub R to the power of prime open parenthesis u sub l comma v sub l closing parenthesis comma
open parenthesis u sub n minus u sub l comma 0 closing parenthesis right angbracket Line 3 plus integral sub Capital Omega
m open parenthesis x closing parenthesis open square bracket to the power of partialdiff sub partialdiff u to the power of H
sub R open parenthesis u sub n comma v sub n closing parenthesis minus partialdiff sub partialdiff sub u to the power of H
sub R open parenthesis u sub l comma v sub l closing parenthesis closing square bracket open parenthesis u sub n minus u
sub l closing parenthesis dx period

By assumptions on I sub R to the power of comma to the power of prime angbracketleft I sub R to the power of prime open
parenthesis u sub n comma v sub n closing parenthesis minus I sub R to the power of prime open parenthesis u sub l comma
v sub l closing parenthesis comma open parenthesis u sub n minus u sub l comma 0 closing parenthesis right angbracket
converges to 0 as

n and l tend to plus infinity period .. In what follows comma C denotes a generic positive constant period
Now comma we prove that
C sub n comma l : = integral sub Capital Omega m open parenthesis x closing parenthesis open square bracket to the

power of partialdiff sub partialdiff u to the power of H to the power of R open parenthesis u sub n comma v sub n closing
parenthesis minus partialdiff sub partialdiff sub u to the power of H sub R open parenthesis u sub l comma v sub l closing
parenthesis closing square bracket open parenthesis u sub n minus u sub l closing parenthesis dx
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functional IR defined on E as

IR(u, v) = 1p

∫
Ω

| ∇u |p dx+ 1q

∫
Ω

| ∇v |q dx−
∫

Ω

m(x)HR(u, v)dx.

Lemma 2 . 3 Under the hypotheses ( H 1 ) - ( H 3 ) , the functional IR satisfies the
Palais - Smale condition .
Proof . Let (un, vn) be an element of E such that IR(un, vn) is bounded and

I ′R(un, vn)→ 0 strongly inW
−1p′,
0 (Ω)×W−1q′,

0 (Ω)( dual space of E). Claim 1. (un, vn) is bounded
in E. In fact , for any M, we have

−M ≤ 1p

∫
Ω

| ∇un |p dx+ 1q

∫
Ω

| ∇vn |q dx−
∫

Ω

m(x)HR(un, vn)dx ≤M ;

and for ε ∈ (0, 1), we have again

−ε ≤ 1p

∫
Ω

| ∇un |p dx+ 1q

∫
Ω

| ∇vn |q dx

−
∫

Ω

m(x)[unp∂
HR
∂ u(un, vn) + vnq∂

HR
∂ v(un, vn)]dx ≤ ε.

Then we obtain

µ− p1
∫

Ω

| ∇un |p dx+ µ− q1
∫

Ω

| ∇vn |q dx ≤ Mµ−
∫

Ω

m(x)BµHR(u, v)dx

≤ Mµ+ 1+ | m | 0MR(measΩ)

where | m | 0 := maxx∈−Ω(| m(x) |). Hence (un, vn) is bounded in E. Claim 2. (un, vn)
converges strongly in E. Since (un, vn) is bounded in E, there exists a subsequence denoted
again by (un, vn) which converges weakly in
E and strongly in the space Lζ(Ω)× Lη(Ω) for any ζ and η such that , 1 < ζ < p∗ and 1 < η <
q∗. questiondown From the definition of I ′R, we write∫

Ω

(| ∇un |p−2 ∇un− | ∇ul |p−2 ∇ul)∇(un − ul)dx

= 〈I ′R(un, vn)− I ′R(ul, vl), (un − ul, 0)〉

+

∫
Ω

m(x)[∂HR∂u (un, vn)− ∂HR∂ u(ul, vl)](un − ul)dx.

By assumptions on I ′R, 〈I ′R(un, vn)− I ′R(ul, vl), (un − ul, 0)〉 converges to 0 as
n and l tend to +∞. In what follows , C denotes a generic positive constant . Now , we prove
that

Cn,l :=

∫
Ω

m(x)[∂H∂u
R(un, vn)− ∂HR∂ u(ul, vl)](un − ul)dx
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converges to 0 as $ n $ and $ l $ tend to $ + \ infty . $ We have

\ [ \mid C { n , l } \mid \ leq \mid m \mid 0 \ int { \Omega } [ \mid
\partial { \partial }ˆ{ H { R }} { u } ( u { n } , v { n } ) \mid + \mid
\partial { \partial }ˆ{ H { R }} { u } ( u { l } , v { l } ) \mid ] \mid
u { n } − u { l } \mid dx \ ]

\noindent and

\ [\ begin { a l i gned } \ int { \Omega } \mid \partial { \partial }ˆ{ H { R }} { u } ( u { n }
, v { n } ) \mid \mid u { n } − u { l } \mid dx \\
\ leq \ int { \Omega } ( C { R } + \mu pA ( R ) \mid u { n } \mid ˆ{ p

− 1 } ( \mid u { n } \mid ˆ{ p } + \mid v { n } \mid ˆ{ q } ) ˆ{ \mu −
1 } ) \mid u { n } − u { l } \mid dx \\
\ leq 2 ˆ{ \mu − 1 } C { R } \ int { \Omega } ( 1 + \mid u { n } \mid ˆ{ \mu

p − 1 } + \mid u { n } \mid ˆ{ p − 1 } \mid v { n } \mid ˆ{ q \mu −
q } ) \mid u { n } − u { l } \mid dx \\
\ leq 2 ˆ{ \mu − 1 } C { R } [ \ int { \Omega } \mid u { n } − u { l }

\mid dx + \ int { \Omega } \mid u { n } \mid ˆ{ \mu p − 1 } \mid u { n }
− u { l } \mid dx \\

+ \ int { \Omega } \mid u { n } \mid ˆ{ p − 1 } \mid v { n } \mid ˆ{ q
\mu − q } \mid u { n } − u { l } \mid dx ] . \end{ a l i gned }\ ]

\noindent Using H $ \ddot{o} $ l d e r ’ s i n e q u a l i t y and Sobolev ’ s embeddings , we obta in

\ [\ begin { a l i gned } \ int { \Omega } \arrowvert \partial { \partial }ˆ{ H { R }} { u }
( u { n } , v { n } ) \arrowvert \mid u { n } − u { l } \mid dx \\
\ leq 2 ˆ{ \mu − 1 } C { R } ( meas \Omega ) p −{ p } 1 [ \ int { \Omega }

\mid u { n } − u { l } \mid ˆ{ p } dx ] 1 / p \\
+ 2 ˆ{ \mu − 1 } C { R } [ \ int { \Omega } \mid u { n } \mid ˆ{ \mu p }

dx ] \mu p { \mu }ˆ{ − 1 } { p } [ \ int { \Omega } \mid u { n } − u { l }
\mid ˆ{ \mu p } dx ] 1 { \mu p }\\

+ 2 ˆ{ \mu − 1 } C { R } [ \ int { \Omega } \mid u { n } \mid ˆ{ \mu p }
dx ] p { \mu }ˆ{ − 1 } { p } [ \ int { \Omega } \mid v { n } \mid ˆ{ \mu q }
dx ] \mu { \mu } − 1 [ \ int { \Omega } \mid u { n } − u { l } \mid ˆ{ \mu
p } dx ] 1 { \mu p } , \end{ a l i gned }\ ]

\noindent ( because $ ( u { n } ) \ in W ˆ{ 1 , p } { 0 } ( \Omega ) $ and
$ \mu p < p ˆ{ ∗ } , ( v { n } ) \ in W ˆ{ 1 , q } { 0 } ( \Omega
) $ and $ \mu q < q ˆ{ ∗ } ) . $ Then

\ [ \ int { \Omega } \arrowvert \partial { \partial }ˆ{ H { R }} { u } ( u { n } ,
v { n } ) \arrowvert \mid u { n } − u { l } \mid dx \ leq C \paral le l
u { n } − u { l } \paral le l L p ( \Omega ) + C \paral le l u { n }
− u { l } \paral le l L \mu p ( \Omega ) ˆ{ . }\ ]

\noindent S i m i l a r l y , we obta in

\ [ \ int { \Omega } \mid \partial { \partial }ˆ{ H { R }} { u } ( u { l } , v { l }
) \mid \mid u { n } − u { l } \mid dx \ leq C \paral le l u { n } −
u { l } \paral le l L p ( \Omega ) + C \paral le l u { n } − u { l }
\paral le l L \mu p ( \Omega ) ˆ{ , }\ ]

\noindent and so $ \mid C { n , l } \mid \ leq \mid m \mid 0 ( C \paral le l
u { n } − u { l } \paral le l L p + C \paral le l u { n } − u { l } \paral le l
L \mu p ) . $ Hence $ C { n , l }$ converges to

\noindent 0 as $ n $ and $ l $ tend to $ + \ infty . $
We have the f o l l o w i n g a l g e b r a i c r e l a t i o n [ 8 ]

\ [\ begin { a l i gned } \mid \nabla u { n } − \nabla u { l } \mid ˆ{ p }\\
\ leq C [ ( \mid \nabla u { n } \mid ˆ{ p − 2 } \nabla u { n } −

\mid \nabla u { l } \mid ˆ{ p − 2 } \nabla u { l } ) \nabla ( u { n }
− u { l } ) ] s / 2 ( \mid \nabla u { n } \mid ˆ{ p } + \mid \nabla
u { l } \mid ˆ{ p } ) ˆ{ 1 − } s { 2 } , \end{ a l i gned }\ ]

\hspace ∗{\ f i l l }( 2 . 8 )
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converges to 0 as n and l tend to plus infinity period We have
bar C sub n comma l bar less or equal bar m bar 0 integral sub Capital Omega open square bracket bar partialdiff sub

partialdiff sub u to the power of H sub R open parenthesis u sub n comma v sub n closing parenthesis bar plus bar partialdiff
sub partialdiff sub u to the power of H sub R open parenthesis u sub l comma v sub l closing parenthesis bar closing square
bracket bar u sub n minus u sub l bar dx

and
Line 1 integral sub Capital Omega bar partialdiff sub partialdiff sub u to the power of H sub R open parenthesis u sub

n comma v sub n closing parenthesis bar bar u sub n minus u sub l bar dx Line 2 less or equal integral sub Capital Omega
open parenthesis C sub R plus mu pA open parenthesis R closing parenthesis bar u sub n bar to the power of p minus 1 open
parenthesis bar u sub n bar to the power of p plus bar v sub n bar to the power of q closing parenthesis to the power of mu
minus 1 closing parenthesis bar u sub n minus u sub l bar dx Line 3 less or equal 2 to the power of mu minus 1 C sub R
integral sub Capital Omega open parenthesis 1 plus bar u sub n bar to the power of mu p minus 1 plus bar u sub n bar to the
power of p minus 1 bar v sub n bar to the power of q mu minus q closing parenthesis bar u sub n minus u sub l bar dx Line
4 less or equal 2 to the power of mu minus 1 C sub R open square bracket integral sub Capital Omega bar u sub n minus u
sub l bar dx plus integral sub Capital Omega bar u sub n bar to the power of mu p minus 1 bar u sub n minus u sub l bar
dx Line 5 plus integral sub Capital Omega bar u sub n bar to the power of p minus 1 bar v sub n bar to the power of q mu
minus q bar u sub n minus u sub l bar dx closing square bracket period

Using H dieresis-o lder quoteright s inequality and Sobolev quoteright s embeddings comma we obtain
Line 1 integral sub Capital Omega vextendsingle-vextendsingle-vextendsingle partialdiff sub partialdiff sub u to the power

of H sub R open parenthesis u sub n comma v sub n closing parenthesis vextendsingle-vextendsingle-vextendsingle bar u sub
n minus u sub l bar dx Line 2 less or equal 2 to the power of mu minus 1 C sub R open parenthesis meas Capital Omega
closing parenthesis p minus p 1 open square bracket integral sub Capital Omega bar u sub n minus u sub l bar to the power
of p dx closing square bracket 1 slash p Line 3 plus 2 to the power of mu minus 1 C sub R open square bracket integral sub
Capital Omega bar u sub n bar to the power of mu p dx closing square bracket mu p sub mu sub p to the power of minus
1 open square bracket integral sub Capital Omega bar u sub n minus u sub l bar to the power of mu p dx closing square
bracket 1 mu p Line 4 plus 2 to the power of mu minus 1 C sub R open square bracket integral sub Capital Omega bar u sub
n bar to the power of mu p dx closing square bracket p sub mu sub p to the power of minus 1 open square bracket integral
sub Capital Omega bar v sub n bar to the power of mu q dx closing square bracket mu sub mu minus 1 open square bracket
integral sub Capital Omega bar u sub n minus u sub l bar to the power of mu p dx closing square bracket 1 mu p comma

open parenthesis because open parenthesis u sub n closing parenthesis in W sub 0 to the power of 1 comma p open
parenthesis Capital Omega closing parenthesis and mu p less p to the power of * comma open parenthesis v sub n closing
parenthesis in W sub 0 to the power of 1 comma q open parenthesis Capital Omega closing parenthesis and mu q less q to
the power of * closing parenthesis period Then

integral sub Capital Omega vextendsingle-vextendsingle-vextendsingle partialdiff sub partialdiff sub u to the power of H
sub R open parenthesis u sub n comma v sub n closing parenthesis vextendsingle-vextendsingle-vextendsingle bar u sub n
minus u sub l bar dx less or equal C bar u sub n minus u sub l bar L p open parenthesis Capital Omega closing parenthesis
plus C bar u sub n minus u sub l bar L mu p open parenthesis Capital Omega closing parenthesis to the power of period

Similarly comma we obtain
integral sub Capital Omega bar partialdiff sub partialdiff sub u to the power of H sub R open parenthesis u sub l comma

v sub l closing parenthesis bar bar u sub n minus u sub l bar dx less or equal C bar u sub n minus u sub l bar L p open
parenthesis Capital Omega closing parenthesis plus C bar u sub n minus u sub l bar L mu p open parenthesis Capital Omega
closing parenthesis to the power of comma

and so bar C sub n comma l bar less or equal bar m bar 0 open parenthesis C bar u sub n minus u sub l bar L p plus C
bar u sub n minus u sub l bar L mu p closing parenthesis period Hence C sub n comma l converges to

0 as n and l tend to plus infinity period
We have the following algebraic relation open square bracket 8 closing square bracket
Line 1 bar nabla u sub n minus nabla u sub l bar to the power of p Line 2 less or equal C bracketleftbig open parenthesis

bar nabla u sub n bar to the power of p minus 2 nabla u sub n minus bar nabla u sub l bar to the power of p minus 2
nabla u sub l closing parenthesis nabla open parenthesis u sub n minus u sub l closing parenthesis bracketrightbig s slash 2
parenleftbig bar nabla u sub n bar to the power of p plus bar nabla u sub l bar to the power of p parenrightbig to the power
of 1 minus s 2 comma

open parenthesis 2 period 8 closing parenthesis

6 Nonlinear elliptic systems with indefinite terms EJDE – 2002 / 83 converges to 0 as n
and l tend to +∞. We have

| Cn,l |≤| m | 0
∫

Ω

[| ∂HR∂ u(un, vn) | + | ∂HR∂ u(ul, vl) |] | un − ul | dx

and ∫
Ω

| ∂HR∂ u(un, vn) || un − ul | dx

≤
∫

Ω

(CR + µpA(R) | un |p−1 (| un |p + | vn |q)µ−1) | un − ul | dx

≤ 2µ−1CR

∫
Ω

(1+ | un |µp−1 + | un |p−1| vn |qµ−q) | un − ul | dx

≤ 2µ−1CR[

∫
Ω

| un − ul | dx+

∫
Ω

| un |µp−1| un − ul | dx

+

∫
Ω

| un |p−1| vn |qµ−q| un − ul | dx].

Using H ö lder ’ s inequality and Sobolev ’ s embeddings , we obtain∫
Ω

|∂HR∂ u(un, vn)| | un − ul | dx

≤ 2µ−1CR(measΩ)p− p1[

∫
Ω

| un − ul |p dx]1/p

+2µ−1CR[

∫
Ω

| un |µp dx]µp−1
µ p[

∫
Ω

| un − ul |µp dx]1µp

+2µ−1CR[

∫
Ω

| un |µp dx]p−1
µ p[

∫
Ω

| vn |µq dx]µµ − 1[

∫
Ω

| un − ul |µp dx]1µp,

( because (un) ∈W 1,p
0 (Ω) and µp < p∗, (vn) ∈W 1,q

0 (Ω) and µq < q∗). Then∫
Ω

|∂HR∂ u(un, vn)| | un − ul | dx ≤ C ‖ un − ul ‖ Lp(Ω) + C ‖ un − ul ‖ Lµp(Ω).

Similarly , we obtain∫
Ω

| ∂HR∂ u(ul, vl) || un − ul | dx ≤ C ‖ un − ul ‖ Lp(Ω) + C ‖ un − ul ‖ Lµp(Ω),

and so | Cn,l |≤| m | 0(C ‖ un − ul ‖ Lp+ C ‖ un − ul ‖ Lµp). Hence Cn,l converges to
0 as n and l tend to +∞. We have the following algebraic relation [ 8 ]

| ∇un −∇ul |p

≤ C[(| ∇un |p−2 ∇un− | ∇ul |p−2 ∇ul)∇(un − ul)]s/2(| ∇un |p + | ∇ul |p)1−s2,

( 2 . 8 )
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where $ s = \{ ˆ{ p } { 2 } f o r ˆ{ f o r } 2 ˆ{ 1 } < ˆ{ < } p ˆ{ p } \ leq 2 . $
\quad I n t e g r a t i n g ( 2 . 8 ) on $ \Omega , $ and us ing H $ \ddot{o} $ l d e r ’ s in −

\noindent e q u a l i t y in the r i g h t hand s i d e , we obta in

\ [\ begin { a l i gned } \paral le l u { n } − u { l } \paral le l ˆ{ p } { 1 , p }\\
\ leq C [ \ int { \Omega } ( \mid \nabla u { n } \mid ˆ{ p − 2 } \nabla

u { n } − \mid \nabla u { l } \mid ˆ{ p − 2 } \nabla u { l } ) \nabla
( u { n } − u { l } ) dx ] s { 2 } ( \paral le l u { n } \paral le l p { 1
, p ˆ{ + }} \paral le l u { l } \paral le l p { 1 , p }ˆ{ ) ˆ{ 1 − }} s { 2 } . \end{ a l i gned }\ ]

\noindent Now s i n c e

\ [\ begin { a l i gned } \ int { \Omega } ( \mid \nabla u { n } \mid ˆ{ p − 2 } \nabla
u { n } − \mid \nabla u { l } \mid ˆ{ p − 2 } \nabla u { l } ) \nabla
( u { n } − u { l } ) dx \rightarrow 0 \\

as { i } n and { l a r l y } we l { prove }ˆ{ tend } to + \ infty { that }ˆ{ , } { the }
the { sequence } sequence { ( } { v { n } ) } ( u { n } ) converges { converges } { s t r o n g l y }
s t r o n g l y { in W ˆ{ 1 } { 0 }}ˆ{ in } { , }ˆ{ W ˆ{ 1 , p } { 0 } ( \Omega ) . } { q { (
\Omega ) . }} Sim − \end{ a l i gned }\ ]

\hspace ∗{\ f i l l }The next lemma shows that $ I { R }$ s a t i s f i e s the geometr ic assumptions o f the

\noindent Mountain − Pass Theorem .

\noindent Propos i t i on 2 . 4 \quad Under assumptions ( H 1 ) − ( H 3 ) we have

\hspace ∗{\ f i l l }1 . \quad There e x i s t two p o s i t i v e r e a l numbers $ \rho , \sigma $ \quad and a neighborhood
$ V { \rho }$ \quad o f the

\hspace ∗{\ f i l l } o r i g i n \quad o f $ E , $ \quad such \quad that f o r any \quad e lement \quad
$ ( u , v ) $ \quad on \quad the \quad boundary \quad o f $ V { \rho } : $

\ [ I { R } ( u , v ) \geq \sigma > 0 . \ ]

\noindent 2 . \quad There e x i s t $ ( \phi , \theta ) $ in $ E $ such that $ I { R }
( \phi , \theta ) < 0 . $

Proof . \quad From ( H 2 ) and tak ing in to account that $ H { R } ( u , v ) =
H ( u , v ) $ f o r $ u ˆ{ p } + $

\noindent $ v ˆ{ q } \ leq R , $ we can wr i t e

\ [ \ f o ra l l \varepsilon > 0 , \ exists \delta { \varepsilon } > 0 : u ˆ{ p }
+ v ˆ{ q } \ leq \delta { \varepsilon } \Longrightarrow H { R } ( u , v )
\ leq \varepsilon ( u ˆ{ p } + v ˆ{ q } ) , \ ]

\noindent and s i n c e $ H { R } ( u , v ) / ( u ˆ{ p } + v ˆ{ q } ) ˆ{ \mu }$
i s uni formly bounded as $ u ˆ{ p } + v ˆ{ q }$ tends to $ + \ infty $

\ [\ l e f t . \ exists M ( \varepsilon , R ) > 0 : u ˆ{ p } + v ˆ{ q } \geq
\delta { \varepsilon } \Longrightarrow H { R } ( u , v ) \ leq M ( u ˆ{ p }
+ v ˆ{ q } )\ begin { a l i gned } & \mu \\

& . \end{ a l i gned }\ right . \ ]

\noindent Then f o r every $ ( u , v ) $ in $ R ˆ{ + } \times R ˆ{ + }$ we have

\ [\ l e f t . H { R } ( u , v ) \ leq \varepsilon ( u ˆ{ p } + v ˆ{ q } )
+ M ( u ˆ{ p } + v ˆ{ q } )\ begin { a l i gned } & \mu \\

& . \end{ a l i gned }\ right . \ ]

\noindent Hence

\ [\ begin { a l i gned } \ int { \Omega } m ( x ) H { R } ( u , v ) dx \\
\ leq \mid m \mid 0 [ \varepsilon \ int { \Omega } ( u ˆ{ p } + v ˆ{ q }

) dx + M \ int { \Omega } ( u ˆ{ p } + v ˆ{ q } ) ˆ{ \mu } dx ] \\
\ leq \mid m \mid 0 [ \ int { \Omega } ( \varepsilon u ˆ{ p } + 2 ˆ{ \mu

− 1 } Mu ˆ{ p \mu } ) dx + \ int { \Omega } ( \varepsilon v ˆ{ q } + 2 ˆ{ \mu
− 1 } Mv ˆ{ q \mu } ) dx ] \\
\ leq C \mid m \mid 0 [ \varepsilon ( \paral le l u \paral le l ˆ{ p } { 1

, p } + \paral le l v \paral le l ˆ{ q } { 1 , q } ) + M ( \paral le l u
\paral le l ˆ{ \mu p } { 1 , p } + \paral le l v \paral le l ˆ{ \mu q } { 1 ,
q } ) ] . \end{ a l i gned }\ ]
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where s = open brace sub 2 to the power of p for to the power of for 2 to the power of 1 less to the power of less p to the

power of p less or equal 2 period .. Integrating open parenthesis 2 period 8 closing parenthesis on Capital Omega comma and
using H dieresis-o lder quoteright s in hyphen

equality in the right hand side comma we obtain
Line 1 bar u sub n minus u sub l bar sub 1 comma p to the power of p Line 2 less or equal C open square bracket integral

sub Capital Omega open parenthesis bar nabla u sub n bar to the power of p minus 2 nabla u sub n minus bar nabla u
sub l bar to the power of p minus 2 nabla u sub l closing parenthesis nabla open parenthesis u sub n minus u sub l closing
parenthesis dx closing square bracket s 2 parenleftbig bar u sub n bar p sub 1 comma p to the power of plus bar u sub l bar
p sub 1 comma p to the power of parenrightbig to the power of 1 minus s 2 period

Now since
Line 1 integral sub Capital Omega open parenthesis bar nabla u sub n bar to the power of p minus 2 nabla u sub n minus

bar nabla u sub l bar to the power of p minus 2 nabla u sub l closing parenthesis nabla open parenthesis u sub n minus u
sub l closing parenthesis dx right arrow 0 Line 2 as i n and larly we l prove to the power of tend to plus infinity that sub
the to the power of comma the sequence sequence open parenthesis sub v sub n closing parenthesis open parenthesis u sub n
closing parenthesis converges converges sub strongly strongly in W sub 0 to the power of 1 sub comma to the power of in sub
q sub open parenthesis Capital Omega closing parenthesis period to the power of W sub 0 to the power of 1 comma p open
parenthesis Capital Omega closing parenthesis period Sim hyphen

The next lemma shows that I sub R satisfies the geometric assumptions of the
Mountain hyphen Pass Theorem period
Proposition 2 period 4 .. Under assumptions open parenthesis H 1 closing parenthesis hyphen open parenthesis H 3 closing

parenthesis we have
1 period .. There exist two positive real numbers rho comma sigma .. and a neighborhood V sub rho .. of the
origin .. of E comma .. such .. that for any .. e lement .. open parenthesis u comma v closing parenthesis .. on .. the ..

boundary .. of V sub rho :
I sub R open parenthesis u comma v closing parenthesis greater equal sigma greater 0 period
2 period .. There exist open parenthesis phi comma theta closing parenthesis in E such that I sub R open parenthesis phi

comma theta closing parenthesis less 0 period
Proof period .. From open parenthesis H 2 closing parenthesis and taking into account that H sub R open parenthesis u

comma v closing parenthesis = H open parenthesis u comma v closing parenthesis for u to the power of p plus
v to the power of q less or equal R comma we can write
forall epsilon greater 0 comma exists delta sub epsilon greater 0 : u to the power of p plus v to the power of q less or

equal delta sub epsilon equal-arrowdblright H sub R open parenthesis u comma v closing parenthesis less or equal epsilon
open parenthesis u to the power of p plus v to the power of q closing parenthesis comma

and since H sub R open parenthesis u comma v closing parenthesis slash open parenthesis u to the power of p plus v to
the power of q closing parenthesis to the power of mu is uniformly bounded as u to the power of p plus v to the power of q
tends to plus infinity

exists M open parenthesis epsilon comma R closing parenthesis greater 0 : u to the power of p plus v to the power of q
greater equal delta sub epsilon equal-arrowdblright H sub R open parenthesis u comma v closing parenthesis less or equal M
open parenthesis u to the power of p plus v to the power of q Case 1 mu Case 2 period

Then for every open parenthesis u comma v closing parenthesis in R to the power of plus times R to the power of plus we
have

H sub R open parenthesis u comma v closing parenthesis less or equal epsilon open parenthesis u to the power of p plus v
to the power of q closing parenthesis plus M open parenthesis u to the power of p plus v to the power of q Case 1 mu Case 2
period

Hence
Line 1 integral sub Capital Omega m open parenthesis x closing parenthesis H sub R open parenthesis u comma v closing

parenthesis dx Line 2 less or equal bar m bar 0 open square bracket epsilon integral sub Capital Omega open parenthesis u to
the power of p plus v to the power of q closing parenthesis dx plus M integral sub Capital Omega open parenthesis u to the
power of p plus v to the power of q closing parenthesis to the power of mu dx closing square bracket Line 3 less or equal bar
m bar 0 open square bracket integral sub Capital Omega open parenthesis epsilon u to the power of p plus 2 to the power of
mu minus 1 Mu to the power of p mu closing parenthesis dx plus integral sub Capital Omega open parenthesis epsilon v to
the power of q plus 2 to the power of mu minus 1 Mv to the power of q mu closing parenthesis dx closing square bracket Line
4 less or equal C bar m bar 0 bracketleftbig epsilon open parenthesis bar u bar sub 1 comma p to the power of p plus bar v
bar sub 1 comma q to the power of q closing parenthesis plus M open parenthesis bar u bar sub 1 comma p to the power of
mu p plus bar v bar sub 1 comma q to the power of mu q closing parenthesis bracketrightbig period
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pp ≤ 2. Integrating ( 2 . 8 ) on Ω, and using H ö lder ’ s in -
equality in the right hand side , we obtain

‖ un − ul ‖p1,p

≤ C[

∫
Ω

(| ∇un |p−2 ∇un− | ∇ul |p−2 ∇ul)∇(un − ul)dx]s2(‖ un ‖ p1,p+ ‖ ul ‖ p)1−

1,p s2.

Now since

∫
Ω

(| ∇un |p−2 ∇un− | ∇ul |p−2 ∇ul)∇(un − ul)dx→ 0

asinandlarlyweltend
proveto +∞that,thethesequencesequence(vn)(un)convergesconvergesstronglystronglyin

inW 1
0

W 1,p
0 (Ω).

, q(Ω).
Sim−

The next lemma shows that IR satisfies the geometric assumptions of the
Mountain - Pass Theorem .
Proposition 2 . 4 Under assumptions ( H 1 ) - ( H 3 ) we have

1 . There exist two positive real numbers ρ, σ and a neighborhood Vρ of the
origin of E, such that for any e lement (u, v) on the boundary of

Vρ :

IR(u, v) ≥ σ > 0.

2 . There exist (φ, θ) in E such that IR(φ, θ) < 0. Proof . From ( H 2 ) and taking
into account that HR(u, v) = H(u, v) for up+
vq ≤ R, we can write

∀ε > 0,∃δε > 0 : up + vq ≤ δε =⇒ HR(u, v) ≤ ε(up + vq),

and since HR(u, v)/(up + vq)µ is uniformly bounded as up + vq tends to +∞

∃M(ε,R) > 0 : up + vq ≥ δε =⇒ HR(u, v) ≤M(up + vq)
µ

.

Then for every (u, v) in R+ × R+ we have

HR(u, v) ≤ ε(up + vq) +M(up + vq)
µ

.

Hence ∫
Ω

m(x)HR(u, v)dx

≤ | m | 0[ε

∫
Ω

(up + vq)dx+M

∫
Ω

(up + vq)µdx]

≤ | m | 0[

∫
Ω

(εup + 2µ−1Mupµ)dx+

∫
Ω

(εvq + 2µ−1Mvqµ)dx]

≤ C | m | 0[ε(‖ u ‖p1,p + ‖ v ‖q1,q) +M(‖ u ‖µp1,p + ‖ v ‖µq1,q)].
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For $ I { R } ( u , v ) , $ we obta in

\ [\ begin { a l i gned } I { R } ( u , v ) \geq \paral le l u \paral le l ˆ{ p } { 1
, p } [ { p }ˆ{ 1 } − C \mid m \mid 0 ( \varepsilon + M \paral le l
u \paral le l \mu { 1 , }ˆ{ p − p } { p } ) ] \\

+ \paral le l v \paral le l q { 1 , q } [ { q }ˆ{ 1 } − C \mid m \mid
0 ( \varepsilon + M \paral le l v \paral le l ˆ{ \mu q − q } { 1 , q }
) ] \geq \sigma > 0 , \end{ a l i gned }\ ]

\noindent f o r every $ ( u , v ) $ in the sphere $ S ( 0 , \rho ) $ o f
$ E $ where $ \rho $ i s such that $ 0 < \rho < $ min $ ( \rho 1 , \rho
2 ) $

with

\ [ \rho 1 = [ { pMC }ˆ{ 1 } { \mid m \mid 0 } − \varepsilon{ M }ˆ{ ] } 1 { p { \mu }
− } p and \rho 2 = [ { qMC }ˆ{ 1 } { \mid m \mid 0 } − \varepsilon{ M }ˆ{ ] }
1 { q { \mu } − } q \ ]

\noindent with $ \varepsilon $ s u f f i c i e n t l y smal l .
2 . \quad Choose $ ( \phi , \theta ) \ in E $ such that $ : \phi > 0

, \theta > 0 , $

\ [ supp \phi \subset \Omega ˆ{ + } , supp \theta \subset \Omega ˆ{ + } , \ ]

\noindent where $ \Omega ˆ{ + } = \{ x \ in \Omega ; m ( x ) > 0 \}
. $ Hence , f o r $ t $ s u f f i c i e n t l y l a r g e ,

\ [\ begin { a l i gned } I { R } ( t ˆ{ 1 / p } \phi , t ˆ{ 1 / q } \theta )
= p ˆ{ t } \paral le l \phi \paral le l p { 1 , p } + q ˆ{ t } \paral le l \theta
\paral le l q { 1 , q } − \ int { \Omega } m ( x ) H { R } ( t ˆ{ 1
/ p } \phi , t ˆ{ 1 / q } \theta ) dx \\
\ leq t [ \paral le l \phi { p } \paral le l ˆ{ p } { 1 , p } + \paral le l \theta { q }

\paral le l ˆ{ q } { 1 , q ] } − t ˆ{ \mu } m { R { 0 }}{ R } { \mu { 0 }} \ int { \Omega }
m ( x ) ( ˆ{ phi−p } + \theta ˆ{ q } ) ˆ{ \mu } dx \end{ a l i gned }\ ]

\noindent and so $ \ lim { t \rightarrow + \ infty } I { R } ( t ˆ{ 1 / p }
\phi , t ˆ{ 1 / q } \theta ) = − \ infty , ( $ because $ \mu > 1
) . $ \quad By c o n t i n u i t y o f $ I { R }$
on $ E , $ the re e x i s t s $ ( \phi , \theta ) $ in $ E \setminus B (

0 , \rho ) $ such that $ I { R } ( \phi , \theta ) < 0 . $ \quad By the usua l
Mountain − Pass Theorem , we know that the re e x i s t s a c r i t i c a l po int o f $ I { R }$ which
we denote by $ ( u { R } , v { R } ) , $ \quad and correspond ing to a c r i t i c a l va lue

$ c { R } \geq \sigma . $ \quad Since

\noindent $ ( R { u }ˆ{ + } , R { v }ˆ{ + } ) , $ where $ R { u }ˆ{ + } :
= $ max $ ( u { R } , 0 ) , $ i s a l s o s o l u t i o n f o r the system $ ( S ˆ{ H } { p
, q }ˆ{ R } ) , $ we

\noindent assume $ u { R } \geq 0 $ and $ v { R } \geq 0 . $ P o s i t i v i t y o f $ u { R }$
and $ v { R }$ f o l l o w s from Harnack ’ s in −

e q u a l i t y ( s ee J . S e r r i n [ 7 ] ) . We prove now that , under some c o n d i t i o n s $ , ( u { R }
, v { R } ) $

\noindent i s a l s o s o l u t i o n o f the system ( 2 . 7 ) .

\noindent 3 \quad Exis tence \quad r e s u l t s

\noindent We adapt the Moser i t e r a t i o n used in [ 6 , 9 ] to cons t ruc t two s t r i c t l y unbounded
sequences $ ( \lambda { k } ) k \ in N $ and $ ( \mu k ) k \ in N $

such that $ ( u { R } , v { R } ) $ s a t i s f i e s

\centerline{ i f $\ l e f t \{\ begin { array }{ c} u { R } \ in L ˆ{ \lambda } k ( \Omega ) \\
v { R } \ in L ˆ{ \mu } k ( \Omega ) \end{ array }\ right \}$ \quad then \quad $\ l e f t \{\ begin { array }{ c} u { R }
\ in L ˆ{ \lambda } k + 1 ( \Omega ) \\ v { R } \ in L ˆ{ \mu } k + 1
( \Omega ) . \end{ array }\ right \}$ }

\noindent Bootstrap argument

\noindent Propos i t i on 3 . 1 \quad Under the assumptions o f Theorem 2 . 1 , \quad the re e x i s t two s e −
quences $ ( \lambda { k } ) k $ and $ ( \mu k ) k $ such that

\centerline {1 . \quad For each $ k , u { R }$ and $ v { R }$ belong to $ L ˆ{ \lambda }
k ( \Omega ) $ and $ L ˆ{ \mu } k ( \Omega ) $ r e s p e c t i v e l y }

8 .. Nonlinear elliptic systems with indefinite terms .. EJDE endash 2002 slash 83
For I sub R open parenthesis u comma v closing parenthesis comma we obtain
Line 1 I sub R open parenthesis u comma v closing parenthesis greater equal bar u bar sub 1 comma p to the power of p

bracketleftbig sub p to the power of 1 minus C bar m bar 0 open parenthesis epsilon plus M bar u bar mu sub 1 comma sub
p to the power of p minus p closing parenthesis bracketrightbig Line 2 plus bar v bar q sub 1 comma q bracketleftbig sub q
to the power of 1 minus C bar m bar 0 open parenthesis epsilon plus M bar v bar sub 1 comma q to the power of mu q minus
q closing parenthesis bracketrightbig greater equal sigma greater 0 comma

for every open parenthesis u comma v closing parenthesis in the sphere S open parenthesis 0 comma rho closing parenthesis
of E where rho is such that 0 less rho less min open parenthesis rho 1 comma rho 2 closing parenthesis

with
rho 1 = bracketleftbig sub pMC sub bar m bar 0 to the power of 1 minus epsilon M to the power of bracketrightbig 1

p mu minus p and rho 2 = bracketleftbig sub qMC sub bar m bar 0 to the power of 1 minus epsilon M to the power of
bracketrightbig 1 q mu minus q

with epsilon sufficiently small period
2 period .. Choose open parenthesis phi comma theta closing parenthesis in E such that : phi greater 0 comma theta

greater 0 comma
supp phi subset Capital Omega to the power of plus comma supp theta subset Capital Omega to the power of plus comma
where Capital Omega to the power of plus = open brace x in Capital Omega semicolon m open parenthesis x closing

parenthesis greater 0 closing brace period Hence comma for t sufficiently large comma
Line 1 I sub R open parenthesis t to the power of 1 slash p phi comma t to the power of 1 slash q theta closing parenthesis

= p to the power of t bar phi bar p sub 1 comma p plus q to the power of t bar theta bar q sub 1 comma q minus integral
sub Capital Omega m open parenthesis x closing parenthesis H sub R open parenthesis t to the power of 1 slash p phi comma
t to the power of 1 slash q theta closing parenthesis dx Line 2 less or equal t bracketleftbig bar phi p bar sub 1 comma p to
the power of p plus bar theta sub q bar sub 1 comma q bracketrightbig to the power of q minus t to the power of mu m sub
R sub 0 R sub mu sub 0 integral sub Capital Omega m open parenthesis x closing parenthesis open parenthesis to the power
of phi-p plus theta to the power of q closing parenthesis to the power of mu dx

and so limint sub t right arrow plus infinity I sub R open parenthesis t to the power of 1 slash p phi comma t to the
power of 1 slash q theta closing parenthesis = minus infinity comma open parenthesis because mu greater 1 closing parenthesis
period .. By continuity of I sub R

on E comma there exists open parenthesis phi comma theta closing parenthesis in E backslash B open parenthesis 0 comma
rho closing parenthesis such that I sub R open parenthesis phi comma theta closing parenthesis less 0 period .. By the usual

Mountain hyphen Pass Theorem comma we know that there exists a critical point of I sub R which
we denote by open parenthesis u sub R comma v sub R closing parenthesis comma .. and corresponding to a critical value

c sub R greater equal sigma period .. Since
open parenthesis R u to the power of plus comma R v to the power of plus closing parenthesis comma where R u to the

power of plus : = max open parenthesis u sub R comma 0 closing parenthesis comma is also solution for the system open
parenthesis S sub p comma q to the power of H to the power of R closing parenthesis comma we

assume u sub R greater equal 0 and v sub R greater equal 0 period Positivity of u sub R and v sub R follows from Harnack
quoteright s in hyphen

equality open parenthesis see J period Serrin open square bracket 7 closing square bracket closing parenthesis period We
prove now that comma under some conditions comma open parenthesis u sub R comma v sub R closing parenthesis

is also solution of the system open parenthesis 2 period 7 closing parenthesis period
3 .. Existence .. results
We adapt the Moser iteration used in open square bracket 6 comma 9 closing square bracket to construct two strictly

unbounded
sequences open parenthesis lambda sub k closing parenthesis k in N and open parenthesis mu k closing parenthesis k in N

such that open parenthesis u sub R comma v sub R closing parenthesis satisfies
if Row 1 u sub R in L to the power of lambda k open parenthesis Capital Omega closing parenthesis Row 2 v sub R in L

to the power of mu k open parenthesis Capital Omega closing parenthesis . .. then .. Row 1 u sub R in L to the power of
lambda k plus 1 open parenthesis Capital Omega closing parenthesis Row 2 v sub R in L to the power of mu k plus 1 open
parenthesis Capital Omega closing parenthesis period .

Bootstrap argument
Proposition 3 period 1 .. Under the assumptions of Theorem 2 period 1 comma .. there exist two s e hyphen
quences open parenthesis lambda sub k closing parenthesis k and open parenthesis mu k closing parenthesis k such that
1 period .. For each k comma u sub R and v sub R belong to L to the power of lambda k open parenthesis Capital Omega

closing parenthesis and L to the power of mu k open parenthesis Capital Omega closing parenthesis respectively

8 Nonlinear elliptic systems with indefinite terms EJDE – 2002 / 83 For IR(u, v), we obtain

IR(u, v) ≥ ‖ u ‖p1,p [1p−C | m | 0(ε+M ‖ u ‖ µp−p1, p)]

+ ‖ v ‖ q1,q[
1
q−C | m | 0(ε+M ‖ v ‖µq−q1,q )] ≥ σ > 0,

for every (u, v) in the sphere S(0, ρ) of E where ρ is such that 0 < ρ < min (ρ1, ρ2) with

ρ1 = [1pMC |m|0 − εM ]1pµ−p and ρ2 = [1qMC |m|0 − εM ]1qµ−q

with ε sufficiently small . 2 . Choose (φ, θ) ∈ E such that : φ > 0, θ > 0,

suppφ ⊂ Ω+, suppθ ⊂ Ω+,

where Ω+ = {x ∈ Ω;m(x) > 0}. Hence , for t sufficiently large ,

IR(t1/pφ, t1/qθ) = pt ‖ φ ‖ p1,p + qt ‖ θ ‖ q1,q −
∫

Ω

m(x)HR(t1/pφ, t1/qθ)dx

≤ t[‖ φp ‖p1,p + ‖ θq ‖q1,q] −t
µmR0Rµ0

∫
Ω

m(x)(phi−p+θq)µdx

and so limt→+∞ IR(t1/pφ, t1/qθ) = −∞, ( because µ > 1). By continuity of IR on E, there
exists (φ, θ) in E \B(0, ρ) such that IR(φ, θ) < 0. By the usual Mountain - Pass Theorem ,
we know that there exists a critical point of IR which we denote by (uR, vR), and corresponding
to a critical value cR ≥ σ. Since
(R+

u , R
+
v ), where R+

u := max (uR, 0), is also solution for the system (SHp,q
R), we

assume uR ≥ 0 and vR ≥ 0. Positivity of uR and vR follows from Harnack ’ s in - equality ( see
J . Serrin [ 7 ] ) . We prove now that , under some conditions , (uR, vR)
is also solution of the system ( 2 . 7 ) .

3 Existence results
We adapt the Moser iteration used in [ 6 , 9 ] to construct two strictly unbounded sequences
(λk)k ∈ N and (µk)k ∈ N such that (uR, vR) satisfies

if

{
uR ∈ Lλk(Ω)
vR ∈ Lµk(Ω)

}
then

{
uR ∈ Lλk + 1(Ω)
vR ∈ Lµk + 1(Ω).

}
Bootstrap argument
Proposition 3 . 1 Under the assumptions of Theorem 2 . 1 , there exist two s e - quences
(λk)k and (µk)k such that

1 . For each k, uR and vR belong to Lλk(Ω) and Lµk(Ω) respectively
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\centerline {2 . \quad There e x i s t two p o s i t i v e cons tant s $ C { p }$ and $ C { q }$ such that }

\hspace ∗{\ f i l l } $ \paral le l u { R } \paral le l { \ infty } \ leq $ l im sup $ \paral le l
u { R } \paral le l { L } \lambda { k } \ leq C { p } , $ \quad and \quad $ \paral le l
v { R } \paral le l { \ infty } \ leq $ l im sup $ \paral le l v { R } \paral le l L ˆ{ \mu }
k \ leq C { q } . $

\ [ k \rightarrow + \ infty k \rightarrow + \ infty \ ]

\noindent Lemma 3 . 2 \quad Let $ ( a { k } ) k \ in N $ and $ ( b { k } )
k \ in N $ be two p o s i t i v e s equences s a t i s f y i n g , f o r

each i n t e g er $ k , $ the r e l a t i o ns

\begin { a l i g n ∗}
p +{ \lambda } { k } a { k } + q{ ( } \mu { \mu }ˆ{ − } { k } 1 ) = 1 ,

and q + { \mu k } b { k } + p{ ( } \mu − { \lambda } { k } 1 ) = 1 . \ tag ∗{$ (
3 . 1 ) $}
\end{ a l i g n ∗}

\noindent I f $ u { R }$ and $ v { R }$ are in $ L ˆ{ \lambda } k ( \Omega ) $
and $ L ˆ{ \mu } k ( \Omega ) $ r e s p e c t i v e l y $ , \lambda { k + 1 } \ leq
( 1 + a { k }{ p } ) \pi { p } , \mu k + 1 \ leq $

$ ( 1 + b { q }ˆ{ k } ) \pi { q }$ with $ 1 < \pi { p } < p ˆ{ ∗ }$
and $ 1 < \pi { q } < q ˆ{ ∗ } , $ th en we have :

\begin { a l i g n ∗}
\paral le l u { R } \paral le l ˆ{ \lambda { k + 1 }} { \lambda { k + 1 }} \ leq

K { p } \{ \theta { p } [ 1 + a { k }{ p } ] [ C { R } \mid m \mid
0 ( \paral le l u { R } \paral le l ˆ{ \lambda { k }} { \lambda { k }} + \paral le l
v { R } \paral le l ˆ{ \mu k } { \mu k } ) ] 1 / p \} 1 ˆ{ \lambda }ˆ{ k
+ 1 } { + ˆ{ k ˆ{ a }} { p }} , \ tag ∗{$ ( 3 . 2 ) $}\\ \paral le l v { R } \paral le l ˆ{ \mu
k + 1 } { \mu k + 1 } \ leq K { q } \{ \theta { q } [ 1 + b { q }ˆ{ k }
] [ C { R } \mid m \mid 0 ( \paral le l u { R } \paral le l ˆ{ \lambda { k }} { \lambda { k }}
+ \paral le l v { R } \paral le l ˆ{ \mu k } { \mu k } ) ] 1 { q } \} b ˆ{ q } {\mu{ 1 }ˆ{ k
+ } { + ˆ{ k }}ˆ{ 1 }}\ tag ∗{$ ( 3 . 3 ) $}
\end{ a l i g n ∗}

\noindent where $ \paral le l z \paral le l { \beta }$ i s $ \paral le l z \paral le l
L ˆ{ \beta } ( \Omega ) $ and $ K { p } , K { q } , \theta { p } , $ and
$ \theta { q }$ are p o s i t i v e cons tant s .

\noindent Proof . \quad Remark that i f , f o r an i n f i n i t e number o f i n t e g e r s $ k , \paral le l
u { R } \paral le l \lambda { k } \ leq 1 $ then

$ \paral le l u { R } \paral le l { \ infty } \ leq 1 $ and p r o p o s i t i o n 1 i s proved . So we suppose that
$ \paral le l u { R } \paral le l \lambda { k } \geq 1 $ f o r a l l

\noindent $ k \ in N . $ Let $ \zeta { n } , n \ in N , $ be $ C ˆ{ 1 }$
f u n c t i o n s such that

\ [\ begin { a l i gned } \zeta { n } ( s ) = s i f s \ leq n \\
\zeta { n } ( s ) = n + 1 i f s \geq n + 2 \\
0 < \zeta ˆ{ \prime } { n } ( s ) < 1 i f s \ in R ˆ{ + } . \end{ a l i gned }\ ]

\noindent Put $ u { n } : = \zeta { n } ( u { R } ) , $ then $ n { u }ˆ{ 1
+ a { k }} \ in W ˆ{ 1 , p } { 0 } ( \Omega ) \cap L ˆ{ \ infty } ( \Omega
) $ and $ u { R }$ s a t i s f i e s the f i r s t

\noindent equat ion o f the system ( 2 . 7 ) . \quad Mult ip ly t h i s equat ion by $ n { u }ˆ{ 1
+ a { k }}$ \quad and i n t e g r a t e

over $ \Omega $ to get

\ [\ begin { a l i gned } \ int { \Omega } − \Delta { p } u { R } . n { u }ˆ{ 1 + a { k }}
dx = \ int { \Omega } m ( x ) \partial { \partial }ˆ{ H { R }} { u } ( u { R }
, v { R } ) n { u }ˆ{ 1 + a { k }} dx \\
\ leq 2 ˆ{ \mu − 1 } C { R } \mid m \mid 0 \ int { \Omega } ( 1 +

p { u { R }}ˆ{ \mu − 1 } + p { u { R }}ˆ{ − 1 } v ˆ{ q \mu − q } { R }
) n { u }ˆ{ 1 + a { k }} dx . \end{ a l i gned }\ ]

\noindent Since $ u { n } \ leq u { R } , $ we have

\ [\ begin { a l i gned } \ int { \Omega } − \Delta { p } u { R } . n { u }ˆ{ 1 + a { k }}
dx \\
\ leq 2 ˆ{ \mu − 1 } C { R } \mid m \mid 0 \{ \ int { \Omega } 1{ R { u }}ˆ{ +

a { k }} dx + \ int { \Omega } p { u { R }}ˆ{ \mu + a { k }} dx + \ int { \Omega }
p { u { R }}ˆ{ + a { k }} v ˆ{ q \mu − q } { R } dx \} { . }\end{ a l i gned }\ ]

\noindent Using H $ \ddot{o} $ l d e r ’ s i n e q u a l i t y , we obta in

\begin { a l i g n ∗}
\ tag ∗{$ \ int { \Omega } − \Delta { p } u { R } . n { u }ˆ{ 1 + a { k }} dx $} \ leq
2 ˆ{ \mu − 1 } C { R } \mid m \mid 0 \{ ( meas \Omega ) ˆ{ 1 − }
1 + { \lambda { k }} a { k } \paral le l u { R } \paral le l ˆ{ 1 + a { k }} { \lambda { k }}
+ \paral le l u { R } \paral le l ˆ{ p \mu + a { k }} { p \mu + a { k }}\\ +
\paral le l u { R } \paral le l p + { \lambda }ˆ{ a { k }} { k } \paral le l v { R }
\paral le l \mu ˆ{ q \mu }ˆ{ − q } { k } \} { . }
\end{ a l i g n ∗}
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2 period .. There exist two positive constants C sub p and C sub q such that
bar u sub R bar sub infinity less or equal lim sup bar u sub R bar sub L lambda sub k less or equal C sub p comma ..

and .. bar v sub R bar sub infinity less or equal lim sup bar v sub R bar L to the power of mu k less or equal C sub q period
k right arrow plus infinity k right arrow plus infinity
Lemma 3 period 2 .. Let open parenthesis a sub k closing parenthesis k in N and open parenthesis b sub k closing

parenthesis k in N be two positive s equences satisfying comma for
each integ er k comma the relatio ns
Equation: open parenthesis 3 period 1 closing parenthesis .. p plus lambda sub k a sub k plus q open parenthesis mu sub

mu sub k to the power of minus 1 closing parenthesis = 1 comma and q plus sub mu k b sub k plus p open parenthesis mu
minus lambda sub k 1 closing parenthesis = 1 period

If u sub R and v sub R are in L to the power of lambda k open parenthesis Capital Omega closing parenthesis and L to
the power of mu k open parenthesis Capital Omega closing parenthesis respectively comma lambda sub k plus 1 less or equal
open parenthesis 1 plus a sub k p closing parenthesis pi sub p comma mu k plus 1 less or equal

open parenthesis 1 plus b q to the power of k closing parenthesis pi sub q with 1 less pi sub p less p to the power of * and
1 less pi sub q less q to the power of * comma th en we have :

Equation: open parenthesis 3 period 2 closing parenthesis .. bar u sub R bar sub lambda sub k plus 1 to the power of
lambda sub k plus 1 less or equal K sub p open brace theta sub p bracketleftbig 1 plus a sub k p bracketrightbig bracketleftbig
C sub R bar m bar 0 open parenthesis bar u sub R bar sub lambda sub k to the power of lambda sub k plus bar v sub R
bar sub mu k to the power of mu k closing parenthesis bracketrightbig 1 slash p closing brace 1 to the power of lambda sub
plus to the power of k to the power of a sub p to the power of k plus 1 comma Equation: open parenthesis 3 period 3 closing
parenthesis .. bar v sub R bar sub mu k plus 1 to the power of mu k plus 1 less or equal K sub q open brace theta sub q
bracketleftbig 1 plus b q to the power of k bracketrightbig bracketleftbig C sub R bar m bar 0 open parenthesis bar u sub R
bar sub lambda sub k to the power of lambda sub k plus bar v sub R bar sub mu k to the power of mu k closing parenthesis
bracketrightbig 1 q closing brace b from q to mu 1 sub plus to the power of k to the power of k plus to the power of 1

where bar z bar sub beta is bar z bar L to the power of beta open parenthesis Capital Omega closing parenthesis and K
sub p comma K sub q comma theta sub p comma and theta sub q are positive constants period

Proof period .. Remark that if comma for an infinite number of integers k comma bar u sub R bar lambda sub k less or
equal 1 then

bar u sub R bar sub infinity less or equal 1 and proposition 1 is proved period So we suppose that bar u sub R bar lambda
sub k greater equal 1 for all

k in N period Let zeta sub n comma n in N comma be C to the power of 1 functions such that
Line 1 zeta sub n open parenthesis s closing parenthesis = s if s less or equal n Line 2 zeta sub n open parenthesis s closing

parenthesis = n plus 1 if s greater equal n plus 2 Line 3 0 less zeta sub n to the power of prime open parenthesis s closing
parenthesis less 1 if s in R to the power of plus period

Put u sub n : = zeta sub n open parenthesis u sub R closing parenthesis comma then n u to the power of 1 plus a sub
k in W sub 0 to the power of 1 comma p open parenthesis Capital Omega closing parenthesis cap L to the power of infinity
open parenthesis Capital Omega closing parenthesis and u sub R satisfies the first

equation of the system open parenthesis 2 period 7 closing parenthesis period .. Multiply this equation by n u to the power
of 1 plus a sub k .. and integrate

over Capital Omega to get
Line 1 integral sub Capital Omega minus Capital Delta sub p u sub R period n u to the power of 1 plus a sub k dx =

integral sub Capital Omega m open parenthesis x closing parenthesis partialdiff sub partialdiff sub u to the power of H sub
R open parenthesis u sub R comma v sub R closing parenthesis n u to the power of 1 plus a sub k dx Line 2 less or equal 2
to the power of mu minus 1 C sub R bar m bar 0 integral sub Capital Omega open parenthesis 1 plus p u sub R to the power
of mu minus 1 plus p u sub R to the power of minus 1 v sub R to the power of q mu minus q closing parenthesis n u to the
power of 1 plus a sub k dx period

Since u sub n less or equal u sub R comma we have
Line 1 integral sub Capital Omega minus Capital Delta sub p u sub R period n u to the power of 1 plus a sub k dx Line 2

less or equal 2 to the power of mu minus 1 C sub R bar m bar 0 open brace integral sub Capital Omega 1 R u to the power
of plus a sub k dx plus integral sub Capital Omega p u sub R to the power of mu plus a sub k dx plus integral sub Capital
Omega p u sub R to the power of plus a sub k v sub R to the power of q mu minus q dx closing brace sub period

Using H o-dieresis lder quoteright s inequality comma we obtain
Equation: integral sub Capital Omega minus Capital Delta sub p u sub R period n u to the power of 1 plus a sub k dx

.. less or equal 2 to the power of mu minus 1 C sub R bar m bar 0 open brace open parenthesis meas Capital Omega closing
parenthesis to the power of 1 minus 1 plus lambda sub k a sub k bar u sub R bar sub lambda sub k to the power of 1 plus a
sub k plus bar u sub R bar sub p mu plus a sub k to the power of p mu plus a sub k plus bar u sub R bar p plus lambda sub
k to the power of a sub k bar v sub R bar mu to the power of q mu sub k to the power of minus q closing brace sub period
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2 . There exist two positive constants Cp and Cq such that
‖ uR ‖∞≤ lim sup ‖ uR ‖L λk ≤ Cp, and ‖ vR ‖∞≤ lim sup ‖ vR ‖ Lµk ≤ Cq.

k → +∞ k → +∞

Lemma 3 . 2 Let (ak)k ∈ N and (bk)k ∈ N be two positive s equences satisfying , for each
integ er k, the relatio ns

p+ λkak + q(µ−µ k1) = 1, and q +µk bk + p(µ− λk1) = 1. (3.1)

If uR and vR are in Lλk(Ω) and Lµk(Ω) respectively , λk+1 ≤ (1+akp)πp, µk+1 ≤ (1+bkq )πq
with 1 < πp < p∗ and 1 < πq < q∗, th en we have :

‖ uR ‖
λk+1

λk+1
≤ Kp{θp[1 + akp][CR | m | 0(‖ uR ‖λkλk + ‖ vR ‖µkµk)]1/p}1λk+1

+kap
, (3.2)

‖ vR ‖µk+1
µk+1≤ Kq{θq[1 + bkq ][CR | m | 0(‖ uR ‖λkλk + ‖ vR ‖µkµk)]1q}bqµ1k+

+k
1

(3.3)

where ‖ z ‖β is ‖ z ‖ Lβ(Ω) and Kp,Kq, θp, and θq are positive constants .
Proof . Remark that if , for an infinite number of integers k, ‖ uR ‖ λk ≤ 1 then ‖ uR ‖∞≤ 1
and proposition 1 is proved . So we suppose that ‖ uR ‖ λk ≥ 1 for all
k ∈ N. Let ζn, n ∈ N, be C1 functions such that

ζn(s) = s ifs ≤ n
ζn(s) = n+ 1 if s ≥ n+ 2

0 < ζ ′n(s) < 1 if s ∈ R+.

Put un := ζn(uR), then n1+ak
u ∈W 1,p

0 (Ω) ∩ L∞(Ω) and uR satisfies the first
equation of the system ( 2 . 7 ) . Multiply this equation by n1+ak

u and integrate over Ω to
get ∫

Ω

−∆puR.n
1+ak
u dx =

∫
Ω

m(x)∂HR∂ u(uR, vR)n1+ak
u dx

≤ 2µ−1CR | m | 0
∫

Ω

(1 + pµ−1
uR + p−1

uRv
qµ−q
R )n1+ak

u dx.

Since un ≤ uR, we have ∫
Ω

−∆puR.n
1+ak
u dx

≤ 2µ−1CR | m | 0{
∫

Ω

1Ru
+akdx+

∫
Ω

pµ+ak
uR dx+

∫
Ω

p+ak
uR vqµ−qR dx}.

Using H ö lder ’ s inequality , we obtain

≤ 2µ−1CR | m | 0{(measΩ)1−1 +λk ak ‖ uR ‖
1+ak
λk

+ ‖ uR ‖pµ+ak
pµ+ak

∫
Ω
−∆puR.n

1+ak
u dx

+ ‖ uR ‖ p+ λakk ‖ vR ‖ µ
qµ−q
k }.
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We s h a l l show below that $ p \mu + a { k } = \lambda { k } . $ S ince $ \paral le l

u { R } \paral le l \lambda { k } \geq 1 , $ we get

\ [\ begin { a l i gned } \ int { \Omega } − \Delta { p } u { R } . n { u }ˆ{ 1 + a { k }}
dx \\
\ leq 2 ˆ{ \mu − 1 } C { R } \mid m \mid 0 \max ( 1 , meas \Omega

) [ 2 \paral le l u { R } \paral le l \lambda ˆ{ \lambda { k }} { k } + \paral le l
u { R } \paral le l p + a { \lambda }ˆ{ k } { k } \paral le l v { R } \paral le l
\mu ˆ{ q \mu }ˆ{ − q ] } { k } . \end{ a l i gned }\ ]

\noindent Moreover , us ing the r e l a t i o n ( 3 . 1 ) , we obta in

\ [ \paral le l u { R } \paral le l p + { \lambda }ˆ{ a { k }} { k } \paral le l v { R }
\paral le l \mu ˆ{ q \mu }ˆ{ − q } { k } \ leq \paral le l u { R } \paral le l ˆ{ \lambda { k }} { \lambda { k }}
+ \paral le l v { R } \paral le l ˆ{ \mu k } { \mu k } , \ ]

\noindent so , with $ c { 0 } : = 3 $ max ( 1 , meas $ \Omega ) , $

\begin { a l i g n ∗}
\ int { \Omega } − \Delta { p } u { R } . n { u }ˆ{ 1 + a { k }} dx \ leq

2 ˆ{ \mu − 1 } c { 0 } C { R } \mid m \mid 0 [ \paral le l u { R } \paral le l ˆ{ \lambda { k }} { \lambda { k }}
+ \paral le l v { R } \paral le l ˆ{ \mu k } { \mu k }ˆ{ ] } . \ tag ∗{$ ( 3 . 4
) $}
\end{ a l i g n ∗}

\noindent On the other hand we have

\ [\ begin { a l i gned } \ int { \Omega } − \Delta { p } u { R } . n { u }ˆ{ 1 + a { k }}
dx = ( 1 + a { k } ) \ int { \Omega } \mid \nabla u { R } \mid ˆ{ p }
\zeta ˆ{ \prime } { n } ( u { R } ) u ˆ{ a { k }} { n } dx \\
\geq ( 1 + a { k } ) \ int { \Omega } \mid \nabla u { R } \mid ˆ{ p }

( \zeta ˆ{ \prime } { n } ( u { R } ) ) ˆ{ p } u ˆ{ a { k }} { n } dx \\
= ( 1 + a { k } ) \ int { \Omega } \mid \nabla u { n } \mid ˆ{ p } u ˆ{ a { k }} { n }

dx \end{ a l i gned }\ ]

\noindent and thus

\begin { a l i g n ∗}
\ int { \Omega } − \Delta { p } u { R } . n { u }ˆ{ 1 + a { k }} dx \geq
\ int { \Omega } \mid \nabla u { n } \mid ˆ{ p } u ˆ{ a { k }} { n } dx . \ tag ∗{$ (
3 . 5 ) $}
\end{ a l i g n ∗}

\noindent Since $ 1 + { n { u }} a { k }{ p } \ in W ˆ{ 1 , p } { 0 } ( \Omega
) , $ the cont inuous imbedding o f $ W ˆ{ 1 , p } { 0 } ( \Omega ) $ in $ L ˆ{ \pi }
p ( \Omega ) $ i m p l i e s

the e x i s t e n c e o f a p o s i t i v e constant $ c $ such that

\begin { a l i g n ∗}
( \ int { \Omega } \mid 1 + { n { u }} a { k }{ p } \pi { p } \mid dx )

1 { \pi { p }} \ leq c ( \ int { \Omega } \mid \nabla 1 + { n { u }} a { k }{ p }
\mid ˆ{ p } dx ) 1 / p \\ = c [ 1 + a { k }{ p } ] ( \ int { \Omega }
u ˆ{ a { k }} { n } \mid \nabla u { n } \mid ˆ{ p } dx ) 1 / p { . }\ tag ∗{$ (
3 . 6 ) $}
\end{ a l i g n ∗}

\noindent By assumption , we have $ \lambda { k + 1 } \ leq j k : = [ 1
+ a { k }{ p } ] \pi { p } . $ Then

\ [ \paral le l u { n } \paral le l \lambda { k + 1 } \ leq ( meas \Omega ) ˆ{ m { k }}
\paral le l u { n } \paral le l { j k } , where m { k } : = 1{ \lambda { k }} { +
1 } − ( 1 + a { k }ˆ{ p } { 1 } ) \pi { p }\ ]

\noindent and thus

\ [ \paral le l u { n } \paral le l ˆ{ \lambda { k + 1 }} { \lambda { k + 1 }} \ leq
K { p } \paral le l u { n } \paral le l ˆ{ \lambda { k + 1 }} { j k }\ ]

\noindent where $ K { p }$ i s a p o s i t i v e constant g r e a t e r than ( meas $ \Omega ) ˆ{ m { k }
\lambda { k + 1 }}$ independent ly o f

the i n t e g e r $ k . $ By the r e l a t i o n ( 3 . 6 ) ,

\begin { a l i g n ∗}
\paral le l u { n } \paral le l \lambda { k + }{ j }ˆ{ 1 } { k } \ leq [ c [

1 + a { k }{ p } ] ( \ int { \Omega } u ˆ{ a { k }} { n } \mid \nabla u { n }
\mid ˆ{ p } dx ) 1 / p ] \lambda { k + 1 }{ 1 { a }} { + ˆ{ k } { p }}
. \ tag ∗{$ ( 3 . 7 ) $}
\end{ a l i g n ∗}
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We shall show below that p mu plus a sub k = lambda sub k period Since bar u sub R bar lambda sub k greater equal 1

comma we get
Line 1 integral sub Capital Omega minus Capital Delta sub p u sub R period n u to the power of 1 plus a sub k dx Line 2

less or equal 2 to the power of mu minus 1 C sub R bar m bar 0 maximum open parenthesis 1 comma meas Capital Omega
closing parenthesis bracketleftbig 2 bar u sub R bar lambda sub k to the power of lambda sub k plus bar u sub R bar p plus
a lambda sub k to the power of k bar v sub R bar mu to the power of q mu sub k to the power of minus q bracketrightbig
period

Moreover comma using the relation open parenthesis 3 period 1 closing parenthesis comma we obtain
bar u sub R bar p plus lambda sub k to the power of a sub k bar v sub R bar mu to the power of q mu sub k to the power

of minus q less or equal bar u sub R bar sub lambda sub k to the power of lambda sub k plus bar v sub R bar sub mu k to
the power of mu k comma

so comma with c sub 0 : = 3 max open parenthesis 1 comma meas Capital Omega closing parenthesis comma
Equation: open parenthesis 3 period 4 closing parenthesis .. integral sub Capital Omega minus Capital Delta sub p u sub

R period n u to the power of 1 plus a sub k dx less or equal 2 to the power of mu minus 1 c sub 0 C sub R bar m bar 0
bracketleftbig bar u sub R bar sub lambda sub k to the power of lambda sub k plus bar v sub R bar sub mu k to the power
of mu k to the power of bracketrightbig period

On the other hand we have
Line 1 integral sub Capital Omega minus Capital Delta sub p u sub R period n u to the power of 1 plus a sub k dx =

open parenthesis 1 plus a sub k closing parenthesis integral sub Capital Omega bar nabla u sub R bar to the power of p zeta
sub n to the power of prime open parenthesis u sub R closing parenthesis u sub n to the power of a sub k dx Line 2 greater
equal open parenthesis 1 plus a sub k closing parenthesis integral sub Capital Omega bar nabla u sub R bar to the power
of p open parenthesis zeta sub n to the power of prime open parenthesis u sub R closing parenthesis closing parenthesis to
the power of p u sub n to the power of a sub k dx Line 3 = open parenthesis 1 plus a sub k closing parenthesis integral sub
Capital Omega bar nabla u sub n bar to the power of p u sub n to the power of a sub k dx

and thus
Equation: open parenthesis 3 period 5 closing parenthesis .. integral sub Capital Omega minus Capital Delta sub p u sub

R period n u to the power of 1 plus a sub k dx greater equal integral sub Capital Omega bar nabla u sub n bar to the power
of p u sub n to the power of a sub k dx period

Since 1 plus n u a sub k p in W sub 0 to the power of 1 comma p open parenthesis Capital Omega closing parenthesis
comma the continuous imbedding of W sub 0 to the power of 1 comma p open parenthesis Capital Omega closing parenthesis
in L to the power of pi p open parenthesis Capital Omega closing parenthesis implies

the existence of a positive constant c such that
open parenthesis integral sub Capital Omega bar 1 plus n u a sub k p pi sub p bar dx closing parenthesis 1 pi sub p less or

equal c open parenthesis integral sub Capital Omega bar nabla 1 plus n u a sub k p bar to the power of p dx closing parenthesis
1 slash p Equation: open parenthesis 3 period 6 closing parenthesis .. = c bracketleftbig 1 plus a sub k p bracketrightbig open
parenthesis integral sub Capital Omega u sub n to the power of a sub k bar nabla u sub n bar to the power of p dx closing
parenthesis 1 slash p sub period

By assumption comma we have lambda sub k plus 1 less or equal j k : = bracketleftbig 1 plus a sub k p bracketrightbig
pi sub p period Then

bar u sub n bar lambda sub k plus 1 less or equal open parenthesis meas Capital Omega closing parenthesis to the power
of m sub k bar u sub n bar sub j k comma where m sub k : = 1 lambda sub k sub plus 1 minus open parenthesis 1 plus a sub
k from p to 1 closing parenthesis pi sub p

and thus
bar u sub n bar sub lambda sub k plus 1 to the power of lambda sub k plus 1 less or equal K sub p bar u sub n bar sub j

k to the power of lambda sub k plus 1
where K sub p is a positive constant greater than open parenthesis meas Capital Omega closing parenthesis to the power

of m sub k lambda sub k plus 1 independently of
the integer k period By the relation open parenthesis 3 period 6 closing parenthesis comma
Equation: open parenthesis 3 period 7 closing parenthesis .. bar u sub n bar lambda sub k plus j sub k to the power of

1 less or equal open square bracket c open square bracket 1 plus a sub k p closing square bracket open parenthesis integral
sub Capital Omega u sub n to the power of a sub k bar nabla u sub n bar to the power of p dx closing parenthesis 1 slash p
closing square bracket lambda sub k plus 1 1 a sub plus to the power of k sub p period

1 0 Nonlinear elliptic systems with indefinite terms EJDE – 2002 / 83 We shall show below
that pµ+ ak = λk. Since ‖ uR ‖ λk ≥ 1, we get ∫

Ω

−∆puR.n
1+ak
u dx

≤ 2µ−1CR | m | 0 max(1,measΩ)[2 ‖ uR ‖ λλkk + ‖ uR ‖ p+ aλkk ‖ vR ‖ µqµ
−q]
k .

Moreover , using the relation ( 3 . 1 ) , we obtain

‖ uR ‖ p+ λakk ‖ vR ‖ µ
qµ−q
k ≤‖ uR ‖

λk
λk

+ ‖ vR ‖µkµk,

so , with c0 := 3 max ( 1 , meas Ω),

∫
Ω

−∆puR.n
1+ak
u dx ≤ 2µ−1c0CR | m | 0[‖ uR ‖λkλk + ‖ vR ‖µkµk

]. (3.4)

On the other hand we have∫
Ω

−∆puR.n
1+ak
u dx = (1 + ak)

∫
Ω

| ∇uR |p ζ ′n(uR)uakn dx

≥ (1 + ak)

∫
Ω

| ∇uR |p (ζ ′n(uR))puakn dx

= (1 + ak)

∫
Ω

| ∇un |p uakn dx

and thus

∫
Ω

−∆puR.n
1+ak
u dx ≥

∫
Ω

| ∇un |p uakn dx. (3.5)

Since 1 + nuakp ∈ W 1,p
0 (Ω), the continuous imbedding of W 1,p

0 (Ω) in Lπp(Ω) implies the
existence of a positive constant c such that

(

∫
Ω

| 1 + nuakpπp | dx)1πp ≤ c(

∫
Ω

| ∇1 + nuakp |p dx)1/p

= c[1 + akp](

∫
Ω

uakn | ∇un |p dx)1/p. (3.6)

By assumption , we have λk+1 ≤ jk := [1 + akp]πp. Then

‖ un ‖ λk+1 ≤ (measΩ)mk ‖ un ‖jk, wheremk := 1λk+1 − (1 + apk1)πp

and thus

‖ un ‖
λk+1

λk+1
≤ Kp ‖ un ‖

λk+1

jk

where Kp is a positive constant greater than ( meas Ω)mkλk+1 independently of the integer k. By
the relation ( 3 . 6 ) ,

‖ un ‖ λk+j
1
k ≤ [c[1 + akp](

∫
Ω

uakn | ∇un |p dx)1/p]λk+11a+kp
. (3.7)
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Combining the i n e q u a l i t i e s ( 3 . 4 ) − ( 3 . 7 ) , we deduce

\ [ \paral le l u { n } \paral le l ˆ{ \lambda { k + 1 }} { \lambda { k + 1 }} \ leq
K { p } \{ \theta { p } [ 1 + a { k }{ p } ] \{ C { R } \mid m \mid
0 ( \paral le l u { R } \paral le l ˆ{ \lambda { k }} { \lambda { k }} + \paral le l
v { R } \paral le l ˆ{ \mu k } { \mu k } ) \} ˆ{ 1 / p } \} 1 ˆ{ \lambda }ˆ{ k
+ 1 } { + ˆ{ a } { p }ˆ{ k }} , \ ]

\noindent with $ \theta { p } = 2 ˆ{ \mu }ˆ{ − 1 } { p } c ˆ{ 1 / p } { 0 } c
. $ Hence , by l e t t i n g $ n \rightarrow + \ infty , $ we obta in ( 3 . 2 ) . S i m i l a r l y we

\noindent show ( 3 . 3 ) .

\noindent Construct ion and d e f i n i t i o n o f $ ( \lambda { k } ) k $ and \quad $ ( \mu
k ) k . $

\noindent Here we cons t ruc t the sequences $ ( \lambda { k } ) k $ and $ ( \mu
k ) k $ us ing t o o l s s i m i l a r as those

\noindent in [ O ] or [ TV ] . The f i r s t terms o f each sequence cannot be determined d i r e c t l y
by us ing the R e l l i c h − Kondrachov cont inuous imbedding r e s u l t . So , we f i r s t con −
s t r u c t two other sequences $ ( ˆ{ \widehat{\lambda} } k ) k $ and $ ( \widehat{\mu}

k ) k , $ such that f o r each $ k , u { R }$ and $ v { R }$
belong to $ L ˆ{ \widehat{\lambda} } k ( \Omega ) $ and $ L ˆ{ \widehat{\mu} }

k ( \Omega ) $ r e s p e c t i v e l y . \quad By a s u i t a b l e cho i c e o f $ k { 0 } , \widehat{\lambda} { k { 0 }}$
and

\noindent $ \widehat{\mu} k { 0 }$ determine the f i r s t terms o f $ ( \lambda { k }
) k $ and $ ( \mu k ) k $

\noindent Construct ion o f $ ( ˆ{ \widehat{\lambda} } k ) k $ and $ ( \widehat{\mu}
k ) k . $

\noindent Suppose $ p \ leq q , $ and f i x a number $ s , $ such that $ cp /
p ˆ{ ∗ } < s < 1 / \mu . $ Put

\ [ \widehat{C} : = 2 ˆ{ 1 } + s { 2 } p ˆ{ ∗ } { p } . \ ]

\noindent $ Remark { and \widehat{\mu} k = } that { \mu q ˆ{ \widehat{C} ˆ{ k }}}ˆ{ \widehat{C} } { . }
> 1 , { By } 1 { de f i n i t i o n } < \mu p ˆ{ \widehat{C} } < p ˆ{ ∗ }{ o f } { (
a }ˆ{ and } { k ˆ{ ) , }} 1 { we }ˆ{ < } \mu q ˆ{ \widehat{C} }{ have } < q ˆ{ ∗ }
. $ Now , we take $ \widehat{\lambda} { k } = \mu p ˆ{ \widehat{C} ˆ{ k }}$

\ [ p +{ \widehat{\lambda} } { k } a { k } + \mu { \widehat{\mu} }ˆ{ − } { k } 1 q
= 1 \ ]

\noindent then $ a { k } = \widehat{\lambda} { k } − p \mu . $ S i m i l a r l y , we f i n d
$ b { k } = \widehat{\mu} k − q \mu . $
Lemma 3 . 3 \quad For each i n t e g e r $ k , u { R } \ in L ˆ{ \widehat{\lambda} } k

( \Omega ) $ and $ v { R } \ in L ˆ{ \widehat{\mu} } k ( \Omega ) . $

\noindent Proof . \ h f i l l By induct i on . \ h f i l l For $ k = 0 , \widehat{\lambda} { 0 }
= \mu p < p ˆ{ ∗ } , \widehat{\mu} 0 = \mu q < q ˆ{ ∗ } , $ and s i n c e

\noindent $ ( u { R } , v { R } ) \ in E , $ by the Sobolev imbedding theorem , we have
$ u { R } \ in L ˆ{ \widehat{\lambda} } 0 ( \Omega ) $ and

\begin { a l i g n ∗}
v { R } \ in L ˆ{ \widehat{\mu} } 0 ( \Omega ) .
\end{ a l i g n ∗}

Suppose that the p r o p o s i t i o n i s t rue f o r a l l i n t e g e r s $ k ˆ{ \prime }$ such that $ 0 \ leq
k ˆ{ \prime } \ leq k . $

Take

\begin { a l i g n ∗}
\pi { p } = \mu p ˆ{ \widehat{C} } and \pi { q } = \mu q ˆ{ \widehat{C} }

. \\ Since u { R } \ in L ˆ{ \widehat{\lambda} } k ( \Omega ) and \\ [ 1
+ a { k }{ p } ] \pi { p } = [ 1 + \widehat{\lambda} { k } −{ p } \mu p
] \mu p ˆ{ \widehat{C} } = \mu p ˆ{ \widehat{C} } + \mu ˆ{ 2 } p ˆ{ \widehat{C} ˆ{ k
+ 1 }} − \mu ˆ{ 2 } p ˆ{ \widehat{C} } \geq \mu p ˆ{ \widehat{C} ˆ{ k + 1 }}
\end{ a l i g n ∗}

\noindent i . e $ . [ 1 + a { k }{ p } ] \pi { p } \geq \widehat{\lambda} { k
+ 1 , }$ Lemma 3 a l l ows us to wr i t e $ u { R } \ in L ˆ{ \widehat{\lambda} } k +
1 ( \Omega ) $ and $ v { R } \ in $

\begin { a l i g n ∗}
L ˆ{ \widehat{\mu} } k + 1 ( \Omega ) .
\end{ a l i g n ∗}
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Combining the inequalities open parenthesis 3 period 4 closing parenthesis hyphen open parenthesis 3 period 7 closing

parenthesis comma we deduce
bar u sub n bar sub lambda sub k plus 1 to the power of lambda sub k plus 1 less or equal K sub p braceleftbigg theta

sub p bracketleftbig 1 plus a sub k p bracketrightbig braceleftbig C sub R bar m bar 0 open parenthesis bar u sub R bar
sub lambda sub k to the power of lambda sub k plus bar v sub R bar sub mu k to the power of mu k closing parenthesis
bracerightbig to the power of 1 slash p bracerightbigg 1 to the power of lambda sub plus to the power of a sub p to the power
of k to the power of k plus 1 comma

with theta sub p = 2 to the power of mu sub p to the power of minus 1 c sub 0 to the power of 1 slash p c period Hence
comma by letting n right arrow plus infinity comma we obtain open parenthesis 3 period 2 closing parenthesis period Similarly
we

show open parenthesis 3 period 3 closing parenthesis period
Construction and definition of open parenthesis lambda sub k closing parenthesis k and .. open parenthesis mu k closing

parenthesis k period
Here we construct the sequences open parenthesis lambda sub k closing parenthesis k and open parenthesis mu k closing

parenthesis k using tools similar as those
in open square bracket O closing square bracket or open square bracket TV closing square bracket period The first terms

of each sequence cannot be determined directly
by using the Rellich hyphen Kondrachov continuous imbedding result period So comma we first con hyphen
struct two other sequences open parenthesis to the power of lambda-hatwide k closing parenthesis k and open parenthesis

hatwide-mu k closing parenthesis k comma such that for each k comma u sub R and v sub R
belong to L to the power of lambda-hatwide k open parenthesis Capital Omega closing parenthesis and L to the power

of hatwide-mu k open parenthesis Capital Omega closing parenthesis respectively period .. By a suitable choice of k sub 0
comma lambda-hatwide sub k sub 0 and

mu-hatwide k sub 0 determine the first terms of open parenthesis lambda sub k closing parenthesis k and open parenthesis
mu k closing parenthesis k

Construction of open parenthesis to the power of lambda-hatwide k closing parenthesis k and open parenthesis hatwide-mu
k closing parenthesis k period

Suppose p less or equal q comma and fix a number s comma such that cp slash p to the power of * less s less 1 slash mu
period Put

C-hatwide : = 2 to the power of 1 plus s 2 p sub p to the power of * period
Remark sub and mu-hatwide k = that mu q to the power of hatwide-C to the power of k sub period to the power of

C-hatwide greater 1 comma By 1 sub definition less mu p to the power of hatwide-C less p to the power of * of sub open
parenthesis a sub k to the power of closing parenthesis comma to the power of and 1 we to the power of less mu q to the
power of C-hatwide have less q to the power of * period Now comma we take hatwide-lambda sub k = mu p to the power of
C-hatwide to the power of k

p plus lambda-hatwide sub k a sub k plus mu sub hatwide-mu sub k to the power of minus 1 q = 1
then a sub k = lambda-hatwide sub k minus p mu period Similarly comma we find b sub k = hatwide-mu k minus q mu

period
Lemma 3 period 3 .. For each integer k comma u sub R in L to the power of lambda-hatwide k open parenthesis Capital

Omega closing parenthesis and v sub R in L to the power of hatwide-mu k open parenthesis Capital Omega closing parenthesis
period

Proof period .... By induction period .... For k = 0 comma lambda-hatwide sub 0 = mu p less p to the power of * comma
hatwide-mu 0 = mu q less q to the power of * comma and since

open parenthesis u sub R comma v sub R closing parenthesis in E comma by the Sobolev imbedding theorem comma we
have u sub R in L to the power of lambda-hatwide 0 open parenthesis Capital Omega closing parenthesis and

v sub R in L to the power of mu-hatwide 0 open parenthesis Capital Omega closing parenthesis period
Suppose that the proposition is true for all integers k to the power of prime such that 0 less or equal k to the power of

prime less or equal k period
Take
pi sub p = mu p to the power of C-hatwide and pi sub q = mu q to the power of hatwide-C period Since u sub R in L to

the power of lambda-hatwide k open parenthesis Capital Omega closing parenthesis and open square bracket 1 plus a sub k
p closing square bracket pi sub p = bracketleftbig 1 plus lambda-hatwide sub k minus p mu p bracketrightbig mu p to the
power of hatwide-C = mu p to the power of C-hatwide plus mu to the power of 2 p to the power of hatwide-C to the power of
k plus 1 minus mu to the power of 2 p to the power of C-hatwide greater equal mu p to the power of hatwide-C to the power
of k plus 1

i period e period open square bracket 1 plus a sub k p closing square bracket pi sub p greater equal lambda-hatwide sub
k plus 1 comma Lemma 3 allows us to write u sub R in L to the power of hatwide-lambda k plus 1 open parenthesis Capital
Omega closing parenthesis and v sub R in

L to the power of mu-hatwide k plus 1 open parenthesis Capital Omega closing parenthesis period

EJDE – 2002 / 83 Ahmed Bensedik & Mohammed Bouchekif 1 1 Combining the inequal-
ities ( 3 . 4 ) - ( 3 . 7 ) , we deduce

‖ un ‖
λk+1

λk+1
≤ Kp{θp[1 + akp]{CR | m | 0(‖ uR ‖λkλk + ‖ vR ‖µkµk)}1/p}1λk+1

+ap
k ,

with θp = 2µ−1
p c

1/p
0 c. Hence , by letting n→ +∞, we obtain ( 3 . 2 ) . Similarly we

show ( 3 . 3 ) .
Construction and definition of (λk)k and (µk)k.
Here we construct the sequences (λk)k and (µk)k using tools similar as those
in [ O ] or [ TV ] . The first terms of each sequence cannot be determined directly by using the
Rellich - Kondrachov continuous imbedding result . So , we first con - struct two other sequences

(λ̂k)k and (µ̂k)k, such that for each k, uR and vR belong to Lλ̂k(Ω) and Lµ̂k(Ω) respectively .

By a suitable choice of k0, λ̂k0
and

µ̂k0 determine the first terms of (λk)k and (µk)k

Construction of (λ̂k)k and (µ̂k)k.
Suppose p ≤ q, and fix a number s, such that cp/p∗ < s < 1/µ. Put

Ĉ := 21 + s2p∗p.

Remarkandµ̂k=thatĈ
µqĈk .

> 1,By1definition < µpĈ < p∗ofand
(a k),1<weµq

Ĉhave < q∗. Now , we take

λ̂k = µpĈ
k

p+ λ̂kak + µ−µ̂ k1q = 1

then ak = λ̂k − pµ. Similarly , we find bk = µ̂k − qµ. Lemma 3 . 3 For each integer

k, uR ∈ Lλ̂k(Ω) and vR ∈ Lµ̂k(Ω).

Proof . By induction . For k = 0, λ̂0 = µp < p∗, µ̂0 = µq < q∗, and since

(uR, vR) ∈ E, by the Sobolev imbedding theorem , we have uR ∈ Lλ̂0(Ω) and

vR ∈ Lµ̂0(Ω).

Suppose that the proposition is true for all integers k′ such that 0 ≤ k′ ≤ k. Take

πp = µpĈ and πq = µqĈ .

SinceuR ∈ Lλ̂k(Ω)and

[1 + akp]πp = [1 + λ̂k − pµp]µpĈ = µpĈ + µ2pĈ
k+1

− µ2pĈ ≥ µpĈ
k+1

i . e . [1 + akp]πp ≥ λ̂k+1, Lemma 3 allows us to write uR ∈ Lλ̂k + 1(Ω) and vR ∈

Lµ̂k + 1(Ω).
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Construct ion o f $ ( \lambda { k } ) k $ and $ ( \mu k ) k $ \quad Put

\ [ C = N ˆ{ N } − p , and \delta = [ { N }ˆ{ p } \mu ˆ{ \widehat{C} ˆ{ k }
0 } − ( \mu − 1 ) ] C , \ ]

\noindent where the i n t e g e r $ k { 0 }$ i s chosen so as to have $ \delta > 0 . $
\quad The sequences $ ( \lambda { k } ) k $ and

$ ( \mu k ) k $ are de f ined by $ \lambda { k } = pf k $ and $ \mu k
= qf k , $ where

\ [ f k = C ˆ{ C } − 1 [ \delta C ˆ{ k − 1 } + ( \mu − 1 ) ]
. \ ]

\noindent We remark that the three l a s t sequences are s t r i c t l y i n c r e a s i n g and unbounded .

\noindent Furthermore $ ( f k ) $ s a t i s f i e s the r e l a t i o n $ f k + 1 = C
[ f k − ( \mu − 1 ) ] . $
Proof o f Propos i t i on 2 . \quad 1 . \quad We show by induct i on that f o r a l l i n t e g e r $ k

, $

\begin { a l i g n ∗}
u { R } \ in L ˆ{ \lambda } k ( \Omega ) and v { R } \ in L ˆ{ \mu } k

( \Omega ) . For k = 0 , \\ \lambda { 0 } = pf 0 = pC { C − }
1 [ { C }ˆ{ \delta } + ( \mu − 1 ) ] = p ˆ{ N } { p } [ { N }ˆ{ p }
\mu ˆ{ \widehat{C} ˆ{ k } 0 } ] = \widehat{\lambda} { k { 0 }} ,
\end{ a l i g n ∗}

\noindent and s i m i l a r l y $ , \mu 0 = \widehat{\mu} k { 0 } . $

By Lemma $ 4 , u { R } \ in L ˆ{ \lambda } 0 ( \Omega ) $ \quad and $ v { R }
\ in L ˆ{ \mu } 0 ( \Omega ) . $ \quad Suppose that $ ( u { R } , v { R }
) \ in $

$ L ˆ{ \lambda } k ( \Omega ) \times L ˆ{ \mu } k ( \Omega ) . $ F i r s t we e s t a b l i s h that
$ \lambda { k } = a { k } + p \mu . $ By cond i t i on ( 3 . 1 ) ,

\ [ 1 = p +{ \lambda } { k } a { k } + q ˆ{ \mu } { \mu }ˆ{ − } { k } 1 = p{ \lambda } { k }
− q{ \mu } { k } + a { k }{ \lambda } { k } + q{ \mu { \mu }} { k } , \ ]

\noindent thus

\ [ a { k }{ pf } { k } + \mu{ f } { k } = 1 \ ]

\noindent which i m p l i e s $ a { k } = p ( f k − \mu ) = \lambda { k }
− p \mu , $ and s i m i l a r l y $ \mu k = b { k } + q \mu = q ( f k
− \mu ) . $

Now when we t ake $ \pi { p } = Cp $ and $ \pi { q } = Cq , $ we then have

\ [ [ 1 + a { k }{ p } ] \pi { p } = ( 1 + f k − \mu ) Cp =
pf k + 1 = \lambda { k + 1 } . \ ]

\noindent $ and s i m i l a r l y { accord ing }$ to $ [ { Lemma }ˆ{ 1 + b } k{ q } ] \pi { q }{ 3 } { , }
= \mu k + { that }ˆ{ 1 } . $ S ince $ ( u { R } , v { R } ) \ in L ˆ{ \lambda }
k ( \Omega ) \times L ˆ{ \mu } k ( \Omega ) , $ we conclude ,

\ [ ( u { R } , v { R } ) \ in L ˆ{ \lambda } k + 1 ( \Omega ) \times
L ˆ{ \mu } k + 1 ( \Omega ) . \ ]

\noindent So $ u { R } \ in L ˆ{ \lambda } k ( \Omega ) , $ and $ v { R }
\ in L ˆ{ \mu } k ( \Omega ) , $ f o r a l l i n t e g e r $ k . $

2 . Now we prove that $ u { R }$ and $ v { R }$ are bounded . By Lemma 3 , we have

\ [\ begin { a l i gned } \paral le l u { R } \paral le l ˆ{ \lambda { k + 1 }} { \lambda { k
+ 1 }} \ leq K { p } \{ \theta { p } [ 1 + a { k }{ p } ] \{ C { R }
\mid m \mid 0 ( \paral le l u { R } \paral le l ˆ{ \lambda { k }} { \lambda { k }}
+ \paral le l v { R } \paral le l ˆ{ \mu k } { \mu k } ) \} ˆ{ 1 / p } \} 1 ˆ{ \lambda }ˆ{ k
+ 1 } { + ˆ{ a } { p }ˆ{ k }} , \\
\paral le l v { R } \paral le l ˆ{ \mu k + 1 } { \mu k + 1 } \ leq K { q }

\{ \theta { q } [ 1 + b { q }ˆ{ k } ] \{ C { R } \mid m \mid 0 (
\paral le l u { R } \paral le l ˆ{ \lambda { k }} { \lambda { k }} + \paral le l v { R }
\paral le l ˆ{ \mu k } { \mu k } ) \} 1 { q } \} b { k }ˆ{ q } {\mu{ 1 }ˆ{ k
+ } { + }ˆ{ 1 }} . \end{ a l i gned }\ ]

1 2 .. Nonlinear elliptic systems with indefinite terms .. EJDE endash 2002 slash 83
Construction of open parenthesis lambda sub k closing parenthesis k and open parenthesis mu k closing parenthesis k ..

Put
C = N to the power of N minus p comma and delta = bracketleftbig sub N to the power of p mu to the power of C-hatwide

to the power of k 0 minus open parenthesis mu minus 1 closing parenthesis bracketrightbig C comma
where the integer k sub 0 is chosen so as to have delta greater 0 period .. The sequences open parenthesis lambda sub k

closing parenthesis k and
open parenthesis mu k closing parenthesis k are defined by lambda sub k = pf k and mu k = qf k comma where
f k = C to the power of C minus 1 open square bracket delta C to the power of k minus 1 plus open parenthesis mu minus

1 closing parenthesis closing square bracket period
We remark that the three last sequences are strictly increasing and unbounded period
Furthermore open parenthesis f k closing parenthesis satisfies the relation f k plus 1 = C open square bracket f k minus

open parenthesis mu minus 1 closing parenthesis closing square bracket period
Proof of Proposition 2 period .. 1 period .. We show by induction that for all integer k comma
u sub R in L to the power of lambda k open parenthesis Capital Omega closing parenthesis and v sub R in L to the power

of mu k open parenthesis Capital Omega closing parenthesis period For k = 0 comma lambda sub 0 = pf 0 = pC C minus 1
bracketleftbig sub C to the power of delta plus open parenthesis mu minus 1 closing parenthesis bracketrightbig = p to the
power of N p bracketleftbig sub N to the power of p mu to the power of C-hatwide to the power of k 0 bracketrightbig =
hatwide-lambda sub k sub 0 comma

and similarly comma mu 0 = mu-hatwide k sub 0 period
By Lemma 4 comma u sub R in L to the power of lambda 0 open parenthesis Capital Omega closing parenthesis .. and v

sub R in L to the power of mu 0 open parenthesis Capital Omega closing parenthesis period .. Suppose that open parenthesis
u sub R comma v sub R closing parenthesis in

L to the power of lambda k open parenthesis Capital Omega closing parenthesis times L to the power of mu k open
parenthesis Capital Omega closing parenthesis period First we establish that lambda sub k = a sub k plus p mu period By
condition open parenthesis 3 period 1 closing parenthesis comma

1 = p plus lambda sub k a sub k plus q to the power of mu sub mu sub k to the power of minus 1 = p lambda sub k
minus q mu sub k plus a sub k lambda sub k plus q mu sub mu sub k comma

thus
a sub k pf sub k plus mu f sub k = 1
which implies a sub k = p open parenthesis f k minus mu closing parenthesis = lambda sub k minus p mu comma and

similarly mu k = b sub k plus q mu = q open parenthesis f k minus mu closing parenthesis period
Now when we t ake pi sub p = Cp and pi sub q = Cq comma we then have
bracketleftbig 1 plus a sub k p bracketrightbig pi sub p = open parenthesis 1 plus f k minus mu closing parenthesis Cp =

pf k plus 1 = lambda sub k plus 1 period
and similarly according to open square bracket Lemma to the power of 1 plus b k q closing square bracket pi sub q 3 sub

comma = mu k plus that to the power of 1 period Since open parenthesis u sub R comma v sub R closing parenthesis in L
to the power of lambda k open parenthesis Capital Omega closing parenthesis times L to the power of mu k open parenthesis
Capital Omega closing parenthesis comma we conclude comma

open parenthesis u sub R comma v sub R closing parenthesis in L to the power of lambda k plus 1 open parenthesis Capital
Omega closing parenthesis times L to the power of mu k plus 1 open parenthesis Capital Omega closing parenthesis period

So u sub R in L to the power of lambda k open parenthesis Capital Omega closing parenthesis comma and v sub R in L
to the power of mu k open parenthesis Capital Omega closing parenthesis comma for all integer k period

2 period Now we prove that u sub R and v sub R are bounded period By Lemma 3 comma we have
Line 1 bar u sub R bar sub lambda sub k plus 1 to the power of lambda sub k plus 1 less or equal K sub p open brace

theta sub p bracketleftbig 1 plus a sub k p bracketrightbig braceleftbig C sub R bar m bar 0 open parenthesis bar u sub R
bar sub lambda sub k to the power of lambda sub k plus bar v sub R bar sub mu k to the power of mu k closing parenthesis
bracerightbig to the power of 1 slash p closing brace 1 to the power of lambda sub plus to the power of a sub p to the power
of k to the power of k plus 1 comma Line 2 bar v sub R bar sub mu k plus 1 to the power of mu k plus 1 less or equal K sub
q open brace theta sub q bracketleftbig 1 plus b q to the power of k bracketrightbig braceleftbig C sub R bar m bar 0 open
parenthesis bar u sub R bar sub lambda sub k to the power of lambda sub k plus bar v sub R bar sub mu k to the power of
mu k closing parenthesis bracerightbig 1 q closing brace b sub k from q to mu 1 sub plus to the power of k plus to the power
of 1 period

1 2 Nonlinear elliptic systems with indefinite terms EJDE – 2002 / 83 Construction of
(λk)k and (µk)k Put

C = NN − p, and δ = [pNµ
Ĉk0 − (µ− 1)]C,

where the integer k0 is chosen so as to have δ > 0. The sequences (λk)k and (µk)k are defined
by λk = pfk and µk = qfk, where

fk = CC − 1[δCk−1 + (µ− 1)].

We remark that the three last sequences are strictly increasing and unbounded .
Furthermore (fk) satisfies the relation fk + 1 = C[fk − (µ − 1)]. Proof of Proposition 2 .
1 . We show by induction that for all integer k,

uR ∈ Lλk(Ω)andvR ∈ Lµk(Ω).Fork = 0,

λ0 = pf0 = pCC−1[δC+(µ− 1)] = pNp [pNµ
Ĉk0] = λ̂k0

,

and similarly , µ0 = µ̂k0.
By Lemma 4, uR ∈ Lλ0(Ω) and vR ∈ Lµ0(Ω). Suppose that (uR, vR) ∈

Lλk(Ω)× Lµk(Ω). First we establish that λk = ak + pµ. By condition ( 3 . 1 ) ,

1 = p+ λkak + qµµ
−
k 1 = pλk − qµk + akλk + qµµk,

thus

akpfk + µfk = 1

which implies ak = p(fk− µ) = λk − pµ, and similarly µk = bk + qµ = q(fk− µ). Now when we
t ake πp = Cp and πq = Cq, we then have

[1 + akp]πp = (1 + fk − µ)Cp = pfk + 1 = λk+1.

andsimilarlyaccording to [1+b
Lemmakq]πq3, = µk + that1. Since (uR, vR) ∈ Lλk(Ω) × Lµk(Ω), we

conclude ,

(uR, vR) ∈ Lλk + 1(Ω)× Lµk + 1(Ω).

So uR ∈ Lλk(Ω), and vR ∈ Lµk(Ω), for all integer k. 2 . Now we prove that uR and vR are
bounded . By Lemma 3 , we have

‖ uR ‖
λk+1

λk+1
≤ Kp{θp[1 + akp]{CR | m | 0(‖ uR ‖λkλk + ‖ vR ‖µkµk)}1/p}1λk+1

+ap
k ,

‖ vR ‖µk+1
µk+1≤ Kq{θq[1 + bkq ]{CR | m | 0(‖ uR ‖λkλk + ‖ vR ‖µkµk)}1q}bqkµ1k+

+
1 .
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We remark that

\ [ a { k }ˆ{ p } { 1 ˆ{ \lambda }ˆ{ k + } { + }ˆ{ 1 }} = pC and b { k }ˆ{ q } { \mu
k { 1 }ˆ{ + } { + }ˆ{ 1 }} = qC . \ ]

\noindent Consequently ,

\ [\ begin { a l i gned } \paral le l u { R } \paral le l ˆ{ \lambda { k + 1 }} { \lambda { k
+ 1 }} \ leq 2 ˆ{ C } K { p } \theta ˆ{ pC } { p } [ 1 + a { k }{ p } ] ˆ{ pC } { \ infty }
( \mid m \mid { 0 } C { R } ) ˆ{ C } \max ( \paral le l u { R } \paral le l ˆ{ \lambda { k }
C } { \lambda { k }} , \paral le l v { R } \paral le l ˆ{ \mu k ˆ{ C }} { \mu k }ˆ{ ) }
, \\
\paral le l v { R } \paral le l ˆ{ \mu k + 1 } { \mu k + 1 } \ leq 2 ˆ{ C }

K { q } \theta ˆ{ qC } { q } [ 1 + b { q }ˆ{ k } ] qC { ( \mid m \mid { 0 }
C { R } ) ˆ{ C }} \max ( \paral le l u { R } \paral le l \lambda ˆ{ \lambda { k }
C { , }} { k } \paral le l v { R } \paral le l \mu ˆ{ \mu }ˆ{ k ˆ{ C } ) } { k } . \end{ a l i gned }\ ]

\noindent We have

\ [ 1 + a { k }{ p } = 1 + b { q }ˆ{ k } = 1 + f k − \mu < C ˆ{ C }
− 1 [ { C }ˆ{ \delta } + \mu − 1 ] C ˆ{ k } . \ ]

\noindent Take

\ [ A : = C ˆ{ C } − 1 [ { C }ˆ{ \delta } + \mu − 1 ] [ K { p } +
K { q } ] \ ]

\noindent and $ \theta : = 2 \mid m \mid 0 $ max $ ( \theta ˆ{ p } { p ˆ{ , }}
\theta ˆ{ q } { q } ) , $ then we can wr i t e

\ [ \max ( \paral le l u { R } \paral le l ˆ{ \lambda { k + 1 }} { \lambda { k +
1 }} , \paral le l v { R } \paral le l ˆ{ \mu k + 1 } { \mu k + 1 } ) \ leq
( A ˆ{ q } \theta ) ˆ{ C } C ˆ{ k qC } C ˆ{ C } { R } \max ( \paral le l u { R }
\paral le l ˆ{ C \lambda { k }} { \lambda { k }} , \paral le l v { R } \paral le l ˆ{ C
\mu k } { \mu k } ) . \ ]

\noindent We cons t ruc t an i t e r a t i v e r e l a t i o n

\ [ E { k + 1 } \ leq r { k } + CE { k }\ ]

\noindent where $ E { k } = $ ln max $ ( \paral le l u { R } \paral le l ˆ{ \lambda { k }} { \lambda { k }}
, \paral le l v { R } \paral le l ˆ{ \mu } { \mu k }ˆ{ k } ) , $ and $ r { k } =
ak + b , $ with $ a = $ ln $ C ˆ{ qC }$ and

$ b = $ ln $ [ A q \theta C { R } ] ˆ{ C } . $ Proceeding step by step , we f i n d

\ [\ begin { a l i gned } E { k + 1 } \ leq r { k } + Cr { k − 1 } + C ˆ{ 2 } r { k
− 2 } + \cdot \cdot \cdot + C ˆ{ k } r { 0 } + C ˆ{ k + 1 } E { 0
, }\\

k \\
E { k + 1 } \ leq C ˆ{ k + 1 } E { 0 } + \sum C ˆ{ i } r { k − i }

. \\
i = 0 \end{ a l i gned }\ ]

\noindent Let us eva luate

\ [\ begin { a l i gned } k \\
\sigma { k } : = \sum C ˆ{ i } r { k − i } . \\
i = 0 \end{ a l i gned }\ ]

\noindent We have $ r { k − i } = a ( k − i ) + b = ak + b
− a i , $ then

\ [\ begin { a l i gned } k k \\
\sigma { k } = ( ak + b ) \sum C ˆ{ i } − a \sum iC ˆ{ i }\\
i = 0 i = 0 \\
bC ˆ{ k + 2 } + ( a − b ) C ˆ{ k + 1 } + ( 1 − C ) ak

− [ C ( a + b ) − b ] \\
= ( C − 1 ) ˆ{ 2 } . \end{ a l i gned }\ ]

\noindent Since $ C > 1 , $ and $ a , b $ are p o s i t i v e , we have

\ [ \sigma { k } \ leq bC ˆ{ k + 2 } { ( }ˆ{ + } { C } ( { − } a −{ 1 } { ) ˆ{ 2 }}
b ) C ˆ{ k + 1 }\ ]
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We remark that
a sub k from p to 1 to the power of lambda sub plus to the power of k plus to the power of 1 = pC and b sub k from q to

mu k 1 sub plus to the power of plus to the power of 1 = qC period
Consequently comma
Line 1 bar u sub R bar sub lambda sub k plus 1 to the power of lambda sub k plus 1 less or equal 2 to the power of

C K sub p theta sub p to the power of pC bracketleftbig 1 plus a sub k p bracketrightbig to the power of pC sub infinity
open parenthesis bar m bar sub 0 C sub R closing parenthesis to the power of C maximum parenleftbig bar u sub R bar sub
lambda sub k to the power of lambda sub k C comma bar v sub R bar sub mu k to the power of mu k to the power of C to
the power of parenrightbig comma Line 2 bar v sub R bar sub mu k plus 1 to the power of mu k plus 1 less or equal 2 to the
power of C K sub q theta sub q to the power of qC bracketleftbig 1 plus b q to the power of k bracketrightbig qC sub open
parenthesis bar m bar sub 0 C sub R closing parenthesis to the power of C maximum parenleftbig bar u sub R bar lambda
sub k to the power of lambda sub k C sub comma bar v sub R bar mu to the power of mu sub k to the power of k to the
power of C parenrightbig period

We have
1 plus a sub k p = 1 plus b q to the power of k = 1 plus f k minus mu less C to the power of C minus 1 bracketleftbig sub

C to the power of delta plus mu minus 1 bracketrightbig C to the power of k period
Take
A : = C to the power of C minus 1 bracketleftbig sub C to the power of delta plus mu minus 1 bracketrightbig open square

bracket K sub p plus K sub q closing square bracket
and theta : = 2 bar m bar 0 max open parenthesis theta sub p to the power of comma to the power of p theta sub q to

the power of q closing parenthesis comma then we can write
maximum open parenthesis bar u sub R bar sub lambda sub k plus 1 to the power of lambda sub k plus 1 comma bar v

sub R bar sub mu k plus 1 to the power of mu k plus 1 closing parenthesis less or equal open parenthesis A to the power of
q theta closing parenthesis to the power of C C to the power of k qC C sub R to the power of C maximum open parenthesis
bar u sub R bar sub lambda sub k to the power of C lambda sub k comma bar v sub R bar sub mu k to the power of C mu
k closing parenthesis period

We construct an iterative relation
E sub k plus 1 less or equal r sub k plus CE sub k
where E sub k = ln max open parenthesis bar u sub R bar sub lambda sub k to the power of lambda sub k comma bar v

sub R bar sub mu k to the power of mu to the power of k closing parenthesis comma and r sub k = ak plus b comma with a
= ln C to the power of qC and

b = ln open square bracket A q theta C sub R closing square bracket to the power of C period Proceeding step by step
comma we find

Line 1 E sub k plus 1 less or equal r sub k plus Cr sub k minus 1 plus C to the power of 2 r sub k minus 2 plus times
times times plus C to the power of k r sub 0 plus C to the power of k plus 1 E sub 0 comma Line 2 k Line 3 E sub k plus 1
less or equal C to the power of k plus 1 E sub 0 plus sum C to the power of i r sub k minus i period Line 4 i = 0

Let us evaluate
Line 1 k Line 2 sigma sub k : = sum C to the power of i r sub k minus i period Line 3 i = 0
We have r sub k minus i = a open parenthesis k minus i closing parenthesis plus b = ak plus b minus ai comma then
Line 1 k k Line 2 sigma sub k = open parenthesis ak plus b closing parenthesis sum C to the power of i minus a sum iC to

the power of i Line 3 i = 0 i = 0 Line 4 bC to the power of k plus 2 plus open parenthesis a minus b closing parenthesis C to
the power of k plus 1 plus open parenthesis 1 minus C closing parenthesis ak minus open square bracket C open parenthesis
a plus b closing parenthesis minus b closing square bracket Line 5 = open parenthesis C minus 1 closing parenthesis to the
power of 2 period

Since C greater 1 comma and a comma b are positive comma we have
sigma sub k less or equal bC to the power of k plus 2 sub open parenthesis sub C to the power of plus open parenthesis

minus a minus 1 sub closing parenthesis to the power of 2 b closing parenthesis C to the power of k plus 1
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apk1λk+
+

1 = pC and bqkµk1+
+

1 = qC.

Consequently ,

‖ uR ‖
λk+1

λk+1
≤ 2CKpθ

pC
p [1 + akp]

pC
∞ (| m |0 CR)C max(‖ uR ‖λkCλk

, ‖ vR ‖µk
C

µk
),

‖ vR ‖µk+1
µk+1≤ 2CKqθ

qC
q [1 + bkq ]qC(|m|0CR)C max(‖ uR ‖ λ

λkC,
k ‖ vR ‖ µµk

C)
k .

We have

1 + akp = 1 + bkq = 1 + fk − µ < CC − 1[δC+µ− 1]Ck.

Take

A := CC − 1[δC+µ− 1][Kp +Kq]

and θ := 2 | m | 0 max (θpp,θ
q
q), then we can write

max(‖ uR ‖
λk+1

λk+1
, ‖ vR ‖µk+1

µk+1) ≤ (Aqθ)CCkqCCCR max(‖ uR ‖Cλkλk
, ‖ vR ‖Cµkµk ).

We construct an iterative relation

Ek+1 ≤ rk + CEk

where Ek = ln max (‖ uR ‖λkλk , ‖ vR ‖
µ
µk

k), and rk = ak + b, with a = ln CqC and b = ln

[AqθCR]C . Proceeding step by step , we find

Ek+1 ≤ rk + Crk−1 + C2rk−2 + · · ·+ Ckr0 + Ck+1E0,

k

Ek+1 ≤ Ck+1E0 +
∑

Cirk−i.

i = 0

Let us evaluate

k

σk :=
∑

Cirk−i.

i = 0

We have rk−i = a(k − i) + b = ak + b− ai, then

k k

σk = (ak + b)
∑

Ci − a
∑

iCi

i = 0 i = 0

bCk+2 + (a− b)Ck+1 + (1− C)ak − [C(a+ b)− b]
= (C − 1)2 .

Since C > 1, and a, b are positive , we have

σk ≤ bCk+2
(

+
C(−a− 1)2b)Ck+1



\noindent 1 4 \quad Nonl inear e l l i p t i c systems with i n d e f i n i t e terms \quad EJDE −− 2002 / 83
then

\ [ E { k + 1 } \ leq ( C ˆ{ bC }ˆ{ k + } { − }ˆ{ 2 } { 1 ) ˆ{ 2 }} + C ˆ{ k
+ 1 } [ ( a{ C } − ˆ{ − } 1 ˆ{ b } ) ˆ{ 2 } + E { 0 } ] . \ ]

\noindent By an appropr ia te cho i c e f o r the cons tant s $ K { p }$ and $ K { q } , $ we ensure that

\ [ ( C ˆ{ b } − ˆ{ − } a{ 1 } ) ˆ{ 2 } \geq E { 0 } . \ ]

\noindent Reca l l that

\ [ b − a = C \ ln A ˆ{ q } { C q } \theta C { R } with A = C ˆ{ C }
− 1 [ { C }ˆ{ \delta } + \mu − 1 ] [ K { p } + K { q } ] ; \ ]

\noindent hence $ E { k + 1 } \ leq bC ˆ{ k + 2 } / ( C − 1 ) ˆ{ 2 }
. $ By the d e f i n i t i o n o f $ E { k + 1 }$ and the l a s t i n e q u a l i t y ,
we obta in

\ [ \lambda { k + 1 } \ ln \paral le l u { R } \paral le l \lambda { k + 1 }
\ leq E { k + 1 } \ leq ( C ˆ{ bC }ˆ{ k + } { − }ˆ{ 2 } { 1 ) ˆ{ 2 }} , \ ]

\noindent thus

\ [ \ ln \paral le l u { R } \paral le l \lambda { k + 1 } \ leq \lambda { k + }ˆ{ bC }ˆ{ k
+ } { 1 ( C }ˆ{ 2 } { − } 1 ) ˆ{ 2 } . \ ]

\noindent Lett ing $ k \rightarrow + \ infty , $ we f i n d

\noindent ln $ \paral le l u { R } \paral le l \ infty \ leq \delta { p } ( C ˆ{ bC }
− 1 ) , $ \quad or \quad ln $ \paral le l u { R } \paral le l { \ infty } \ leq N{ \delta }
p ˆ{ 2 } b . $

S i m i l a r l y

\ [ \ ln \paral le l v { R } \paral le l { \ infty } \ leq N{ \delta } q ˆ{ 2 } b . \ ]

\noindent We deduce the e x i s t e n c e o f cons tant s $ C { p }$ and $ C { q }$ such that :

\ [ \paral le l u { R } \paral le l { \ infty } \ leq C { p } and \paral le l v { R }
\paral le l { \ infty } \ leq C { q } . \ ]

\noindent Take

\centerline{ $ C { p } = $ exp $N{ \delta } p ˆ{ 2 } b , $ \quad and \quad $ C { q }
= $ exp $N{ \delta } q ˆ{ 2 } b . $ }

\noindent Then $ C { p }$ \ h f i l l and $ C { q } , $ \ h f i l l are g r e a t e r than \ h f i l l 1 , \ h f i l l which i s compatible with the remark

\noindent noted at the beg inning o f the proo f o f Lemma 3 . \quad This completes the proo f o f
p r o p o s i t i o n 1 .

\noindent Proof o f Theorem 2 . 1 . \ h f i l l I f $ \paral le l u { R } \paral le l ˆ{ p } { \ infty }
+ \paral le l v { R } \paral le l ˆ{ q } { \ infty } < R , $ then $ ( u { R } ,
v { R } ) $ f u r n i s h e s a

\noindent s o l u t i o n o f the system ( 1 . 1 ) . We have

\ [ \paral le l u { R } \paral le l ˆ{ p } { \ infty } + \paral le l v { R } \paral le l ˆ{ q } { \ infty }
\ leq C ˆ{ p } { p } + C ˆ{ q } { q } \ leq 2 \exp N{ \delta } p ˆ{ b ; }\ ]

\noindent so i t i s s u f f i c i e n t to have 2 exp $N{ \delta } p ˆ{ b } < R $ f o r $ R $ l a r g e enough , \quad to get \quad
$ ( u { R } , v { R } ) $

s o l u t i o n o f the i n i t i a l system ( 1 . 1 ) . \quad Replac ing $ b $ by i t s exp r e s s i on , we obta in

\begin { a l i g n ∗}
( A ˆ{ q } \theta C { R } ) CN{ \delta } { p } < R { 2 } i . e . \\ C { R }

< 2 CN ˆ{ \theta A q } { R { \delta { CN }ˆ{ p }}ˆ{ \delta p }} .
\end{ a l i g n ∗}
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then
E sub k plus 1 less or equal open parenthesis C to the power of bC sub minus to the power of k plus sub 1 closing

parenthesis to the power of 2 to the power of 2 plus C to the power of k plus 1 bracketleftbig open parenthesis a C minus to
the power of minus 1 to the power of b closing parenthesis to the power of 2 plus E sub 0 bracketrightbig period

By an appropriate choice for the constants K sub p and K sub q comma we ensure that
open parenthesis C to the power of b minus to the power of minus a 1 closing parenthesis to the power of 2 greater equal

E sub 0 period
Recall that
b minus a = C ln A to the power of q C q theta C sub R with A = C to the power of C minus 1 bracketleftbig sub C to the

power of delta plus mu minus 1 bracketrightbig open square bracket K sub p plus K sub q closing square bracket semicolon
hence E sub k plus 1 less or equal bC to the power of k plus 2 slash open parenthesis C minus 1 closing parenthesis to the

power of 2 period By the definition of E sub k plus 1 and the last inequality comma
we obtain
lambda sub k plus 1 ln bar u sub R bar lambda sub k plus 1 less or equal E sub k plus 1 less or equal open parenthesis C

to the power of bC sub minus to the power of k plus sub 1 closing parenthesis to the power of 2 to the power of 2 comma
thus
ln bar u sub R bar lambda sub k plus 1 less or equal lambda sub k plus to the power of bC sub 1 open parenthesis C to

the power of k plus sub minus to the power of 2 1 closing parenthesis to the power of 2 period
Letting k right arrow plus infinity comma we find
ln bar u sub R bar infinity less or equal delta p open parenthesis C to the power of bC minus 1 closing parenthesis comma

.. or .. ln bar u sub R bar sub infinity less or equal N delta p to the power of 2 b period
Similarly
ln bar v sub R bar sub infinity less or equal N delta q to the power of 2 b period
We deduce the existence of constants C sub p and C sub q such that :
bar u sub R bar sub infinity less or equal C sub p and bar v sub R bar sub infinity less or equal C sub q period
Take
C sub p = exp N delta p to the power of 2 b comma .. and .. C sub q = exp N delta q to the power of 2 b period
Then C sub p .... and C sub q comma .... are greater than .... 1 comma .... which is compatible with the remark
noted at the beginning of the proof of Lemma 3 period .. This completes the proof of
proposition 1 period
Proof of Theorem 2 period 1 period .... If bar u sub R bar sub infinity to the power of p plus bar v sub R bar sub infinity

to the power of q less R comma then open parenthesis u sub R comma v sub R closing parenthesis furnishes a
solution of the system open parenthesis 1 period 1 closing parenthesis period We have
bar u sub R bar sub infinity to the power of p plus bar v sub R bar sub infinity to the power of q less or equal C sub p to

the power of p plus C sub q to the power of q less or equal 2 exponent N delta p to the power of b semicolon
so it is sufficient to have 2 exp N delta p to the power of b less R for R large enough comma .. to get .. open parenthesis

u sub R comma v sub R closing parenthesis
solution of the initial system open parenthesis 1 period 1 closing parenthesis period .. Replacing b by it s expression

comma we obtain
open parenthesis A to the power of q theta C sub R closing parenthesis CN delta sub p less R 2 i period e period C sub

R less 2 CN from theta A q to R delta CN to the power of p to the power of delta p period

1 4 Nonlinear elliptic systems with indefinite terms EJDE – 2002 / 83 then

Ek+1 ≤ (CbCk+
−

2
1)2 + Ck+1[(aC −− 1b)2 + E0].

By an appropriate choice for the constants Kp and Kq, we ensure that

(Cb −− a1)2 ≥ E0.

Recall that

b− a = C lnAqCqθCR with A = CC − 1[δC+µ− 1][Kp +Kq];

hence Ek+1 ≤ bCk+2/(C − 1)2. By the definition of Ek+1 and the last inequality , we obtain

λk+1 ln ‖ uR ‖ λk+1 ≤ Ek+1 ≤ (CbCk+
−

2
1)2 ,

thus

ln ‖ uR ‖ λk+1 ≤ λbCk+
k+
1(C

2
−1)2.

Letting k → +∞, we find
ln ‖ uR ‖ ∞ ≤ δp(CbC − 1), or ln ‖ uR ‖∞≤ Nδp2b. Similarly

ln ‖ vR ‖∞≤ Nδq2b.

We deduce the existence of constants Cp and Cq such that :

‖ uR ‖∞≤ Cp and ‖ vR ‖∞≤ Cq.

Take
Cp = exp Nδp2b, and Cq = exp Nδq2b.

Then Cp and Cq, are greater than 1 , which is compatible with the remark
noted at the beginning of the proof of Lemma 3 . This completes the proof of proposition 1 .
Proof of Theorem 2 . 1 . If ‖ uR ‖p∞ + ‖ vR ‖q∞< R, then (uR, vR) furnishes a
solution of the system ( 1 . 1 ) . We have

‖ uR ‖p∞ + ‖ vR ‖q∞≤ Cpp + Cqq ≤ 2 expNδpb;

so it is sufficient to have 2 exp Nδpb < R for R large enough , to get (uR, vR) solution of
the initial system ( 1 . 1 ) . Replacing b by it s expression , we obtain

(AqθCR)CNδp < R2i.e.

CR < 2CNθAq

Rδp
δ
p
CN

.
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But $ \delta $ can be chosen such that

\ [ \delta { CN }ˆ{ p } > N { pq }ˆ{ 2 } \mu = ( p ˆ{ ∗ } − ˆ{ p }ˆ{ ∗ { q }
∗ } { p ) ( q ˆ{ ∗ }} − q ) \mu \ ]

\noindent and we can take $ C { R } < R { \delta }ˆ{ aster i skmath−minus−parenr ight−p a r e n l e f t−aster i skmath−minus
p p ˆ{ ∗ } { p } q ˆ{ ∗ } { q } q \mu } { 2 p{ CN } \theta A q . }$ Then $ (
u { R } , v { R } ) $ i s s o l u t i o n o f system ( 1 . 1 )

i f

\ [ C { R } = o ( R ˆ{ aster i skmath−minus−parenr ight−p a r e n l e f t−aster i skmath−minus }
p p ˆ{ ∗ } { p } q ˆ{ ∗ } { q } q \mu ) \ ]

\noindent f o r $ R $ s u f f i c i e n t l y l a r g e .

\noindent Examples

\noindent $ Now { For } , we{ 1 } present { < \gamma < \min }ˆ{ f u n c t i o n s } { ( ˆ{ p } { p }}ˆ{ ∗ } { , }
q ˆ{ ∗ } { q } s a t i s f y i n g { ) } , $ l e t \quad the hypotheses in our main r e s u l t .

\ [ H ( u , v ) = ( u ˆ{ p } + v ˆ{ q } ) ˆ{ \gamma }\ ]

\noindent be de f ined on $ R ˆ{ 2 } { + ˆ{ . }}$ Then $ H $ s a t i s f i e s the hypotheses o f Theorem 2 . 1 .
For $ \alpha , \beta \geq 0 , \alpha + { p } 1 + \beta + { q } 1

> 1 $ and $ \alpha + { p }ˆ{ 1 } { ∗ } + \beta { q }ˆ{ + 1 } { ∗ } < 1 , $
l e t

\ [ H ( u , v ) = u ˆ{ \alpha + 1 } v ˆ{ \beta + 1 } . \ ]

\noindent be de f ined on $ R ˆ{ 2 } { + ˆ{ . }}$ Then $ H $ s a t i s f i e s the hypotheses o f Theorem 2 . 1 .
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But delta can be chosen such that
delta CN to the power of p greater N pq to the power of 2 mu = open parenthesis p to the power of * minus to the power

of p sub p closing parenthesis open parenthesis q to the power of * to the power of * sub q * minus q closing parenthesis mu
and we can take C sub R less R delta sub 2 p CN theta A q period to the power of asteriskmath-minus-parenright-

parenleft-asteriskmath-minus p p sub p to the power of * q sub q to the power of * q mu Then open parenthesis u sub R
comma v sub R closing parenthesis is solution of system open parenthesis 1 period 1 closing parenthesis

if
C sub R = o open parenthesis R to the power of asteriskmath-minus-parenright-parenleft-asteriskmath-minus p p sub p

to the power of * q sub q to the power of * q mu closing parenthesis
for R sufficiently large period
Examples
Now sub For comma we 1 present less gamma less minimum sub open parenthesis to the power of p sub p to the power of

functions sub comma to the power of * q sub q to the power of * satisfying closing parenthesis comma let .. the hypotheses
in our main result period

H open parenthesis u comma v closing parenthesis = open parenthesis u to the power of p plus v to the power of q closing
parenthesis to the power of gamma

be defined on R sub plus to the power of period to the power of 2 Then H satisfies the hypotheses of Theorem 2 period 1
period

For alpha comma beta greater equal 0 comma alpha plus p 1 plus beta plus q 1 greater 1 and alpha plus p sub * to the
power of 1 plus beta q sub * to the power of plus 1 less 1 comma let

H open parenthesis u comma v closing parenthesis = u to the power of alpha plus 1 v to the power of beta plus 1 period
be defined on R sub plus to the power of period to the power of 2 Then H satisfies the hypotheses of Theorem 2 period 1

period
References
open square bracket 1 closing square bracket .. Adams comma R period A period comma Sobolev spaces comma Academic

press comma New York comma 1 975 period
open square bracket 2 closing square bracket .. Ambrosetti comma A period P period H period Rabinowitz comma Dual

variational methods in critical point
theory and application comma J period of Funct period Anal period comma 1 4 open parenthesis 1 973 closing parenthesis

comma 349 hyphen 38 1 period
open square bracket 3 closing square bracket .. Baghli comma .. S period comma .. R acute-e sultats d quoteright existence

de solutions non n e-acute gatives de classe de
syst grave-e mes elliptiques .. contenant .. le .. p hyphen Laplacien comma .. Th e-grave se .. de .. Magister comma n to

the power of o 445
open parenthesis 1 998 closing parenthesis comma Universit acute-e de Tlemcen comma Alg e-acute rie period
open square bracket 4 closing square bracket .. Bouchekif comma M period comma Some Existence results for a class of

quasilinear elliptic sys hyphen
tems comma Richerche di Matematica comma vol period XLVI comma fas period 1 open parenthesis 1 997 closing

parenthesis comma 203 hyphen 2 1 9 period
open square bracket 5 closing square bracket .. Bouchekif comma M period comma On cert ain quasilinear elliptic equations

with indefinite terms comma
Funkcialaj Ekvacioj comma 4 1 open parenthesis 1 998 closing parenthesis comma 309 hyphen 3 1 6 period
open square bracket 6 closing square bracket O-circumflex tani comma T period comma Existence and nonexistence of

nontrivial solutions of some non hyphen
linear degenerate elliptic equations comma J period Funct period Anal period comma 76 open parenthesis 1 988 closing

parenthesis comma 1 83 hyphen 1 14 1 period
open square bracket 7 closing square bracket .. Serrin comma J period comma Local behaviour of solutions of quasilinear

equations comma Acta period Math period comma
1 1 3 open parenthesis 1 964 closing parenthesis comma 302 hyphen 347 period
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such that

δpCN > N2
pqµ = (p∗ −p ∗q∗p)(q∗ − q)µ

and we can take CR < R
asteriskmath−minus−parenright−parenleft−asteriskmath−minusp p∗pq

∗
q q µ

δ 2pCNθAq .

Then (uR, vR) is solution of system ( 1 . 1 ) if

CR = o(Rasteriskmath−minus−parenright−parenleft−asteriskmath−minusp p∗pq
∗
q qµ)

for R sufficiently large .
Examples
NowFor,we1presentfunctions

<γ<min
∗
(pp ,
q∗q satisfying), let the hypotheses in our main result .

H(u, v) = (up + vq)γ

be defined on R2
+. ThenH satisfies the hypotheses of Theorem 2 . 1 . For α, β ≥ 0, α+p1+β+q1 >

1 and α+ p1
∗ + β+1

q ∗ < 1, let

H(u, v) = uα+1vβ+1.

be defined on R2
+. Then H satisfies the hypotheses of Theorem 2 . 1 .
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Benilian and J . Robert eds . Lecture notes in math . 665 , Springer Verlag , Berlin , ( 1 978 ) ,
205 - 227 .
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