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Abstract

The determination of the order of entire and meromorphic functions plays an important
role in Nevanlinna’s value distribution theory. Several extensions on the original defini-
tion of the order have been made to characterize the asymptotic behavior of fast growing
functions. In this thesis, we use a generalized concept of order, called the ¢-order, to in-
vestigate the properties of growth and oscillation of solutions for homogeneous and non-
homogeneous higher order complex linear differential equations. We describe in terms
of growth of order and exponent of convergence the relationship between the solutions
of differential equations and their coefficients in the complex plane as well as in the unit
disc. We provide various generalizations and improvements of many previous works on
this subject.

Résumé: La détermination de |'ordre des fonctions entieres et méromorphes joue un
role important dans la théorie de la distribution des valeurs de Nevanlinna. Plusieurs ex-
tensions de la définition originale de I'ordre ont été faites pour caractériser le comporte-
ment asymptotique des fonctions a croissance rapide. Dans cette these, nous utilisons
un concept d’ordre généralisé, appelé le ¢-ordre, pour étudier les propriétés de crois-
sance et de 'oscillation de solutions pour des équations différentielles linéaires com-
plexes d’ordre supérieur homogenes et non homogeénes. Nous décrivons en termes de
croissance d’ordre et d’exposant de convergence la relation entre les solutions d’équations
différentielles et leurs coefficients sur le plan complexe ainsi que sur le disque unitaire.
Nous fournissons diverses généralisations et améliorations de nombreux travaux antérieurs
sur ce sujet.
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Notations

0(.),0()
LDE

@§§a§®abﬁ%z§
@

Functions
[x]

log*

log,,

exp,

M(r, f)
n(r,f),ﬁ_(r,f)
N(r, f),N(r, f)
m(r, f)

T(r, f)

3(a, f)

i(f)

mes(E)
mes;(Eg)
mes;(Fyp)
mes;(Eq)
mes;(Fy)
dens(F)
dens;(G)

Landau symbols.
Linear differential equation.

set of (positive) integer numbers 1,2, ...

set of real numbers.

set of the whole complex number z.

unit disc.

set of entire functions.

set of meromorphic functions on the whole complex plane.
set of analytic functions in the unit disc.

set of meromorphic functions in the unit disc.

set of positive unbounded non decreasing function ¢ on (0, +00) such that

¢(e) is slowly growing as ¢ tends to +oo.

integer part of a real number x.

positive logarithmic function.

iterated logarithmic function.

iterated exponential function.

maximum modulus of f on the disc |z| <.
unintegrated counting functions.

integrated Counting functions.

proximity function.

Nevanlinna characteristic function.

deficiency of the point a € CJ{oo}.

growth index (finiteness degree) of the iterated p-order of f € 4.
finite linear measure of a set E c [0, +00).

finite logarithmic measure of a set Eg < [1, +00).
finite logarithmic measure of a set Fy < [0, 1).
infinite logarithmic measure of a set Ey < [1, +00).
infinite logarithmic measure of a set F; < [0, 1).
upper density of a set F < (0, +00).

upper logarithmic density of a set G c (1, +00).
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Notations

Orders

o(f),p(f) (usual) order of f € .4, 8.

a(f),o(f) (usual) order of f € M4, E /.

u(f), 1) (usual) lower order of f € ./, f € &.

Pp(f),0p(f) iterated p-order of f € ./, &.

op(f),0p(f) iterated p-order of f € /4 \,& A.

p(];,(f),ﬁ({)(f) ¢-order of f € .4, & for j=0,1.

ofé,(f),ﬁ(j{.)(f) -order of f € M A,& A for j=0,1.

M{P(f),ﬁfp(f) lower @-order of f € .4,& for j=0,1.

v{p(f),v(]p(f) lower @-order of f € .4 ,& A for j=0,1.

Types

(), T(f) (usual) type of f € 4, 8.

K(f),K(f) (usual) type of f € M A, E A.

(), Tp(f) iterated p-type of f € 4, 8.

Kp(f), Kp(f) iterated p-type of f € M A, E .

Té(f),:f(‘;)(f) ¢-type of f € #,& for j=0,1.

Ké,(f),f(/{!.)(f) ¢-typeof f e M ,E A for j=0,1.

I{p(f),iq,(f) lower @-type of f € .4,& for j=0,1.

K4, & (f) lower @-type of f € .4 7,& A for j=0,1.

Convergence exponents
A(f) (usual) convergence exponent of the sequence of zeros of f € /.
X( b, (usual) convergence exponent of the sequence of distinct zeros of f € /.
Ap(f) iterated p-convergence exponent of the sequence of zeros of f € /.
Xp (f) iterated p-convergence exponent of the sequence of distinct zeros of f € 4.
)\fp (N (-convergence exponent of the sequence of zeros of f € 4 for j=0,1.
X(Jp () (p-convergence exponent of the sequence of distinct zeros of f € 4 for j=0,1.

Z(Jp () lower @-convergence exponent of the sequence of distinct zeros of f € .4 (j =0,1).
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Introduction

The value distribution theory is the study of how often a single-valued complex function
assumes some different values. The first well known result in the value distribution theory
is the fundamental theorem of Algebra which asserts that every non-constant complex
polynomial f of degree n > 0 has exactly n zeros by counting multiplicities. Moreover, if
a is a complex constant, then the polynomial f — a has also n zeros and f takes the value
a exactly n times. Therefore, two polynomials having the same zero points are identically
the same except for a non-constant factor. An entire function which is not polynomial is
called transcendental entire function and can be viewed by Taylor expansion as a polyno-
mial of infinite degree.

In 1879, Picard proved that any transcendental entire function takes all possible com-
plex finite values infinitely many times, with at most one single exception. For instance,
exp(z) and exp(—z) are two transcendental entire functions having the same values —1, +1
and do not take the value 0. To characterize the asymptotic behavior of an entire function,
we use the quantity

M(r, ) :=max{|f(2)|: ]zl < r}.

Certainly, for a polynomial f of degree n, there holds

lim °8MGN
r—+oo logr

)

which means that the maximum modulus of a polynomial f grows as r”, i.e.,
M(r,f)=0(r") as r— +oo.

In order to measure how fast the maximum modulus of an entire function f grows, Borel
defined the order of f by

() = inf{(x:logM(r,f) - O(r(x)}.

As examples, the order of a polynomial is zero, p () = 1 and 5(eez) = +o00. In 1897, Borel
reformulated Picard’s theorem and proved that for an entire function f of order p(f) (0 <
p(f) < 4+o00) and for any finite complex number a we have

1 ,a,
limsup—Ogn(r @[

r—too |

=p(f)

holding possibly for at most one exceptional value a. Here, n(r, a, f) denotes the roots of
the equation f(z) = a in the disc |z| < r, each root being counted according to its multi-
plicity. This result is known as Picard-Borel theorem.



Introduction

A single-valued complex function is called meromorphic if the only possible singular-
ities in the complex plane are poles. One can show that a meromorphic function is the
quotient of two entire functions. Rational functions are the simplest kinds of meromor-
phic functions. However, a non-rational function is called transcendental meromorphic
function. We can obtain an immediate generalization of Picard’s theorem by considering a
meromorphic function f that omits one finite value a € C. Then, ﬁ is an entire function,
which by Picard’s theorem can omit at most one value. Consequently, any meromorphic
function can omit at most two finite values. Due to the presence of poles of a meromor-
phic function f in the disc |z| < r for some finite values of r, the maximum modulus of f
may attain the value oo and the classical methods used to analyze the asymptotic behavior
of meromorphic functions break down. For that purpose, through a series of publications
in the years 1922-1925, Rolf Nevanlinna' introduced the characteristic function

T(r, f) :=m(r, f) + N(r, f),

which makes the value distribution theory more meaningfully and provides a big simplic-
ity. For instance, a meromorphic function f on the complex plane is rational if and only

if T
lim r./)
r—+oo logr

<00

Consequently, if logr = o(T(r,g)) as r — +oo, then g is transcendental meromorphic
function. Nevanlinna also defined the order of meromorphic function f on the complex
plane by
. logT(r, f)
=limsup—————.
pL) r—>+oop logr
From this new definition of the order, it is clear that if the function f has a finite order
p(f), then
T(r, f) = O(rp(f)) as r— +oo.

This indicates that the order of meromorphic function plays in the value distribution the-
ory of meromorphic functions (also known as Nevanlinna theory) the similar role of the
degree of polynomial in the fundamental theorem of Algebra.

Nevanlinna theory becomes the main tool for many studies in a wide variety of areas
(see [46, 57, 62, 70]). Particularly, it is a powerful tool for investigating some properties®
of solutions of certain complex differential equations. The reader can refer to [46, 62] for
more details and comprehensive treatment on this subject.

Let us consider the following higher order linear differential equations

FO+ A @Y+ + Ag(2) f =0, 1)
PO 4ar @ f V4 + A2 f=F(2), )

where k = 2 and the coefficients Ay #Z 0,A;,...,Ar_1,F #Z 0 are entire functions. In this
case, all solutions of (1) and (2) are also entire. Wittich [68] proved that the coefficients
of equation (1) are polynomials if and only if all solutions of (1) are entire functions of
finite order. So, if some coefficients of (1) are transcendental, then there exists at least
one solution with infinite order. In [23], Frei showed that equation (1) possesses at most

1Rolf Nevanlinna (1895-1980) - Finnish mathematician.
2 “I consider that I understand an equation when I can predict the properties of its solutions, without
actually solving it.”Paul Dirac (1902-1984) - English Physicist.



Introduction

s linearly independent solutions of finite order where s is the index of the last transcen-
dental function in the sequence of coefficients Ay, A1, ...,Ax_; of (1). After that, Chen and
Gao [14] discussed the case when the coefficient Aj dominates the growth order of other
coefficients in equation (1) and obtained the following result:

Theorem A [14]. Let Ag,Ay,...,Ar_1 be entire functions satisfying one of the conditions
(i) p(Aj) <p(Ag) <oo(j=1,...,k=1)or
(i) Ay,...,Ax-1 are polynomials and A is transcendental satisfying p(Ag) = +oo.

Then, all solutions f # 0 of (1) satisfy p(f) = +oo.
Later, Chen and Yang [16] obtained the relationship between the growth of the domi-
nant coefficient Ag and the hyper-order of entire solutions f of (1).

Theorem B [16]. Let Ag,Ay,...,Ai_1 be entire functions satisfying
max{p(A;):j=1,...,k—1} <P(Ag) < +o0.

Then, every non-zero solution f of (1) satisfies p2(f) =p(Ao).

Example. The function f(z) = e® solves the second order linear differential equation
f'=f'-e*f=0, 3)
where Ag(z) = —e?* and A1 (z) = —1 are entire functions satisfying
p(A1) =0<p(Ag) =1.

We have p(f) = +ooand p2(f) =1 =p(Ag). One can observe that if we replace the coefficient
Ao(2) = —e*? by e in (3), then we obtain from Theorem B that every non-zero solutions
of (3) is of infinite hyper-order. For that purpose, Kinnunen [44] employed the concept
of iterated p-order for investigating the fast growth of solutions of equations (1) and (2)
with entire coefficients. The case when the coefficients are meromorphic functions in the
complex plane has been studied by Cao et al. [12]. This extended many previous results
obtained for the usual order and the hyper-order.

Theorem C [44]. Let Ay,...,Ax—1 be entire functions such that i(Ayp) = p(0 < p < o0). If
either
max{i(Aj):j=1,....k—1} <p

or
max{p,(Aj):j=1,....k—1} <Pp(Ao),

then all solutions f # 0 of equation (1) satisfy i(f) = p +1 and pp+1(f) =pp(Ag).

The oscillation theory of complex differential equations was initiated by Bank and
Laine [3, 4] by determining the convergence exponent ( denoted by A(f) ) of the sequence
of zeros of solution f of the second order differential equations with entire coefficient
A(z) #0

fP+A@)f=o0. 4)

We recall here two key results on the oscillation of solutions of equations (2) and (4).
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Theorem D [4]. Let A be a transcendental meromorphic function in the complex plane
satisfying 0 < p(A) < +oo and A(A) < p(A). If f £0 is a meromorphic solution of (4), then

p(A) smaX{X(f),X(%)}.

TheoremE [44]. LetEAy,...,Ax—1 be entire functions satisfying q = i(F) and
p=max{i(Aj):j=0,...,k—1}.

If 0<g<p+1<+oo, i(Ag) =p andeither i(Aj) <p or pp(Aj) <pp(Ag) forall
j=1,...,k—1, then every solution f # 0 of (2) satisfies

Xps1() = X1 () =Pps1(f) = Pp(Ag)

with at most one exceptional solution.

The concept of iterated [p, g]-order is firstly introduced by Juneja et al. [37, 38] and
adjusted by Liu et al. [53] in order to study the fast growth and the oscillation of solutions
of equations (1) and (2). After that, many researchers have investigated equations (1) and
(2) where the coefficients are meromorphic functions in the complex plane [27, 52, 35] or
analytic functions in the unit disc [9, 28, 48, 34, 65]. Recently, Chyzhykov and Semochko
[20] showed that both the iterated p-order and the iterated [p, g]-order do not cover an
arbitrary growth of complex functions. They considered a more general scale called the
p-order (cf. [61]) to study the fast growth of entire solutions of equation (1). This new
generalized concept of order is quickly adopted by some authors (see [1, 8, 5, 59]).

The main object of this thesis is to make use the concept of ¢-order and give the cor-
responding extensions of the above theorems not only in the complex plane but also in
the unit disc. However, this thesis contains an introduction and six chapters organized as
follows:

Chapter 1 presents the basic notions and the fundamental results on Nevanlinna the-
ory of meromorphic functions which are useful in the next chapters of this thesis. Here,
we do not reproduce the proofs, details can be found in the books [6, 24, 29, 36, 46, 70].

Chapter 2 provides some estimates involving the concepts of ¢-order and ¢-type of
the sum, the product and the derivative of entire and meromorphic functions in the com-
plex plane. Many results in [49, 66, 45] will be revisited and extended.

Chapter 3 investigates the fast growth of solutions of equations (1) and (2) where the
coefficients are meromorphic on the complex plane with ¢-order. The oscillation of solu-
tions is also studied. We extend and improve many previous results in [20, 8, 5, 12, 53, 52].

Chapter 4 considered the lower ¢-order and various conditions on the meromorphic
coefficients of equations (1) and (2) to improve some results listed in Chapter 3. We obtain
many generalized results of the papers of Hu and Zhang [35] and of Tu and Chen [64].

Chapter 5 gives analogous results of Chapter 2 for the ¢-order and the ¢-type of an-
alytic and meromorphic functions in the unit disc. We also generalize some results listed
in [13, 47].

Chapter 6 is devoted to study the fast growing of solutions of equation (1) when the
coefficients are analytic functions in the unit disc with finite ¢-order. We give the coun-
terpart for some results obtained in the complex plane (see [5, 8, 20]).



Chapter 1

Basic concepts from Nevanlinna theory

Throughout this thesis, an entire function f and a meromorphic function g in the whole
complex plane C will be denoted respectively by f € & and g € 4. 1f g € 4, we say some-
times that g is just a meromorphic function. Furthermore, an analytic function in the unit
disc A={z € C:|z| < 1} will be denoted by f € & 4 and g € .4 A will mean a meromorphic
function g in A. The shorthand notation “r — 1~ "when occurs will mean “for all r € (0; 1)
sufficiently close to 1 ”. The Landau symbols o(.) and O(.) are also used such that:

(i) f=0(g) if and only if there exists ¢ > 0 such that ’% < c for sufficiently large r.

f()

m—»Oasr—>+oo.

(i) f=o(g) ifand only if

1 Nevanlinna functionals

Firstly, we define the positive logarithmic functions as follows

logu ifu>1,

10g+u::max{0,u}:{ 0 Fo<u<1

This function satisfies the following properties:
(i) logu=log* u—log*1i

(i) [logul=log* u+log* 1,

N

[v]:

) Y log" u; +logn,

i=1

(iii) log (

i=1

N

(iv) log* (H u,) [Tlog" u;.

i=1 i=1

Definition 1.1 Leta € C and let f € 4 be a non-constant. We define n(r, ), or sometimes
n(r,00, f), to be the number of poles of f in the disc |z| < r such that each pole is counted
according to its multiplicity. The number of distinct poles of f in |z| < r is denoted by
n(r, f)=n(r,00, f), that is, multiple pole should be counted only once.

We further define n (r, T-a ) or sometimes n(r, a, f), to be the number of zeros of f —a

(by counting all multiplicities) in the disc|z| < r andn (r, ﬁ) =n(r, a, f) to be the number
of distinct zeros of f — a (not counting multiplicities) in the disc |z| < 1.

5



1. NEVANLINNA FUNCTIONALS

The following result is the key of Nevanlinna’s first main theorem.

Theorem 1.1 (Jensen’s formula) Let f € .4 such that f(0) # 0,00. Let ay, ay,...,a, and
by, by, ..., by, be the zeros and the poles of f respectively, each multiple zero and pole is
counted according to its multiplicity. Then we have

r

loglf(O)I:ifoznlog‘f(re"e)‘de— Y log—— + 3 log|bj|.

2n laj|<r laj] Ibjl<r

Definition 1.2 Let a € C and let f € ./ be non-constant. The (integrated) Counting func-
tion is defined as follows

dt+n(0,a, f)logr,

N(r,a,f):N(r, 1 )::f n(t,a, f)—n(0,a, f)
0

f—a t

n(t, ) _t n0, /) dr+n(0, f)logr.

N(r,00, f) =N(r, f) ::fo
Similarly, by using n(r, f) andﬁ(r, %), we generate N(r, f) andﬁ(r, ﬁ) as follows

dt+7n(0,a, f)logr,

Nina f)=N[p 1) = [ LG -TO.00)

f—a

n( f) ; MO0 41400, flogr.

N(r,00, f) =N(r, f) ::f

0

Definition 1.3 Leta € C and let f € ./ be non-constant. The proximity function is defined

by
1 | L 1
m(r,a,f)_m(r,—f_a) '_Efo log —|f(rei9)—a|de’
27 .
m(r,00, f) = m(r, f) ::if log* f(rele))de.
27 Jo

Definition 1.4 Let f € ./ be non-constant. The Nevanlinna characteristic function of f is
defined by
T(r, f) :==m(r, f) +N(r, f).

Example 1.1 T(r,e?)=L and T(r,e®)~ Z;’Qr asr — +oo.

Proposition 1.1 Letn e N and let f; € ./ be non-constant (i =1,...,n). Then, the following
statements hold

n n n

(i) m(r,Zfi) <> m(r, f;) +logn and m(r,l_[fi) <> m(r, f),
‘ =1 i=1

=1 i=1

~
~

n n n n
(i) N r,Zf,-) <) N(r,f}) and N r,]_[f,-) <Y N1, fi),
i=1 i=1 i=1 i=1
n n n n
(iii) T(r,Zfi) <Y T(r,f;}) +logn and T(r,l_[fi <> T f).
i=1 i=1 i=1 i=1




1. NEVANLINNA FUNCTIONALS

Theorem 1.2 (Nevanlinna’s first main theorem) Leta € C and let f € ./ be non-constant.
Then,

1 1 1
T(r,ﬂ) = m(r,ﬁ) +N(r, 7o a) =T(r,/)+0(Q1) as r— +oo.
Remark 1.1 This theorem remains valid for f € M N andr — 1".
Definition 1.5 Let f € &. We define the maximum modulus function M(r, f) by

M(r, ) :=max{|f(2)|: ]zl < r}.

Clearly, it follows from the maximum principle that this maximum value is taken on the
circle |z| =, i.e.,

M(r, f) =max{|f(2)| :|z| =r}.

Example 1.2 M(r,e) = ¢”, M(r,sin z) =sinhr, M (r,e°") = e¢'.
The functions T(r, f) and M(r, f) are related by the following theorem.

Theorem 1.3 Let f € £&. For0 < r <R we have
T(r, f) <log" M(r, f) < %T(R,f).
Theorem 1.4 Let f € .4 be non-constant. The function f is rational if and only if
T(r, f)=0(ogr), as r— +oo.
Or equivalently, the function f € 4 is transcendental if and only if

logr=0(T(r,f)), as r— +oo.

af(z)+b
cf(z)+d

Theorem 1.5 (Mobius transformation) Let f € .4 and let g(z) =
and a, b, ¢, d are complex constants satisfying ad — cb #0. Then

such that f # —%

T(r,g)=T(r, f)+0).

Theorem 1.6 [54] Letn €N and let f, ay,...,an€ M. If F=ay+a,f +---+ a,f" such that
a,(z) 20, then

T(r,F)=nT(r,f)+0

Y T(r, ak)).

k=0
Theorem 1.7 ([69]) If f € 4, then

T(r, ) <O(T@r, f)+logr) as r— +oo.
Definition 1.6 Let f € ./ . The deficiency of the point a € C U {oo} is defined by

m|r,+1a N(r, 74

d(a, f) ::liminfuzl—limsup—( ! ) for a#oo,
r—+oo T(r,f) F—+00 T(r,f)

S (o0, f) ::lrilllgglof?((rr”]]:)) :1—1i:1:i1;op1;((::;)) for a=oo.

Remark 1.2 Note thatd(a, f) € [0,1]. Ifb(a, f) > 0, the value a is called deficient.
Example 1.3 (i) Forany ae C, we have 8(a, z) =0.

(ii) 6(0,e*) =0 (o0,e”) =1, and forany ae C\{0} we have 6(a,e*) =0.



2. MEASURES AND DENSITIES OF SET

2 Measures and densities of set

Definition 1.7 The linear measure of a setE c [0, +o0) is defined by
mes(E) := f dt.
E

The logarithmic measure of a set Eg c [1,+00) is defined by

dt
mes;(Eg) := —.
Eop

If mes(E) < +oo and mes;(Eg) < +oo, we say that the sets E and E are of finite linear mea-
sure and of finite logarithmic measure respectively.

Definition 1.8 The logarithmic measure of a set Fy [0, 1) is defined by

dr
mes;(Fp) := —
Fol—T

Remark 1.3 In what follows, the sets of finite linear measure and of finite or infinite loga-
rithmic measure are not necessarily the same at each occurrence.

Definition 1.9 The upper linear density of a set F < (0, +00) is defined by

S FnIo,
dens(F) ::limsupw.
r—+00 r

The upper logarithmic density of a set G c (1, +00) is defined by

_ GnIll,
dens;(G) :=limsup mes|(GNl r]).
r—+00 logr

Proposition 1.2 /29, 10] Far all sets E < [0,4+00),E; € [1,400) and G c (1,+00), there hold
(i) if E is countable, then mes(E) =0,
(ii) if mes;(E1) =00, then mes(E;) = oo,
(iii) if dens(G) >0, then mes(G) = oo,

(iv) if dens;(G) >0, then mes;(G) = co.

3 Growth and oscillation of functions

Definition 1.10 Let f € ./ . The order and the lower order of [ are respectively defined by

p(f) ::limsupM and u(f) ::liminfw.

r—+00 ogr r—+oo logr
If f € &, then the order and the lower order of [ are respectively defined by

loglogM(r, f)

_ . loglogM(r, f)
p(f):= hmsupo logr

T logr M HUEIMY



3. GROWTH AND OSCILLATION OF FUNCTIONS

Remark 1.4 (i) According to Theorem 1.3, one can show that if f € & then
p(f)=p(f) and u(f)=ucf).

(ii) Ifp(f) = u(f), then the function f is said to be of regular growth.
Example 1.4 ForallneN, we havep(e?')=p(e*")=n.p(e®) =p(e®) = +oo.
Proposition 1.3 /51, 70] Let fi, f> € 4. The following statements hold

@ max{p(fi +f2),p(fi f2)} = max{p(f),p(f2)},

(i) ifp(fi) <p(f2), thenp(fi + f2) =p(f1 f2) =p(f2),

(ii)) max{u(fi + f2), n(fi f2)} < max{p(f), n(2)},

Gv) ifp(fi) < u(f), then u(fi + f2) = u(fi o) = u(f2),
W) ifp(fi) <u(fa), thenT(r, fi) = o(T(r, f2)) asr — +oo.

Theorem 1.8 ([69]) Let f € 4 and f' be its derivative. Then, p(f) =p(f).

Definition 1.11 [63] Let f € .4 5. The order of [ is defined by

L log" T(r, f)
o) ’_hrm_?}l—p—log(l -r’

If f € & A, then the order of f is defined by

_ ) log*log™ M(r, )
:=lims .
o(f) lr_,}l—p —log(l1-r)

Remark 1.5 If f € & 5, it is well known that o(f) <6 (f) < o(f) +1, (see [63, Theorem V.
13.]) which are the best possible in the sense that there exist g € & A and h € & A such that

o(g)=0(g) and o(h)=0c(h)+1.

Example 1.5 Leta > 1 be a real constant and let f(z) = exp{ } Then,

1
(1-2)°
o(f)=a-1 and o(f)=a.
However, for f(z) = exp{1:-}, we have o (f) =G (f) =1.

Definition 1.12 [46] Let f € /. The type of f such that p(f) € (0, +o0) is defined by

it T(r, f)
1(f) ._hrrgfgop TR

If f € & such thatp(f) € (0, +00), then the type of f is defined by

s logM(r, f)
()= IIEEEOPW

Remark 1.6 In general, T(f) #7T(f) for some f € &. For instance, 1(e”) = % <T(e”)=1.



3. GROWTH AND OSCILLATION OF FUNCTIONS

From [24], if f € &, the following two estimates hold

?(f)ssir?(?r(pj?f))ﬂf) if 0<p(f)=3

() =mp(NT() if §=p(f)<+oo.

Definition 1.13 [46] Let f € .U 5. The type of f such that o (f) € (0, +o0) is defined by

k(f) :=limsup (1 - r°PT(, .

r—1-

If f € & A such that 5 (f) € (0, +o0), then the type of f is defined by

K(f) :=limsup (1 - r)a(f) log™ M(r, f).

r—1-

Definition 1.14 Let f € 4 and let{zy, k € N} be a sequence of zeros (counted multiplicities)
of f such that klim |zx| = +00. The convergence exponent of the sequence of zeros of f is
—+00

defined by
A(f) ::inf{)\ >0: Z Izkl_)‘ < +oo}

k=1

Theorem 1.9 [46] Let f € .4 with infinitely many zeros and let A(f) be the convergence
exponent of the sequence of zeros of f. Then we have

A(f) ﬂimsuplogN(r, %) = limsupw.

r—+oo  logr r—+oo  logr

Definition 1.15 Let f € .4 . The convergence exponent \(f) of the sequence of distinct zeros
of f is defined by

_ logN(r, %)
A(f) :=limsup————=.
(f) r_.+oop logr

Example 1.6 Letac C\{0}. For f(z) = e*—a, wehave \(f)=1=A(f).
The following result plays an important role in Nevanlinna theory. It is very useful for

many applications in the uniqueness theory of meromorphic functions and in the theory
of complex differential equations.

Lemma 1.1 (lemma of logarithmic derivative) Let k € N and let f € .4 be a non-constant
meromorphic function. If p(f) < +oo, then

(k)
m (r, T) =0(logr) as r— +oo0.
If p(f)=+o0, then
(k)
m (r, 7) =0(logr+1ogT(r,f)) as r— +oo,r¢E
where E c [0,+00) is a set of finite linear measure.

10



4. THE CONCEPT OF ITERATED ORDER

The version of the lemma of logarithmic derivative in the unit disc A is stated as follows:
Lemmal.2 [31] Let f € 4 5 and k € N. Then

f(k) 1
m(r,T):O(log+T(r,f)+longr) as r— 1"

possibly outside of an exceptional set Fy < [0,1) with finite logarithmic measure. If o(f) <
+o00, then

(k) 1
m(r,fT):O(logﬁ) as r—1".

Definition 1.16 Ler f,g € 4. If we have T(r,8) = o(T(r,f)) as r — +oo outside of a set
E c [0,+00) of finite linear measure, we say that g is a small function of f and we will
simply denoteT(r,g) =S(r, f).

Theorem 1.10 (Valiron-Mokhon’ko) [46] Let f € .4 and let R(f) = g((—]})) be an irreducible
rational function in f where

P(f)=Y arf* and Q)= b;f’.
k=0 j=0

If the coefficients ay(z) and b;(z) are small functions of f, then we have
T (r,R(f)) = max{n, m}T(r, f) +S(r, f).

We now state two important results which allow to avoid the exceptional set when it ap-
pears in the demonstrations.

Theorem 1.11 /2, 26] Let g : (0,+00) — R and h : (0, +00) — R be monotone non-decreasing
functions. If either

(i) g(r) < h(r) forallr ¢ Equ (0,1] whereEy c [1, +00) is a set of finite logarithmic mea-
sure, or

(i) g(r) < h(r) outside of an exceptional set E c [0, +00) of finite linear measure,
then, for any given constant o > 1, there exists ro > 0 such that g(r) < h(ar) forallr > ry.
Theorem 1.12 [31] Let g : (0,1) — R and h : (0,1) — R be monotone non-decreasing
functions such that g(r) < h(r) possibly outside of an exceptional set Fy c [0,1) with finite
logarithmic measure. Then, there exists a constantd € (0,1) and s(r) =1-d(1—r) satisfying
g(r) < h(s(r)) forallr €10,1).
4 The concept of iterated order
For all r € R, we define the iterated exponential function by
expor:=r and exp,r:=exp (expp_1 r) ,peN.
Inductively, for all r € (0, +o0) , we define the iterated logarithmic function by
logyr:=r and log,r:=log (logp_1 r), peN.

We also use the conventions exp_; r :=log, r and log_, r :=exp; r.

11



4. THE CONCEPT OF ITERATED ORDER

Definition 1.17 [58] Let p € N and let f € ./ . The iterated p-order of f is defined by
log, T(r, f)
=i =
Pr(f) 133;10p logr
If f € &, then the iterated p-order of f is defined as

lo M(r, f)
Pp(f) ::1imsupo

r—+00 logr

:pp(f)

Remark 1.7 Note that p,(f) coincides with the usual order p(f). For p =2, p2(f) is called
the hyper-order of f. If we replace the denominator logr in Definition 1.17 by log, 1, we
obtain the iterated |p, ql-order [37, 53].

Example 1.7 Let q € N and a € C\ {0}. The iterated p-order of f(z) = equ(az) is
0 if p<gq,
pp(f)=4 1 if p=q,
+oo if p>gq.
Proposition 1.4 Letp eNand let f € 4. If pp(f) <+oo, then pp.1(f)=0.

Definition 1.18 /46, 44] Let f € /. The growth index (or finiteness degree) of the iterated
p-order of f is defined by

+00 if pj(f)=+ocoforalljeN,
min{jeN:p;(f) <+oo} if fistranscendental and

p; (f) < +oofor somej €N,
0 if fisrational.

i(f)=

Example 1.8 LetneN and f(z) =exp,(z") = e . Since p2(f)=n, theni(f)=2.
Definition 1.19 [13] Let f € .4 A and p € N. The iterated p-order of f is defined by

log! T(r, )
=i A
op(f)=limsup— o m

If f € & A, then the iterated p-order is defined by

log} ., M(r, f)
6 ( )::limsu p—
v P log(1— 1)

It should be noted that for p =1, we have o, (f) =o(f) and 01 (f) = o (f).

Remark 1.8 By virtue of Theorem 1.3, one can show that, for all p > 2 and f € & 5, we have
ap(f) = Gp(f)-

Example 1.9 Leta > 1 be a real constant and f(z) = exp, {ﬁ} . Then, o2(f) =02(f) =a.

12



5. THE CONCEPT OF ¢-ORDER

Definition 1.20 /58] Let f € /. The iterated p-type of [ such that p,(f) € (0,+00) is de-
fined by

) logp_1 T(r, f)
Tp(f) = limsup—— 5 —

If f € & is transcendental entire function, then the iterated p-type of [ such that p,(f) €
(0, +00) is defined by

B ' log, M(r, f)
Tp(f) =limsup——5—

Remark 1.9 Letp e N. If T,(f) < +oo, then
M(r, f) ~ exp, {?p(f)rﬁp(f)} as r— +oo
which describes how fast the entire function f is growing.

Definition 1.21 [46, 33] Let f € M A and p € N. The iterated p-type of f such thato,(f) €
(0,+00), is defined by

Kp(f) :=limsup (1 - 1 Plogh | T(r, f).

r—1-
If f € & A such that 5, (f) € (0, +00), then the iterated p-type of f is defined by

izp(f) = limsup (1- r)ap(f) IOgZM(r, f)

r—1-

Definition 1.22 [44, 64] Let f € 4/ and p € N. The iterated p-convergence exponent of the
sequence of zeros of f is defined by

A () =i IOSPN(T’%)
=l1mmsup—mmm .
P e logr

Similarly, the iterated p-convergence exponent of the sequence of distinct zeros of f is de-
fined by

_ . logpN(r,%)
Ap(f) :=limsup————.

F—+00 logr

Example 1.10 For f(z) = exp,(z) —exp(z), we have A(f) =+oo and Ao(f) =1 :Xz(f).

5 The concept of p-order

Recently, Chyzhykov and Semochko [20] showed that both definitions of iterated p-order
and [p, gl-order have the disadvantage that they can not cover an arbitrary growth (see
[20, Example 1.4]), i.e. there exist some functions with infinite iterated order. They em-
ployed a more general scale to measure the fast growth of complex functions called the
p-order (cf. [61]). After that, Belaidi introduced the definition of the ¢-type in [5].

Definition 1.23 [20] Let f € ./ and let ¢ be an increasing unbounded function on (0, +oo) —
(0,+00). The @-orders of f are defined by

T, f)

0 : (') | . ¢ (T(r, )
=1 _ =1 _
o limetp = )= timanp

13



5. THE CONCEPT OF ¢-ORDER

If f € &, then the @-orders of f are defined by

-0 ) ¢ (M(r, /) 1 . ¢ (logM(r, )
=1 _—, =1 —_—
o g PRI g
Similarly, if replacing the lim sup by the liminf, we can define the concept of lower ¢-order
as follows:

Definition 1.24 /8] Let f € ./ and let ¢ be an increasing unbounded function on (0, +00).
The lower @-orders of f are defined by

T(r,f)
0 p .y @) e (T )
If f € &, then the lower @-orders are defined by
0 M) @(logM(r, f))
He(f) == l;gljgof?, He(f) = I}Iil?ofT'

Definition 1.25 [59] Let f € .U A and let ¢ be an increasing unbounded function on (0, +00).
The @-orders of [ are defined by

T(r,f)
0,/ . 1: (e ) 1,1 (p(T(r, f))
Oplf):= hrm_',s’}l—p ~log(1-1)’ Oplf):= hrm_?}l—p —log(1-r)

If f € & A, then the @-orders are defined by

0 1 ¢ (M(r, ) RPN ¢ (log* M(r, 1))
%ol) '_hrm—?}l—p—log(l—r)’ O(f) .—llrIIl:},l_p ~log(l-r)

Definition 1.26 [40] Let f € . A and let g be an increasing unbounded function on (0, +oo).
The lower @-orders of f are defined by

T(r,f)
0 o @e) L 0T )
V() '_lirilqu—log(l g V() .—l;n_l}lrlf_l 11
If f € & A, then the lower @-orders of | are defined by
0 @M ) e . @ (log"M(r, )
vw(f) =liminf———= v(p(f) :=liminf

r—1- —log(1—r)’ r—1=  —log(l1-r)

We denote by the symbol @, the class of positive unbounded increasing functions on
(0, +00), such that ¢ (e’) grows slowly, i.e.,

ct
VYc>0: lim (p(e )
t=+o0 p (e?)

Bandura et al. [1] proved that for any entire transcendental function f € & of infinite order,
i.e., p(f) = 400, there exists ¢ € P satisfying p?p (f) < +o0.

=1.

Example 1.11 Let f € /. One can see that ¢(r) =log, 1, (p = 2) belongs to the class ¢ and
@(r) =logr & ¢. Moreover, for ¢(r) =log, 1, the p}p (f) order of the function f coincides
with its iterated p-order, i.e., p}p(f) = pp(f) As a particular case, for ¢ =log, € ¢ we have
p?ogz (f) =p(f) and pllng (f) = p2(f) which are respectively the usual order and the hyper-
order of f.

14



5. THE CONCEPT OF ¢-ORDER

Proposition 1.5 [20] If ¢ € D, then

-1 1 m
Vm>0,Vk20:&]§x)—>+oo,x—>+oo. (1.1)
x
logp~1((1
Vec>0: oge (1+0)x) — 400, X — +00. (1.2)
logp~1(x)
Ve>0:@ex) <@ (x) <1+ 01)@x), x — +oo. (1.3)

Proposition 1.6 /8, 20/ If ¢ € @ and f € &, then for j =0,1, we have

oh(N=pL(H) and W=,
Proposition 1.7 [40, 59] If ¢ € ® and f € & A, then

05 (f)=85(f) and vy (f)=V(f).
Remark 1.10 By letting ¢(.) =log; () € @, we see that og(f) = O'?Og; (f)=o(f) and 6?p(f) =
G?Og; (f) = 6(f). From Remark 1.5, there exist some analytic functions f in A satisfying
o(f)#G(f), i.e, 04 (f) #Go(f) evenifp e P.

Definition 1.27 [5] Let f € .4 and let ¢ be an increasing unbounded function on (0, +00).
We define the @-types of f such that0 < p(f) < +oo(i=0,1) by

@(e""D) o (T(r,f)
LoN6D) ':limsupe L (f) ':limsupe
¢ r—+00 rp?p(f) ’ ¢ r—+00 rp(lp(f)

If f € &, then the @-types of [ such that0 < ’ﬁfp(f) < +o00(i=0,1) are defined as

-0 i e (M7, ) . . o9 (10gM(r, /)
T =lmsu , T :=limsu ~
(p(f) r_’+°°p rPe(f) (p(f) r—>+oop rPe(f)

Definition 1.28 /5] Let ¢ be an increasing unbour;ded function on (0,+00). The lower ¢-
types of a meromorphic function f € 4 with0 < pfp (f) < +o0(j =0,1) are defined by

T(r,f) T
exP{(pEe I3 L () :zliminfeXp{(p(l )}
FHe() ¢ r—+00 FHe()

0 —1: .
I¢(f) .—I}r_{1+1£10f

Iffe& with0 < ﬁ£(f) < +o00(j=0,1), then the lower @-types are defined by

exp{p (M(r, N)} exp {p (logM(r, )}
vt b)) '

~0 R T ~1 T
T, (f) =liminf , Tp(f):=liminf

Definition 1.29 [42] Let f € .4 5 and lettp be an increasing unbounded function on (0, +o00.)
We define the @-types of f such that0 < o, (f) < +o00(i=0,1) by
K?p(f) :=limsup (1 - r)c%(f) exp {(p (eT(r’f)) } ,
r—1-

Kfp(f) :=limsup (1 - 7)) exp {9 (T, ))}.

r—1-

If f € & A, then the @-types such that 0 < Gfp(f) < 400 (i =0,1) are defined by

ﬁ%(f) :=limsup (1 - 7)ol exp{op (M(r, N)},

r—1-

Ky (f) :=limsup (1 - 1% exp {o(log"M(r, N)}.

r—1-

15



5. THE CONCEPT OF ¢-ORDER

Definition 1.30 [40] Let f € 4 A and let ¢ be an increasing unbounded function on (0, +00).
We define the lower @-types of f such that0 < v,(f) < +oo(i=0,1) by

0 (£ = limi — Vel T(r,f)
E(p(f) .J}H_l}{}f(l r)Ve exp{(p(e d )},
Ky () =liminf (1= P exp { (T, 1)}
If f € & A, then the lower @-types of f such that 0 < pr (f) < +o0(i =0,1) are defined by
&) () :=liminf (1 - )% exp {op (M(r, )},
Ry () :=liminf (1 - )% exp{y (log" M(r, 1))}
r—
Proposition 1.8 [20] Let @ € ¢ and let f1, f» € 4. Then, for j =0,1 we have
(i) ifae C*, then p{‘.)(af) = pé(f) and T{';(af) = ‘r{;)(f),
(i) if fi 20, then py (4] =plp(f) and v (1) =T (f),
(iii) p{;, (hi+f)= mu{pé(fl), p(jp(fz)},
@) ph(fi f3) < max{p}(f),ph(f)}-
Lemma 1.3 [39] Let f € 4. If pg(f) < +oo, then pg(f)=0.
Proof. Suppose that p%( f) =p < +o0. For any given € > 0 and sufficiently large r, we have

T(r, f) <loge™' ((p+e)logr).

By Karamata’s theorem (cf. [60]), we have ¢ (e) = 1°)) as  — +oo. Thus, in view of (1.1)
we get

(elogT(r,f))

. . ¢ (T(r 1) .
=1 —_— 1
Py (/) lgigop logr lrn—l»JSrgop logr
. [logT(r, ]
limsup
r—+00 logr
[loglog ™! ((p+€)logr)]*™ B

limsu =0.
r_>+oop logr

o(1)

IA

Hence, ptlP (f)=0. O

Definition 1.31 [39] Let f € .4 and ¢ be an increasing unbounded function on (0, +00).
The @-convergence exponents of the sequence of zeros of [ are defined by

o) ,
)\?p(f) ::limsup(p(e A}p(f) ::limsupM_

)
r—+00 logr F—+00 logr

16



5. THE CONCEPT OF ¢-ORDER

Similarly, if we replace N (r, %) byN(r, %), we obtain the @-convergence exponents of the
sequence of distinct zeros of f.

0 0] eN(r'%)) .
Ay (f) :=limsup , Ay (f) :=limsup

r—+oo  logr F—+00 logr

Definition 1.32 Lety be an increasing unbounded function on (0, +00). We define the lower
(p-convergence exponents of the sequence of zeros of a meromorphic function f € 4 by

N(r1
A0 (F) =1 -f(p(e [rf)) AL (F) =1 'f(p(N(r’%))
B g+ MR T g

Similarly, the notations Z$ (f) and Z(lp (f) can be used to denote the lower ¢-convergence
exponents of the sequence of distinct zeros of f € M .
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Chapter 2

On the ¢-order and the ¢-type of entire
and meromorphic functions

1 Introduction and statement of the main results

Firstly, we recall two classical results investigated the order and the type of the sum and
product of entire functions and meromorphic functions in the complex plane.

Theorem 2.1 [51] Let fi, f» € &. Then we have

p(fi+fo) max{p(f1),p(2)},
p(f1f2) max{p(f1),p(f2)},

INIA

and

T(fi+ /o)
T(f1/2)

Theorem 2.2 [24] Let fi, fo € A . If p(f1) <p(f2), then
p(fi+ o) =p(f1 f2) =p(f2).

In [49], Latreuch and Belaidi established new estimates for the order and type of mero-
morphic functions and obtained the following results which improved the above two the-
orems.

max{’:f(fl)):‘f(fZ)}y
T(f1) +T(f2).

IAN A

Theorem 2.3 [49] Let fi, f» € 4. Then we have
(i) if 0<p(f1) <p(f2) <+oo, then T(fi+ fo) =1(f1f2)=T(f2),
(D) if 0<p(f1)=p(f2) =p(fi+ f2) =p(f1 f2) < +oo, then

[T -t = T(h+rf) =t(f) +T1(f),
[T -t =s T(hifr) =t()+T1().

Theorem 2.4 [49] Let fi, fo € . If 0<p(f1)=p(f2) <+ocoandT(f1)#1(f2), then

po(fi+ f2)=p(f1 f2) =p(f1) =p(f2).

In [66], Tu et al. generalized theorems 2.3-2.4 from usual concepts of order and type to
iterated p-order and iterated p-type.
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Theorem 2.5 [66] Let fi, f» € M satisfying 0 < p,(f1) = pp(f2) < +oo and t,(f1) < Tp(f2)
for any p € N. Then we have

@ pp(fit f2)=pp(fi f2)=pp(f1) =pp(f2),
(D) ifp>1, thenty(fi+ f2) =Tp(f1 f2) =Tp(f2),

(iii) if p=1, thena < 1,(fi + f2) <P and a < 1,(f1 f2) <P wherea =1,(f2) — Tp(f1) and
ﬁ:Tp(f1)+Tp(f2)-

In this chapter, we give the counterparts of the above theorems for the ¢-order and the
-type concepts. From Theorem 1.8, we know that a meromorphic function f € .4 and
its derivative f’ have the same order. It is well known also that p,, (f') =p,(f) forany p e N
(see [44, 45]). So, we will show that this assertion remains valid for the ¢-order and we
derive an estimate for the ¢-type of the derivative f.

Theorem 2.6 [43] Let p € ¢ and let fi, f>€ 4. For j=0,1, if p{", (f1) < p{‘.)(fz), then

oy (fi+ 12 =P fi f2) = P ().
Theorem 2.7 [43] Letp € ® and let fi, fo € M.

(i) For j=0,1,if 0<ph(fi) <p}(f2) < +oo, then
i+ ) =Th(hf) = Th(f). 2.1)
(ii) For j=0,1,if 0<p}(f)) = ply(f2) = p(fi + fo) < +o0, then
T(];g(fl +f) < ma-X{Ti)(fl),Ti)(fZ)}-
Moreover, if T{,‘)(fl) ?/Ti)(fz), then

(A + f) =max{Th(f), Th(f2)}. 2.2)

(ii)) For j=0,1,if 0<p}(fi) = p}(f2) = pih(fi fo) < +00, then
T{;,(ﬁ f2) = maX{T{;)(fl);T(];)(fz)}-
Moreover, if T{I;(fl) #T{I;(fg), then

(i f) =max{Th(f), Th(f)}. (2.3)

Corollary 2.1 [43]Letpe P andlet fi, f> € M. Forj=0,1, if0< p{;,(fl) = pf;,(fz) < +oo and
Tfp(fl) <T{p(f2), then . . . .
P (fL + 12) = pip (f1 12) = 0 (1) = P (f2), (2.4)

Té(fl +fo)= T{;)(fl f2)= T{;( f2). (2.5)

Theorem 2.8 [43] Letp € D and let fi, [, €&.
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(i) Forj=0,1,if 0<p (f1)< (f2)<+oo, then
A+ R=Th(f) and T(fify) < max{Th(f), T}
(i) Forj=0,1,if 0<p (fl)_ .(f2)25£(f1+f2)<+00, then
To(fi+ f) <max{Th(f), T ()}
Moreover, if T)(f1) #Th(f2), then Th(fi + f) =max{Th(f), T}(f2)}
(iit) For j=0,1,if 0<p (fl)_ '(fz):p'{;,(flfz)<+oo, then
T () = max{Th (), T ()]
Moreover, if ?{;)(ﬁ) #?(,;(fz), then ’T'{;,(fl f2) :max{i;,(fl),’f(;,(fg)}.

Corollaryz 2 [43] Letgpe D andlet fi,f,€&. For j=0,1,if 0<p (fl) p(p(fz) < +oo and
(p(fl) <:E(p(f2)7 then

B+ ) =Ph(A) =P () and Th(fi+ ) =Th(f).
Theorem 2.9 [43] Let p € D and f € 4. Then, for any constant o > 1 we have

1,0 _ A1 _ dT‘IP(f)<1/<pl
Pe(f)=pe(f)=p an n <1, (f) =1, ().

2 Proofs of main results

2.1 Proofof Theorem 2.6

Since pé, (f1) < pf;, (f2), then by Proposition 1.8, it follows that p{;, (fi+fo) < pi,( f2) and there-
fore,

oh(f2) =i+ fr= fi) = max{p)(fi + 2,04 ()}
Suppose that p{;, (f1) > p&, (fi + f2). Then

o (f) = max{p (i + 1), 0 (F1)} =P (1)

which contradicts the assumption p(p (f1) < p(p (f2). Hence p(p (f2) < pq, (f1 + f2) and there-
fore p(p( fi+/f)= p(p( f2). Now, we prove that p(p (fifo)= p(p (f2). Indeed, again by Proposition
1.8, it follows that pq,( fifo) < p(p (f2) and therefore

o (f2) =pl) (ﬁ f ﬁ) < max{p{;(fl 5,00 (%)} =max{p}(fi 2,04 (f1)} -
Suppose that p{;, (f1) > p{") (f1 f2)- Then
o (f) = max{pi (i f2), 0 (1)} = ph ().
This contradiction leads to p{‘;( f2) = p{;,( f1 f») and therefore pé, (f1f)= pé, (f2).
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2.2 Proofof Theorem 2.7

We will prove the theorem for j =1, the proofs for j =0 are analogous.

(i) The definition of the t (lp—type implies that for any given € > 0, there exists a sequence
{rn, n = 1} tending to infinity such that

1
T(rn, f2) =@~ (log (v —¢] r,‘}f’(f”)

and
T(r, f1) < (p_l (log (T(lp(fl) +8) rp‘lp(fl)) as r— +oo. (2.6)

Thus, by the fact that
T(r, i+ f2) =T(r, f2) - T(r, f1) —log2, (2.7)

we get from Proposition 1.5 that

1 1
Trm it+f) = (p_l(log(T(lp(fz)—g)rsw(fz))_(p—l(log(1$(f1)+e)r2‘”(fl))—10g2
1
> (p_l(log(‘r}p(fg)—Zs)r,g“P(fZ)). (2.8)

It follows from theorem 2.6 that p,(fi + f2) = pg(f2). Then, by the monotonicity of ¢

and (2.8) we obtain
e(P(T(rmfl +f2))

1
>T — 2€.
pofit+f2) o(f2)
rn

Since € > 0 can be arbitrarily chosen, we obtain that
To(fi + f2) = T4 (f2). (2.9)
Since pg,(fi + f2) = Py (f2) > Py (f1) = Py (—f1), We obtain by applying (2.9) that
o) =Ty (fi+ fom i) 2 T, (fi+ fo). (2.10)

From (2.9) and (2.10), we deduce that T, (fi + f2) = T¢,(f2).
Now we prove that ‘r}p( fif)= ‘r(lp (f2). By using the fact that

T(r, Aif2) 2T L) -T(r, f2) +01) (2.11)

and a similar discussion as in the above proof, one can easily show that

T (i f2) = Ty (f2). (2.12)

Since p}p (f1f)= p}p (f2) > p}p (f1)= ptlP (%) , it follows from (2.12) that

‘l'(lp(fz) :Tclp (flfz%) > T(lp(flfz)

and therefore T}p(fl fo) = T(lp(fz).
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(i)

(iii)

2.3

By (2.6), Proposition 1.5 and the assumption 0 < py, (f1) = pg (f2) = Py (f1 + f2) < +00,
we get

T(r, f1+ f2)

IA

T(r, 1) +T(r, f2) +O(1)
¢! (log (Tfp(fl) + e) rpllv(f“f”) +o! (log (T(lp(fg) + e) rp«1:>(f1+f2)) +0(1)

(p_l (log (max{T}p(fl), Tgp(fg)} + 38) rptlp(f”f”) .

IA

IA

By the monotonicity of ¢, we get

e?(T(nfitf2))

1 1
FPofi+f2) = max{Ttp(fl)’T(p(fz)} +3e.

Hence

To(fi+ f2) SmaX{Tfp(fl),T}p(fz)}. (2.13)

Without loss of generality, we may suppose T}p( fi) < T}p( f2). Then, by (2.13) and
since p}p (fi+fo)= p}p(fl) = p}p(—fl), it follows that

() =Ty (fi + fo- i) < max{Ty(fi+ ), Th(A)} = Th(fi+ fo). (2.14)
We deduce from (2.13) and (2.14) that T}p(fl + f2)= max{T}p(fl),T}p(fg)}.

By a similar discussion as in the above proof and the fact that

T(r)fle) ST(ryfl)'i—T(r)fZ))

we obtain

Th (i fo) < max{Th(A), Ty ()} (2.15)
On the other hand, if we suppose that T}p(fl) < T}P(fg), then by (2.15) and the fact
that p}p(fl f2)= p(lp(fl) = p}p (%) , We obtain

1
=1} (ﬁ £ E) < max{t(fi £2), Tp(f)} = Th(fi fo). (2.16)
It follows from (2.15) and (2.16) that T}p(fl f2)= ma.x{Ttlp(fﬂ,T}p(fz)}.

Proof of Corollary 2.1

It follows from Proposition 1.8 that

p{;)(fl +f2) < p{; (f1)= p{;, (f2) and pf;, (fif2) < p{;, (f1)= p{;, (f2).

By using similar reasoning as in the proof of Theorem 2.7, especially from (2.7) and (2.11),
we obtain that

p{;)(fl +f)= p{;, (f2) = pf;, (f1) and pi, (fife)= p{;, (fo) = p{;, ().

Therefore, (2.4) holds. On the other hand, we can see that (2.5) follows immediately from
(2.4) and Theorem 2.7.
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2.4 Proofof Theorem 2.8

We will prove the theorem for j =0, the proofs for j =1 are analogous.

(i) The definition of the 'f%-type implies that for any given € > 0 there exists a sequence
{rn,, n =1} tending to +oo such that

~0
M(rny fZ) > (p_l (10g (f:[:g)(fz) _ 8) rZ(p(fZ))

and
M(r, fi) < (p_l (log (’f&(fl) + s) rﬁg’(ﬁ)) as r— +oo. (2.17)

In each circle | z| = r,, we choose a sequence {z,, n = 1} satisfying | f>(z,)| = M(ry, f>).
Then, by Proposition 1.5 we obtain

IV

M(rn» fl + fZ) |f1 (Zn) + fZ(Zn)l = |f2(zn)| - |f1 (Zn)l

M(rn)_fZ) _M(rn?fl)
¢! (log (% ¢ rSw(fz)) ! (log ([0 +e) rsq,(fl))

9 (f2)
n .

v

v

vV

@ (log (??p( f)— 2e) r (2.18)

It follows from Theorem 2.6 and Proposition 1.6 that ﬁ?p (fi+ fo) = ﬁ?p( f2). By the

monotonicity of ¢ and (2.18), we get

e®M(rn, fi+ f2))

~0
>T — 2€.
O (fitf2) o(f2)
rn

Since € > 0 is an arbitrary number, then
T (fL+ f2) = Ty (f2) (2.19)

Observe that 5y, (fi + f2) = Po(f2) > Py (f1) = Py (—f1). Then, by applying (2.19) we
obtain

'T%(fz) =78,(f1 + -1 S:E?p(fl + f2)

and therefore 'f?p (fi+ fo) = ??p (f2). Without loss of generality, we may suppose that
Ty (f1) <T4(f2). We have

M(r)fle)

IA

M(r, i) M(r, f2)
¢! (log (??p (f) +s) rﬁ%(ﬁ)) ¢! (log (’f?p () + E) rﬁf’p(fz))
7! (log (¥ (/o) +e) rﬁ&(fz))]z.

Then, by the monotonicity of ¢ and (1.3) we obtain that

IA

IA

¢ (M(r, fif2)) =1 +0Q))log (??p (f2) + s) rPolf2) < log (fr'?p (f2) + 28) rPolf2),

By Theorem 2.6 and Proposition 1.6, it follows that 58)( f2) = 52)( fi f2). Therefore,
73,(f1 f)= 78)(]02)-
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(i)

(iii)

2.5

Since 0 < Py, (f1) = Py (f2) = Py (fi + f2) < +oo, we get from (2.17) and Proposition 1.5
that

M(r)f1+f2) = M(r)f1)+M(r!f2)
! (log ("r’%(fl) + e) rﬁg(fﬁf”) +! (log (??p (fo) + z—:) rﬁ?p(fﬁfﬂ)
¢! (log (max{’f%(fl),?g(fg)} +28) rﬁ?P(f”fz)).

IA

I\

Hence
P M fi+12))

rﬁ%(fl-"fZ)

By arbitrariness of € > 0, we obtain

Tplfi+fo) < max{?%(ﬁ),?g(fz)}. (2.20)

< max {T} (1), T ()} + 2¢.

Without loss of generality, we may suppose ??p (f1) < "f?p (f2)- Then, by (2.20) and the
fact that 5, (fi + f2) = Py (f1) = Py (— f1), we obtain

:f?p(fz) = :f?p(fl +fH-fi)< maX{:f?p(fl + fz),:f?p(fl)} = Tf?p(fl + f2). (2.21)
It follows from (2.20) and (2.21) that T5(fi + ) = max {T% (/1), T (f2)} .

Since 0 < 55, (f1) =95 (f2) = P (fi f2) < +oo, then from (2.17) we have
M(r, f1f2) = M(r, fi)M(r, f2)

@ ! (log (??p(fl) + e) rﬁﬁ(flfz)) ¢! (log (’f% (o) + s) rﬁgp(flfﬂ)
[cp_l (log (max{??p(fl),?g,(fg)} + s) rﬁgp(flf”)]z.
By the monotonicity of ¢ and (1.3), we obtain

P M 11 f2))
By arbitrariness of € > 0, we deduce that

(1 ) = max{To(A), T ()} 2.22)

On the other hand, if we suppose that ??p (f1) < ??p (f2), from (2.22) and the fact that
Po(fi 2) =Py (1) =P (%) , We obtain

IA

IA

< max{T} (1), T (f)} + 2¢.

1
To(f2) =Tg (f1 f2 ﬁ) < max{??p(fl fz)ff%(fl)} =T (f1 f2)- (2.23)

From (2.22) and (2.23), we deduce that T (fi f,) = max{%%(), 7% (f2)} .

Proof of Corollary 2.2

By Proposition 1.8, we have 5{;)(]“1 + fo) < ﬁ{;)(fl) = 'ﬁ{,')(fz)- We assume that 5{;)(]01 +f) <
5{9 (f2). Then, it follows from Theorem 2.8 that

T =Th(hi+ - R =Th(f)

which is a contradiction. Hence, ﬁé (fi+fo)= 5(]{', (f1)= ﬁé (f2). This and the second part of
Theorem 2.8 yield T(,(f1 + f2) = T(,(f2).
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2.6 Proofof Theorem 2.9

The inequality p}p (fH =< p}p (f) was proved in [20, Proposition 3.4]. We need to prove the
converse inequality. Indeed, from the definition of p}p( f') =p, we have for any given € > 0
and sufficiently large r that
T(r, f) <@~ (logr™).
By (1.1) and Theorem 1.7, we obtain for sufficiently large r
T(r, ) <O(¢p ! (log(2r)P*¢) +logr) =0 (¢! (log2r)P*2)).
In view of (1.3) and the monotonicity of ¢, we get

(T ) <A +0(1)(p+2¢)log2r < (p+3¢)log2r.

Since € > 0 is an arbitrary number, we obtain p,(f) < p and therefore p, (f”) = pg, (f) = p.
Similarly, it follows from the definition of T}p( f) = T that for any given € > 0 and for all r
sufficiently large, we have

T(r, fH<¢! (log(t+¢)rP).
By (1.1) and Theorem 1.7, we obtain for sufficiently large r

T(r, f) <O (¢ ! (log(t +¢) (2r)°) +logr) = O (¢~ (log(t +2¢) (21r)P)).
In view of (1.3) and the monotonicity of ¢, we get
¢ (T(r, )) = A +0(1) (log(t+2¢) 2r)°) <log(t +3e) (2r)°.
Then
e®(T(.1)
< (t+3¢g)2°.
By arbitrariness of €, it is easy to get
To(f) 2Pt (2.24)

On the other hand, it follows from Lemma 1.1 that

T(r, f) <2T(r, f)+O(logT(r, f) +logr), r¢E

where E c [0, +00) is a set of finite linear measure. Then, by (2.6) and in view of (1.1) we
get

T(r,f)<0 (cp_l (log (Tfp(f) +28) rp)), r¢E.
By Theorem 1.11 and (1.3), for any given a > 1 and sufficiently large r we have
@ (T(r, f)) < (1 +o0(1))log (T}p(f) +2£) (ar) < 1og(1}p(f) + 38) (@r)P.

Then
e®(T(rfh)

o < (T}p(f)+3€)(xp

By arbitrariness of €, we obtain
To(f) =Pty (f), a>1. (2.25)
Finally, we deduce from (2.24) and (2.25) that
To(H)
20
which completes the proof of Theorem 2.9.

<71 5apT(1p(f), a>1,
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Chapter 3

Fast Growth and oscillation of solutions of
LDE with meromorphic coefficients, Part 1

In what follows, the set E will denote a set of r of finite linear measure on [0, +oo) whereas
a set of r of finite and of infinite logarithmic measure on [1, +oo) will be respectively de-
noted by Eq and E;. All these sets are not necessarily the same at each occurrence.

1 Introduction and statement of the main results
The aim of this chapter is to investigate the following linear differential equations (k = 2)

FO+8 @Y+ Ag(2) f =0, (3.1)
fO+A@fE D+ + Ay (2) f =F(), (3.2)

where the coefficients Ag £ 0,...,Ax_; and F # 0 are meromorphic in the whole complex
plane. Departing from some existing results using the concepts of iterated p-order and
iterated [p, gl-order, we give various generalizations and improvements by considering
the concept of @-order. In [7], Belaidi considered the growth of solutions of equation (3.1)
when the coefficients are entire functions of finite iterated p-order and some coefficients
have the same order.

Theorem 3.1 [7] Let Ag,...,Ax—1 € &, and let i (Ag) = p (0 < p < o0). If the coefficients
Aj(2)(j =0,...,k—1) satisfy

max{p,(A;),j=1,2,...,k—1} <pp(Ag) =p(0 < p < +00)

and
max{T,(A;):Pp(Aj) =ppA0): j=1,2,....k =1} <Tp(Ag) = T(0 < T < +00),

then, all solutions f # 0 of equation (3.1) satisfy i(f)=p+1 andpp+1(f) =pp(Ag) =p.

After that, Cao et al. [12] investigated the growth of meromorphic solutions of equa-
tions (3.1) and (3.2) when the coefficients are meromorphic functions of finite iterated
p-order on the complex plane which improved many previous results in [7, 44, 64].

Theorem 3.2 [12] Let Ag,Ay,...,Ax_1 € A such that i(Ag) = p (0 < p < +o0) and A, (ALO) <
Pp(Ag). If either
max{i(Aj):j=1,....k—1}<p
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or

max{p,(A;):j=1,...,k—1}=p,(Ag) =p(0 < p < +00),
maX{TP(AJ') Ppp(Aj)=pp(Ag)>0,j=1,...,k— 1} <Tp(Ag) =T(0 < T < +00),

then, every meromorphic solution f # 0 whose poles are of uniformly bounded multiplici-
ties of (3.1) satisfies i(f)=p+1 and pp+1(f) =pp(Ag).

The first work that considered the concept of ¢-order to study the growth of entire solu-
tions of equation (3.1) was made by Chyzhykov and Semochko [20]. They gave the precise
estimate of 5(1‘0 (f) when A strictly dominates the growth of other coefficients.

Theorem 3.3 [20] Let ¢ € D and let Ay, Ay, ...,Ar_1 € & satisfying
max{ﬁ?p(Aj) Lj= 1,...,k—1} <79 (Ao)-

Then, any non-trivial solution f of (3.1) satisfies py,(f) = Py (Ao).

When there are more then one dominant coefficient, Belaidi [5, 8] introduced the con-
cept of ¢-type and obtained the following results.

Theorem 3.4 [5] Let Ay,...,Ax—1 (2) be entire functions, and let ¢ € . If the coefficients
Aj(2)(j =0,...,k—1) satisfy

max{ﬁ?p(Aj) :jzl,...,k—l} Sﬁ?p(Ao):p,(0<p<+oo)
and
max{'f?p (A;):7% (A)) :'ﬁ?p(Ao),jzl,...,k—l} <70 (Ag) =T,(0 < T < +00),
then, all solutions f # 0 of (3.1) satisfy py, (f) = by (Ao).
Theorem 3.5 [8] Let G be a set of complex numbers z such that
M{Izl:zeG}>O.
Letp € @ and let Ag, Ay, ..., A1 € & satisfying
max{'ﬁ?p(A]-):j:0,1,...,k—1}sa,(0<a< +00).

Assume that there exists a real number [ satisfies 0 < B < a such that for any given € (0 <
2e < a—f), we have
T(r,A;) <logp ' (Blogr), j=1,....k-1

and
T(r,Ag) = logp ™" ((a—¢)logr)

as|z| — +oo for z € G. Then, every non-zero solution f of equation (3.1) satisfies 5}9 (f)=qa.

Now, we list our main results.

27



1. INTRODUCTION AND STATEMENT OF THE MAIN RESULTS

Theorem 3.6 [39] Let@ € ¢ and letAy,Ay,...,Ax—1 € A . If there exists one coefficient A (s €
{0,1,..., k—1}) such that

1
max{Ag(K),p?p(Aj):j:o,1,...,k-1(j;zs)} < pg(As) < +00,
S

then, every transcendental meromorphic solution f(f € .#) whose poles are of uniformly
bounded multiplicities of (3.1) satisfies

Py () < P9 (As) < pd ().

Moreover, if all solutions of (3.1) are meromorphic functions, then there is at least one
meromorphic solution, say fi, satisfies pg,(f1) = pgy (As).

Theorem 3.7 [39] Let ¢ € D and let Ay, Ay, ..., A1 € M satisfying
1
max{)\% (A_o) A j=1,... k- 1} < py(Ag) < +o0.

Then, every non-trivial meromorphic solution f (f € /) whose poles are of uniformly bounded
multiplicities of (3.1) satisfies p}p (= p?p(Ao).

For the case when there exist some other coefficients A;(z) (j =1,..., k- 1) having the
same p-order as the coefficient Ay(z), then we have the following result.

Theorem 3.8 [39] Let ¢ € D and let Ay, Ay, ...,Ar_1 € M satisfying
W
0 Ci 0 _
max{pw(Aj).]_1,...,k—1}§p(p(A0)_p0<+oo, (3.3)

max{t§(A;): pf(A) =pf(A0) >0, j=1,..., k= 1} <T5(A0) =T0, 0 < To < +00).  (3.4)

Then, every meromorphic solution f # 0 whose poles are of uniformly bounded multiplici-
ties of (3.1) satisfies py,(f) = pg (Ao).

Theorem 3.9 [39] Let ¢ € D and letF Ay, Ay, ..., A1 € M satisfying < pf’p(Ao) and

1
max{)\?p (A—O),ptlp(F),p?p(Aj) cj=1,..., k- 1} < pg(Ag) < +oo. (3.5)

Then, any non-zero meromorphic solution f (f € /) whose poles are of uniformly bounded
multiplicities of (3.2) satisfies

ool eyl (Fy_ a0
with at most one exceptional solution fy satisfying p}p( fo) < p?p (Ag).-

Theorem 3.10 [39] Let @ € P and F Ay, Ay, ...,Ax_1 € M satisfying
maX{p?p(Aj) 1j=0,..., k- 1} < p(lp(F).

If every solution f of (3.2) is meromorphic function whose poles are of uniformly bounded
multiplicities, then ptlP (= p}p (F) holds for all solutions of (3.2).
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Theorem 3.11 [39] Let G c (1, +00) be a set of complex numbers z such that

dens;{|z|:ze G} > 0.
Letp € @ and let Ay, Ay, ..., Ax—1 € M satisfying 6 (co,Ag) =6 >0 and
max{p(A)): j=0,1,....k~1} <@ (0 << +00).

Suppose that there exists a real number P satisfies 0 < < a such that for any given € (0 <
2e < a—f), we have
T(r,Aj) <logp ' (Blogr), j=1,....k-1 (3.6)

and
T(r,A¢) = logp " ((a—¢€)logr) 3.7)

as|z|=r — +oo for z € G. Then, every non-zero meromorphic solution f(f € /) of equa-
tion (3.1) satisfies pg,(f) = a.

Theorem 3.12 [39] Let G c (1, +00) be a set of complex numbers z such that
dens;{|z|:z€ G} >0.
Letp € @ and letE Ay, Ay, ..., Ax—1 € M satisfying
max{p(A)): j=0,1,...k—1} <a, (0 << +00).

Suppose that, there exists a real number P satisfies 0 < < a such that for any given € (0 <
2e < a—f), we have
|Ao(2)| = ! ((a—¢)logr) (3.8)

and
Aj(2) <@ '(PBlogr), j=1,.... k-1 (3.9)

as|z| =r — +oo for z € G. Then, the following statements hold

i) If p}p (F) = «, then every meromorphic solution f # 0 whose poles are of uniformly
bounded multiplicities of equation (3.2) satisfies p}p (= p}p(F).

(i) If p}p (F) < «, then every meromorphic solution f # 0 whose poles are of uniformly
bounded multiplicities of (3.2) satisfies

o oalim al g
Ap(N)=Ae () =py(fl=a
with at most one exceptional solution fy satisfying p}p (fo) < a.

Remark 3.1 By setting ¢(r) = log,,, r in Theorem 3.8, we obtain Theorem 3.2. Namely,
Theorem 3.8 and Theorem 3.11 extend respectively Theorem 3.4 and Theorem 3.5 from en-
tire solutions of equation (3.1) to meromorphic solutions in the complex plane.
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2 Preliminary lemmas

k-1
Lemma 3.1 [18] Let f € .4 be a solution of equation (3.1) and let T(r) = }. T(r,A;) such
j=0
that not all coefficients Aj are constants. For any giveny > 1, we have

logm(r, f) < T(r) [logr)logT(r)]Y for s=0,
logm(r, f) < r***Y711(r) [logT(r)]Y for s>0,

hold outside of an exceptional set Es with [t~ dt < +oo.
E,

Lemma 3.2 [22] Let Ag,Ay,...,Ax—1 € M and let fi, [>,..., fx € M be linearly independent
solutions of equation (3.1). Then, we have

m(r,Aj) :O(loglma)gcT(r,ﬁ)), j=0,1,...,k—1.
<I<

Lemma 3.3 [25] Let a > 1 be a real constant and let f € 4. Then there exists a set Ey c
[1, +o0) with finite logarithmic measure such that for all z satisfying|z| =r ¢ [0,11UEy, we
have ) ..
V@ I
f(i) (2)

where By > 0 is a constant that depends onlyona and i, j (j >1=0).

T(ar, f)

< Bu

(log® r)logT(ar, f)

Lemma 3.4 [39] Letw € P and f € 4. Then, forall setsE c [0, +o0) of finite linear measure,
there exists a sequence {r, r, ¢ E} satisfying

_ @(T(ry, )
lim —————
m—+oo  logry

1 : . (e"mD)
=Py () respectwelyrnlirgoo log 7, =py ()]

Proof. The definition of p(lp (f) implies that there exists a sequence {s,,n = 1}, s, — +00

such that ( ; )
. @(T(sn, 1) 1
1 —_— = .
snlg-loo logsn p(p(f)
Setting mes(E) = 6 < +o0. Then, for r, € [s,, s, + 8+ 1] \ E, we have
(0w D) 0T f) (TG0 )
logry log(sy+56+1) logsn+log(1+68—:1)
Thus
T(ry,, T(sy,
@}anmzlw wunﬂk oL ().
fn=roo 10gTn Sn °°10gsn+log(1+s$nl)
On the other hand
T(ry, T(r,
im —Lp( (rn, 1) slimsup—(p( r.))) =ps ().
m—+oo  logry, r—too  lOgr ¢
Therefore ( )
@ \T(rp, f) 1
rnHEoo 1og 'n B p(p (f)
Similar proof for p?p (. 0
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Lemma3.5 [39] Let ¢ € & and let f € M satisfying 0 < py,(f) < +00 and 0 < Ty,(f) < +oo.
Then, for any givenn < T?p( f), there exists a set E c [0, +00) of infinite logarithmic measure
such that for all r € E;, we have

(p(eT(r,f)) > log (fl rp?p(f)).

Proof. We denote pg) (f) = po and T%( f) = 10. The definition of Tg( f) implies that there
exists a sequence {r,,, m = 1} tending to +oo satisfying

1 etp(eT(rm'f))
1+—|rm<rmy1 and  lim —— =1y
m m—+oo r";;)

Then, for any given € (0 < € < 19 — 1)), there exists an integer number m; such that for all
m = m;, we have
T(rm,
@) S (g —e)r®. (3.10)

Since n < 1p — ¢, then there exists an integer number m; such that for all m = m,, we have

(3.11)

m \Po

( ) >

m+1 Tg—€

Choose m = m3 = max{my, my}, then from (3.10) and (3.11), for any r € [rp,, (1 + %) I'm] we

get

T(r,f) T(rm.f) m
e(P(e ) > e‘P(e 1)) > (Tg—¢€) rPO > (19—¢€) (
m

ro\Po
>nrf.
i) >

Hence
© (eT(r,f)) > log (Tl rp?p(f)) .

+00
SetEy= U [rm (1+ %) rm|, then the logarithmic measure mes;(E;) of E; satisfies
m=ms

(1+%)rm
+00 dt +00 1
mes;(E;) = Z — = Z log(1+—):+oo.
m=ms3 ; r m=ms m

Lemma 3.6 [39] LetEAg,Ay,...,Ax—1 € 4 and let f € 4 be a solution of (3.2). If
max {p},(F), p(A) 1 j =0,1,..., k= 1} < ply(f),

then .
Y 1 1
)\(p(f):)\(p(f)=p(p(f).

Proof. From equation (3.2), one can see that if z, is a zero of f of order / > k and if
Ay, A1,..., A1 are all analytic at zj, then z; is a zero of F of order at least [ — k. Conse-
quently, we have

n(r l)<kﬁ(r l)+n(r l)+kz_:ln(rA-)
!f —_ )f !F ]:0 ) ]
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and
N(r1)<kﬁ(rl)+N r1)+ka(rA.) (3.12)
f)T U f B)oam ‘
We can write equation (3.2) as
1 1 (f(k) f(k—l) f/ )
—==|=—+Ar +-+ A= +Ay|. (3.13)
f EUS f f
By Lemma 1.1 and (3.13), it follows that
1 1 k-1
m (r, ?) <m (r, f) + Y m(r,Aj)+0(logr +logT(r, f)) (3.14)
j=0

holds for all |[z| = r ¢ E, where E is a set of finite linear measure. By (3.12), (3.14) and
Theorem 1.2, we get

T(r, f)

+0() = m(r,%) +N r,l) +0(1)

f
k=1

+T(r,F)+ ) _T(r,Aj) +O(logr +1ogT(r, f)) (3.15)
j=0

T(r,%

kN(r,%

IA

provided r ¢ E is sufficiently large. Let denote
p:max{pgp(F),p(ll)(Aj) :j=0,1,..., k- 1}.
According to Lemma 3.4, there exists a sequence {r,, r, ¢ E} such that

T n
lim M — p(lp(f) =p1.

m—+oo  logry,

So, if r;, ¢ E, then for any given € (0 < 2¢ < p; — ) there holds

T(ry, f) =@ " ((p1 —€)logry). (3.16)

We have
max{T(ry, F),T(rn,Aj)): j=0,1,....k=1} <@ ((u+&)logry), (3.17)
O(logry, +10gT(ry, f))=0(T(rn, ). (3.18)

Since € (0 < 2e < p; — W), then (3.16), (3.17) and Proposition 1.5 yield

T(rp,F) Tran,Aj) }
, :7=0,1,..., k-1
alX{T(rn,f) TUm )

_ xp {logp~! ((u+e)logr,)}
~ exp{loge~! ((p1 —&)logry)}

=exp{loge~ ! ((u+e)logr,) —loge " ((p1 —€)logry)}

logp™" ((p1 —&)logry)

=exps|(1-
logy~! ((n+¢)logry)
By substituting (3.18) and (3.19) into (3.15), for sufficiently large r, ¢ E, there holds

)log(p_1 ((u+e) logrn)} —0asr, — 4+00. (3.19)

(1—oW)T(rp, f) < kN(rn,%).

From this inequality, the monotonicity of ¢ and (1.3), we obtain p}p (f) = thp (f). In addi-
-1 -1
tion, we have by definition that A, (f) < A}p(f) < p}p(f). Hence A, (f) = A}p(f) = p(lp(f). U
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3 Proofs of main results

3.1 Proofof Theorem 3.6

(i) We first prove that p, (f) < pg,(As) < pg,(f) holds for every transcendental meromor-
phic function satisfying (3.1). From equation (3.1), we observe that the poles of f
can only occur at the poles of Ag,A;,...,Ax—1. Since the multiplicities of poles of f
are uniformly bounded, then we have

N(r, f) < CN(r, f)

k=1
C) N(rAj)
j=0

Cimax{N(r,Aj):j=0,1,...,k—1}
O(T(r,Ay)

IA

IA

IA

where C and C; are positive constants. Hence

T(r,f)=m(r, /)+O(T(r,As).

This and Lemma 3.1 give

T(r, f) < m(r, ) + O (T(r,A)) < O (eT("AS)[ﬂog”“gT“’AS”Y) L y>1

holds outside of an exceptional

set Eq of finite logarithmic measure. By the mono-

tonicity of the function ¢ and (1.3), we obtain pg,(f) < pg (Ay).

On the other hand, equation (3.1) can be written as

(k) (k-1) (s+1) (s-1)
_As = f(s) +Ak_]_f ) +"'+As+1fT +As_1f () +"'+A0 ﬁ)
f f f f f
f (f(k) f(k—l) f(s+l) f(s—l)
= —|—+Ar1 +eo A+ A5 +---+Ag|.
fOUf f f f

From Lemma 1.1 and the fact that

m(r,%) <T([) +T(r,%

we get

T(r,As) <N(1,Ag) + Y_m(r,Aj) + O (logr +1logT(r, f)) + O (T(r, )

j#s

) =T(r ) +T(r,f)+01) =0(T(r, ),

(3.20)

holds for all |z] = r ¢ E where E c [0, +00) is a set of finite linear measure. Lemma 3.4
implies that there exists a sequence {r;, n =1}, r, — +oo such that for |z,| =7, ¢ E

I'n—+00

Clearly

T(ry,As) = loge™" ((po—€)logry) .

Under the assumption

r]:max{p?p(Aj),

@ (eT0mA)

0
= A = .
logrn p(p( S) pO

(3.21)

1
Ao (K) :j;«!s} < pg(Ag) =pg < +00,
S
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we have

N(rp,As)
M A) < T(rmAj)

IA

loge™! (n+e)logry), (3.22)
loge™' (n+e)logry), j#s (3.23)

IA

provided for any € (0 < 2e < pp —1). Substituting (3.21)—(3.23) into (3.20), we get
(1-0(1)1loge™ " ((po —&)logr,) <O (logr, +1ogT(ry, f))+O(T(rn, £)) =O(T(rn, f)).
Applying (1.3), one can deduce that pg = pg (Ag) < pg (f).

(i) Let {f1,f2,-.., fx} be a meromorphic solution base of equation (3.1). Lemma 3.2
yields

1<i<k

m(rAs)<O(maxT(rﬁ) S€{1,2,...,k_1}-

If N(r,As) = m(r,Ag), then T(r,As) < 2N(r,Ay), and therefore p(p(A )< A ( ) This
contradicts the assumption A2 ( ) < p(p(As) Thus, N(r,A;) < m(r,As) and

el A = g (eMPAY) <O(maxT(r 1) ) as r— +oo.

1<i<k

Hence, there exists at least one solution from {fi, f2,..., fx}, say fi, that satisfies
e'"A) <O (T(r, f1).

By this inequality, (1.3) and the monotonicity of ¢, we obtain pg,(As) < pg,(f1). In the

first part, we have proved that p,(f1) < p§(As). Therefore, pg,(f1) = pgy (As).

3.2 Proofof Theorem 3.7

Assume that f # 0 is a meromorphic solution whose poles are of uniformly bounded mul-
tiplicities of (3.1). By (3.1), we have

(k) (k-1) /

Ag=-— fT"‘Ak—lff + +A1f7) (3.24)

This and Lemma 1.1 yield
k-1 f(])
m(r,Ag) =} mir, A])+Zm(r —)+0(1)
j=1 j=1 f
k-1
< Y m(r,Aj)+0(logr+1ogT(r, ) (3.25)

j=1

holds possibly outside of an exceptional set E c (0, +o00) of finite linear measure. It follows
from (3.25) that

T(r,A9) = m(r,Ap) +N(r,Ap)
k-1

< N(1,Ap)+ )_m(r,A;) +0O(logr +1ogT(r, f)) (3.26)
=1

A
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holds for r ¢ E. Lemma 3.4 implies that there exists a sequence {ry, n = 1}, r, — +oo such
that for |z,,| = r;, ¢ E we have

. @(elmi)) ) _
e logr, | Peli0 =P
Thus
T(rn,Ag) =logep™? ((po—¢€)logry) (3.27)
Since .
0 0 ] 0 —
n :max{p@(Aj),Aw (A_o) 1 7:’0} < py(Ag) =po < +00,
then
N(ry,Ag) < loge ' ((n+e)logry), (3.28)
mry,Aj) <T(rnA)) < loge™ ((n+e)logry), j#0 (3.29)

provided for any € (0 < 2e < pp — ). Substituting (3.27)-(3.29) into (3.26), we get
(1-o0(1)1loge ™" ((po —€)logr,) <O (logry, +1logT(ry, f)).

Applying (1.3), one can deduce that pg = p?p (Ag) < p}p (f). On the other hand, from Theorem
3.6, we have p%(Ao) > p}p (f). We deduce finally that any non-zero meromorphic solution
f whose poles are of uniformly bounded multiplicities of (3.1) verifies p}p( )= p?p (Ag).

3.3 Proofof Theorem 3.8

Assume that f # 0 is a meromorphic solution whose poles are of uniformly bounded mul-
tiplicities of (3.1). If

1
max{)\?p (A—O) POA)j=1,., k- 1} < pg(Ag) < +00,
then Theorem 3.7 yields py, (f) = pJ, (Ag) . Assume that AJ, (ALO) < pg(Ag) and
max{p?p(Aj):j:l,...,k—l}:p?p(Ao):po (0 < po < +00),
max{T$ (A7)0 (Aj) =), (AO)} <10 (Ag) = To (0 < Tg < +00).
Then, there existsaset] < {1,...,k—1} such that
Po(A) =pn(A0)=po(j€]) and TH(Aj) < TH(Ag)=To(j €.
Thus, there exist two constants 3; and f, such that
max{r?p(Aj) e J} <B1 <Pz <79 (A0) = To.
The definition of the type T?p (A;) implies that for sufficiently large r we have
e < 1WA < 71 (log (B177)), j €T (3.30)
and

eMA) < 1A o=l (log rpg) <@t (log(Bir®)), jefl,...,k—1}\], (3.31)
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where 0 < p§ < po. Since Ag = )\?p (Aio) < p% (Ag) = po, then for any given € (0 < 2& < pg — Ao)
and sufficiently large r, we obtain

KA < 97 (10g %) < o7 logr ) <o log (B1r).  (332)

Lemma 3.5 implies that there exists a set E; < [1, +o0) of infinite logarithmic measure such
that for all r € E1, we have

e' A > o1 (log (Bar)). (3.33)
By substituting (3.30)-(3.33) into (3.26), for all r € E; \ E we obtain
(1-0(1))loge™ (log(B2r®)) = O(logr +1ogT(r, f)) (3.34)

Since E; \ E is a set of infinite logarithmic measure, then there exists a sequence of points
|zn| =1, € E; \E tending to +oo. Hence, by (3.34) we have

(1-o(1)logy ! (log(B2rp’)) < O (logr, +1ogT(ry, f))
holds for all z,, such that |z,| =r, € E; \E as |z,| = r, — +o00. By the monotonicity of (p_l
and (1.3), we obtain p{,(Ag) < py,(f). By Theorem 3.6, we have pq,(f) < p§,(Ao). Therefore
pe(f) = pg(Ag) which completes the proof.

3.4 Proofof Theorem 3.9

Since every solution of equation (3.2) is meromorphic function, then every solution of
(3.1) corresponding to equation (3.2) is also meromorphic. Assume that {f,..., fi} is a
meromorphic solution base of (3.1), then every solution of (3.2) can be written as

f=aifitafot+ - +aifi (3.35)
where ay, ay, ..., ay are meromorphic functions satisfying
a;.:FPjW‘l(ﬁ,,..,fk), j=12,...,k (3.36)

where P; are differential polynomials in {f;, ..., fi} and their derivatives, W (fi,..., f) is
the Wronskian of {fj, ..., fi}. Theorem 3.7 gives

P (1) =p5(A0), j=1,.... k.
By Proposition 1.8, Theorem 2.9, (3.35) and (3.36), we obtain
o, () = max{pl (), ph (f): j=1,..., k} = p (Ao).

In order to show that all solutions f of (3.2) satisfy p}p( = p?p (Ap) with at most one excep-
tional solution, say f;, satisfying p}p( fi) < p%(Ao), we suppose that there exist two distinct
meromorphic solutions fi and f, of equation (3.2) such that

Po (1) <pH(Ag), i=1,2.
Thus, f = fi — f> is also a meromorphic solution of (3.1) that satisfies
Po () =pp(fi—fo) < max{p(lp(fl), p}p(fg)} < pg(Ag)

which contradicts Theorem 3.7. By (3.5) and Lemma 1.3, for every solution f of (3.2)
satisfies py,(f) = pg,(Ag) we have

max {p},(F), pl(A): j=0,1,.... k= 1} =pl(F) < py(Ag) = p}y (£).

It follows from Lemma 3.6 that X(IP (f) = A}p (= p}p (f) which completes the proof of Theo-
rem 3.9.
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3.5 ProofofTheorem 3.10

Let f be a meromorphic solution of (1.2) and {fi,..., fi} be a meromorphic solution base
of (3.1) corresponding to (3.2). By analogous discussion as in the proof of Theorem 3.9, by
Proposition 1.8, Theorem 2.9, (3.35) and (3.36) it follows that

p}p(f)smax{p}p(P),p}p(fj);j:1,...,k}.

From the first part of the proof of Theorem 3.6, one can see that
1 0 Ci P
pb(F) =max{pl(Ap: j=0,...k-1}, j=1,. .k (3.37)
We obtain from the assumptions of Theorem 3.10 that p}p (fi) = p}p (F). Thus
P (f) < Py (P).
On the other hand, it follows from Proposition 1.8, (3.2) and Theorem 2.9 that
ply(® = max{p} (), pp(A)): j=0,..., k= 1}.

Since
PpA) <pg(A)) <pyF), j=0,..., k-1

then, p}p (F) < p}p (f). Therefore, p}p (f) = p}p(F).

3.6 ProofofTheorem 3.11

Assume that f # 0 is a meromorphic solution whose poles are of uniformly bounded mul-
tiplicities of (3.1). Set G; ={|z| =r: z € G}. Since

densi{|z|:ze G} >0,

then G; is a set of infinite logarithmic measure. Set

A
6(00,Ag) := liminfm(r 0 _

=8>0. (3.38)
r—+o0 T(r, Ag)

Thus 5
m(r,Ag) > ET(r,Ao) as r— +oo. (3.39)
By substituting (3.6), (3.7) and (3.39) into (3.25), for any given € (0 < 2e < a —f3) and suffi-

ciently large r we obtain

o)
ET(r’AO) < m(r,Ao)

IA

glogcp_1 ((@—¢)logr)
k-1 k f(j)

Y m(r,Aj)+ Zm(r,—) +0(1)

=t =R

k-1

Y T(r,Aj)+0(logr +1logT(r, )

j=1

(k—Dlogy ' (Blogr) + O (logr +1ogT(r, f)).

IA

IA

IA

Then
(1-o(1)loge ! ((a—g)logr) <O (logr +logT(r, f)) (3.40)
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holds for all z such that |z|] =7 € G; \E as |z| = r — +o0. Since G; \ E is a set of infinite
logarithmic measure, then there exists a sequence of points |z,| = r,, € G; \ E tending to
+00. Hence, by (3.40) we have

(1-o(1)loge ™ ((a—e)logr,) < O(logry, +10gT(ry, f))

holds for all z,, satisfying |z,|=r, € G1 \E as |z,| = r,, — +oo. By the monotonicity of ¢~
and arbitrariness of € (0 < 2e < o —f3), one can obtain p}p(f) > Q.

On the other hand, by a similar proof as in the first part of Theorem 3.6, it follows that
pe(f) < a. Therefore py, (f) = .

3.7 Proofof Theorem 3.12

(i) If pg, (F) = a, then it follows from Theorem 3.10 that pg,(f) = pg, (F).

(i) If p}p(F) < «, we prove that p; = p}p (f) = a for every meromorphic solution f # 0
whose poles are of uniformly bounded multiplicities of (3.1). We show firstly that
p1 = p}p( f) = a. Without loss of the generality, we suppose the contrary p; <f < a.
Set G, ={|z|=r: z€ G}. Since

densi{|lz|: ze G} >0,

then G; is a set of infinite logarithmic measure. Lemma 3.3 implies that there exists
a constant B > 0 and a set Ey < [1, +00) of finite logarithmic measure such that for
all z satisfying |z| = r ¢ [0, 1] UE, we have

@] _ k1
— | =B|(T2r, , =1,..., k. 3.41
‘f(z) [TerNI™, J (3.41)
If f is a non-zero meromorphic solution of equation (3.1), then
f(k) (2) f(k—l) (2) f’(Z)
A < +|Ag— — |+ +]A . 3.42
|Ap(2)] @ |Ak-1(2)] @ |A1(2)] @ (3.42)
By the definition of p; = p}p( f) and substituting (3.8), (3.9), (3.41) into (3.42), we
obtain
¢ ((a—e)logr) = |Ao(2)<kBe '(Blogr [T@r )]
1 . € k+1
< kB¢ "(Plogr) [(p ((p1+§)log2r)
1 € k+2
< [(p ((ﬁ+§)log2r)
< ¢ ' (B+elogr) (3.43)

holds for all z such that |z] =r € G2\ ([0,1]UEg) as |z| = r — +o0o. Since G \ Eg is a
set of infinite logarithmic measure, then there exists a sequence of points |z,| =1, €
G2 \ E tending to +oo. Hence, by (3.43) we have

¢ ((a-e)logry,) <@~ (B +e)logry)

holds for all z,, satisfying |z, | = r,, € G2 \ Eg as | z,| = r;, — +o00. By the monotonicity
of ¢! and arbitrariness of € (0 < 2e < a—p), one can see that a < p which contradicts
our assumption. Then, p}p( fl=za.
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On the other hand, by a similar proofin Theorem 3.6 it follows that p}p (f) < a. There-
fore pg, (f) =a.

Now, we prove that all solutions f € .4 of equation (3.2) satisfy p}p( f) = a with at
most one exceptional solution, say fy, satisfying p}p( fo) < a. Suppose that there exist
two distinct meromorphic solutions f and fo* of equation (3.2) such that

max {py(fo), pb(fi)} < .

Then, f = fo— fO* is also a non-zero meromorphic solution of (3.1) and satisfies

o (F) =y (fo — f5) =< max{py,(fo), P ()} < o

This is a contradiction. By assumptions of Theorem 3.12, for all solutions f € .4 of
equation (3.2) satisfying p}p (f) =a, we have in view of Lemma 1.3

max{p}p(F),p}p(A]-) L j=01,... k- 1} = (B) <= pl ().
It follows from Lemma 3.6 that ij (f) = Ao (f) = py (f) and therefore

-1
Ao (N =My (N =pp(f) =«

with at most one exceptional solution fj satisfying p}p( fo) <a.
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Chapter I

Fast Growth and oscillation of solutions of
LDE with meromorphic coefficients, Part 2

1 Introduction and statement of the main results

In Chapter 3, we assumed the multiplicity of poles of the meromorphic solution of equa-
tions (3.1) and (3.2) for investigating its properties of growth and oscillation. In this chap-
ter, we continue this investigation by considering other conditions involving the lower
-order and the lower @-convergence exponent. Before we state our main results, it is
essential to recall some existing results.

Theorem 4.1 [5] Let p € ¢ and let Ay, A, ...,Ax-1 € & satisfying
max{'ﬁ?p (Aj):j=1,....k- 1} <11 (Ag) <Y (Ag) < +o0 (ﬁ?p (Ag) > o),
max {70, (A7) 155 (A7) = i (o)} < T (Ag) = 7, (0 < 1, < +00).
Then, every non-zero solution f of (3.1) satisfies fig,(f) = fig,(Ao) < Py, () = P (o).
Theorem 4.2 [8] Let ¢ € ¢ and let Ay, Ay, ..., A1 € & satisfying
max{ﬁ?p (Aj):j=1,....k- 1} <11 (Ag) <Y (Ag) < +o0
k-1
> m(r,Aj)
. j=1
limsup—< 1.
r—+oo  M(1,Ap)
Then, every solution f # 0 of (3.1) satisfies i, (f) = figy (Ao) < By, (f) = Py (Ao).

The aim of this chapter is to improve the above theorems by considering meromorphic
coefficients of (3.1) instead of entire coefficients. We obtain also some results for the ¢-
convergence exponent and the lower -convergence exponent of solutions.

Theorem 4.3 Let @ € @ and let Ay, Ay, ..., Ax—1 € M satisfying
1
0 0 _
)\q) (A_O) < u(p(AO) = Mo,
max{p?p(Aj) =1, k- 1} < 1 (Ag) = S (Ag) < +oo,

max{T§ () p(A)) =pG (), j=1,... k= 1} <14 (Ag) =T, (0 < T5 < +00).
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1. INTRODUCTION AND STATEMENT OF THE MAIN RESULTS

N(r,f)

oD < ¢ (alogr) such that

Then, for any non-trivial solution f € .4 of (3.1) satisfying ===
o < Mo, we have

Ry (f ~ 8) = Hh () = 1), (A0) = p(Ag) = ph () = Xy (f — &)
where g € 4 (g #0) satisfying p}p(g) < p?p (Ag).

Theorem 4.4 Let @ € @ and let Ay, Ay, ..., Ax—1 € M satisfying

1
A”( 0)<uq,(Ao) Mo,

ax{p?p(Aj) =1, k- 1} < 1 (Ag) = pl (Ag) < +oo,

k-1
Z m(r,Aj)

hmsup— <l1.
r—+o00  mM(r,Ag)

N(r,f)

-1
Xef) <@ (alogr) such that

Then, for any non-trivial solution f € .4 of (3.1) satisfying ===

o < Ho, we have
R~ 8) = b () = 1S (A) = p () = Py (f) =Xy (f ~ &)
where g € (g #0) satisfying pg,(g) < pg,(Ag).
Theorem 4.5 Let@ € @ and let Ay, Ay, ...,Ax_1 € M. If there exists one coefficient A;(z) (0 <
s < k—1) satisfying
Aq ( ) < pg(Ay) = g,
max{p?p(Aj) L ;zs} < S (A) < (Ay) < +oo,
ax{Th(A)): pl (A ) = W (As) = s, j # 5} <TY(A) =T, (0 < T, < +00),

N(r f)
N(r, f)

then, for every non-trivial transcendental meromorphic solution f of (3.1) satisfying ———

(p_l((xlog r) such that o < |, we have

o) < HOA) < pd () and py(f) < p(As) < ph(f).

Moreover, any non-transcendental meromorphic solution f of (3.1) is a polynomial of de-
greedeg(f) <s—1.

Remark 4.1 Clearly, Theorems 4.3 — 4.5 improve and generalize Theorems 4.1-4.2 from en-
tire solutions to meromorphic solutions. However, by setting @(r) = logp a),(peN)in
Theorems 4.3 — 4.5, we obtain the counterpart results in the paper of Hu-Zheng [35] for the
casep=q=1.

Remark 4.2 The condition A2 ( ) < p(p(Ao) in Theorems 4.3 and 4.4can be replaced by
N(r,Ap) = o (m(r,Ap)) or &(co,Aqg) > 0.
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2. PRELIMINARY LEMMAS

2 Preliminary lemmas

Lemmad4.1 [20,43] Letw € ® and let f1, fo € 4. For j =0,1, we have

A

P(J;)(fl +) = max{p(];)(fl),pé(fz)},
Pi)(flfz) maX{pé(ﬁ),pé(fz)},.

IA

Moreover, ifp{")(fl) < pi,(fg) (j=0,1), then p(];)(ﬁ +f2)= p{;;(flfz) = p{;)(fz)-

Lemma4.2 Letgwe P andlet f1, fo € 4. For j=0,1, we have

IA

whp(fi+ ) = max{ph () uh(f)},
(A f) = max{ph(f)uh(A)}.

Moreover, lfp£(f1) < ué (f2) (j=0,1), then uﬂ,(ﬁ +f2)= u{;, (rfa)= uﬁ, (f2).

Proof. We prove the lemma only for j = 0, the proof for j =1 is similar. Without loss
of generality, we assume that p{,(f1) < +0o and pg,(f2) < +oo. From the definition of the

lower p% (f2), there exists a sequence r, — +oo such that

eT(rnny)
(P( ) _ ll?p(fz)-

im ———=
m—+oo  logry

Then, for any given € > 0, there exists an integer number m; such that

T(ry, f2) <logp™ ((p?p(fz) + e) log rn)

holds for all n > m;. From the definition of the pf’p (f1), for any given € > 0, there exists a
positive real number r; such that

T(r, fi) <loggp™" ((p?p(fl) +e) log r)

holds for all r > r;. Since r,, — +o0, there exists an integer number m, such that r,, > r;
and thus

T(ry, fi) <loge™ ((p?p (fi)+ s) log rn)

holds for n > my. In view of Proposition 1.5, for any given € > 0 and for all n > max{n,, n,},
we have

IA

T(rn»fl) +T(ry, f2) +10g2
logp™! ((p?p (f1)+ e) log rn) +logp! ((pg (fo) + s) log rn) +log2
logp™! ((max{p?p(fl), p?p(fg)} +2€) log rn) (4.1)

T(rn, i+ f2)

IA

IA

and

Trmfhfa) = Tl )+T(r f2)
logp™? ((max{p?p (f1), p?p (fg)} + 28) log rn) . (4.2)

IA
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2. PRELIMINARY LEMMAS

By arbitrariness of € > 0 and the monotonicity of ¢, we easily obtain from (4.1) and (4.2)
that

W (f + ) = max{pf,(f), u§ ()} 4.3)
and
WS (A f) < max{p, (A1), u (£} (4.4)
On the other hand, it is well know that
T(r, o) =T i+ fo—H) =T fi+ ) +T(r, f1) +1og2 (4.5)
and
1
h h
= T(r, fi o) +T(r, f1)+0(). (4.6)

If we suppose that p?P (f2) > p?p (f1), then by considering (4.5) and (4.6) and a similar dis-
cussion as above, we obtain that

H%(fz) SmaX{p%(ﬁ),M%(ﬁ‘i'fz)}: M%(fl‘i'fz) (4.7)

and
nS () < max{pl (A1), 1 (A o)} = (£ o). 4.8)
We deduce from (4.3) and (4.7) that pg,(fi + f2) = p§,(f2), and by (4.4) and (4.8) we get
ko (fi f2) = g (f2). O

Lemma4.3 Let ¢ € ¢ and let f € M such that 0 < p?p( f) < +oo. Then, there exists a set
E; c [1,4+00) of infinite logarithmic measure such that

T(r,f)
0 i SRR

e 0
oo pPelf)

Consequently, for any given € > 0 and sufficiently large r € E; we have
T(r,f) > log(p_l (log(T?p(f) _ 8) rp%(f))

Proof. The definition of T?P( f) implies that there exists a sequence {r,, n = 1} tending to
+0o0 satisfying (1+ 1)r, < rp41 and

0 o expio(e’D)}
To(f) = rnlin}oo rp?p 7 )
n

Then, for any given € > 0, there exists an integer number 7, such that for all n = n; and
relr, 1+ %)rn] we have

exp{p (")}
09 ()
rl’l

0
logry Pe () _exp {(p(eT(r,f))}
log(1+ ~)ry I L
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2. PRELIMINARY LEMMAS

+00
SetE; = U [rn,(1+%)rn].Bythefactthat
n=n;

logr
L’f—»l as 1, — +oo
10g(1+;)rn

we get
ex el ) ex el f)
- p{cpg b i p{cp(0 )} ().
r;g—loo Pe () Ip—+00 r;)lq,(f)
The logarithmic measure of E; satisfies
(1+5)7n
dr = dt = 1
mes;(Ey)=| —= —= Z log|1+—|=+o00.
E; n=n U n=my n
Obviously
ex el ) ex el )
lim p{(pg )} <limsup P{(PE i =T?p(f).
r:zgfo rpw(f) r—»goo rpw(f)
regy
Hence o f)
ex e’
e 1 AP
r—+00 rpq,(f)

reEy

Therefore, for any given € > 0 and sufficiently large r € E; we have

T(r, f) >loggp™" (log(T?p(f) —e) rp&(f)).
O
By using analogous arguments as in [8, Lemma 2.4] and the above proof, we can easily
obtain the following lemma.

Lemma4.4 Let ¢ € ¢ and let f € 4 such that 0 < p?p (f) < +oo. Then, there exists a set
E; c [1, +00) of infinite logarithmic measure such that

T(r,f)
0,/ 1 P (e )
Ho(f)= Hm logr

reEy

Consequently, for any given € > 0 and sufficiently large r € E, we have

T(r, f) <logp™! ((p?p(f) +£) logr)

Lemma4.5 Let@ e @ andletF Ay, Ay,...,Ap—1 € M. If f € M is asolution of equation (3.2)
satisfying
max{p},(F),ph(A)): j=0,1,.... k= 1} < b (f), (4.9)

then A, (f)=A,(f)= M(lp(f)-
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Proof. We proceed by an analogous manner as in the proof of Lemma 3.6. Set

p:maX{ptlp(F);p(lij)Ij:(),l,-~-»k_1} < p(lp:p’

then, for any € (0 < 2e < p—p) and sufficiently large r we get

T(r,f)=¢ ' ((u—e)logr) (4.10)
and
max{T(r,F),T(r,Aj):j=0,1,....k—1} <@ ' ((p+e)logr). (4.11)
On the other hand, we have
O(logr+logT(r, f))=0(T(r, ), as r— +oo. (4.12)

By (4.10), (4.11) and Proposition 1.5, it follows that

exp {logp~" ((p +#)logr)}
exp {logp~! ((n—¢)logr)}

{ T(rn;F) T(rn;A])

i=0,1,....k—1; <
T(rn, ) T, f) }
=exp{loge ™' ((p+e)logr)—loge ' ((n-e)logr)}

—expi[1- logyp ™! ((n—e)logr)
logp~! ((p+¢)logr)

)log(p_l((p+8)logr)} —0. (4.13)

provided € (0 < 2e < p; — p) and r — +o0. By substituting (4.12) and (4.13) into (3.15), we
obtain

(1—o()T(r, f) < kN(r, %) reE, r — 400

where E c [0,+00) is a set of finite linear measure. By Theorem 1.11, the monotonic-
ity of ¢ and (1.3), we get g, (f) < Ep(f). Since g, (f) = Atlp(f) > Ep(f), we deduce that

Rp (D) =X =1 (). O

Lemma4.6 Let@ e @ and letAy,...,Ax-1 € M such that
max{p?p (A)) :j;r-‘s} < p% (As) < +00.

N f)

If f € M is a non-trivial solution of (3.1) satisfying =—= X0 f)

then p¢(f) < p@(As).

<@~ '(alogr) where a < py,(Ay),

Proof. By (3.1), we observe that the poles of f can only occur at the poles of the coeffi-
Nf)

-1 0
NehH <@ " (alogr), ((x < p(P(As)),then

cients Ag,Aq,...,Ar_1. Since =

N, f) < ¢ Yalogr)N(r, f)
k-1

¢ (alogr) Y N(r,Aj)
j=0
k-1

¢ Halogr) Y T(r,A)).
=0

IA

IA
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2. PRELIMINARY LEMMAS

Hence .
T(r, f) < m(r, f) + ¢ (alogr) Y T(r,A)). (4.14)
j=0
Since

max{p% (A)) :j#s} < p?p (Ag) < +00,
then for any given € > 0 we have
-1 0 .
T(r,Aj) <logy ((pw(As) + e) log r), j#S,1r— 400. (4.15)
By applying Lemma 4.4 to the coefficient A and for the above €, we have
T(r,A) <logg™ (1S
VA gy Ho(Ag) +€|logr|, reE;r— +oo (4.16)

where E; c [1,+00) is a set of infinite logarithmic measure. By Lemma 3.1, (4.15) and
(4.16), there exists a set Eg < [1, +00) of finite logarithmic measure such that for sufficiently
large r € E; \ Eg we have

k-1 k-1 Y
m(r, f) < exp{(ZT(r,Aj) logrlogZT(r,Aj) }
%0 %0
< @_1((p$(A3)+28)10gr). (4.17)

It follows from (4.14) — (4.17) that

T(r, f)

IA

@ ! ((p%(AS) + 28) log r) + ko L(alogr)loggp™ ((p?p(As) + e) log r)
(p_l((p?p(As)+3s)logr), r €E; \Eg, 1 — +00. (4.18)

IA

Thus, by Theorem 1.11, arbitrariness of € and the monotonicity of ¢, we obtain p}p (f) =

Lemma4.7 Let@ e P and let Ay, Ay, ...,Ax-1 € M satisfying

0 1 0
Ay (A_o < U (Ao) = Mo,
maX{p?p(A]) :j: 1,...,k— 1} < u?p(AO) =Ho (0 < Mo < +OO),

max{T§ () (A7) =pG (), j=1,... k= 1} <14 (Ag) =T, (0 < 15 < +00).
Then, for any non-trivial solution f € . of (3.1) we have p}p(f) > p?p(Ao).

Proof. Assume that f € ./ is anon-zero solution of equation (3.1). Since )\?p (ALO) < p?p(Ao),

then
N(r,Ag) = o (T(r,Ap)), r — +oo. (4.19)

Since T(r,Ag) = m(r,Ag) + N(r,Ap), then by (3.25) and (4.19) we obtain

k-1
(1-o)T(r,Ap) < )_m(r,Aj) +O(logrT(r,f)),r ¢ E,r — +o0 (4.20)
J=1
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where E c [0, +00) is a set of finite linear measure. Set
a:max{p?p(Aj) :p?p(Aj) < p?p (Ag)=MHo,j=1,....k— 1}.
If p?p (A j) < p?p (Ag) = Mo, then for any €(0 < 2¢€ < o — a) and sufficiently large r we have
m(r,A;) <T(r,A;) <logp~ "' (logr®*®) <loge ™" (logr*°~¢), j #0. (4.21)

Set
T:max{T?p(Aj):p?p(Aj):p?p(Ao):po,jzl,___,k_l},

then T <1, =17 (Ag). If
Po (A7) =He @A) =po and TG(A;)<T<T,
then for any (0 < 2¢e < 1, — 1) and sufficiently large r we have
m(r,A}) <T(r,Aj) <logp~" (log(t +&)r™), j #0. (4.22)

By the definition of the lower ¢-type I?p (Ag) = 1, for any given € > 0 and sufficiently large
r we have
T(r,Ao) >loge " (log(t, —&)r). (4.23)

Substituting (4.21) — (4.23) into (4.20), for any € (0 < 2e < min{po — a,1,— T}) we obtain
(1-0(1))loge™ (log(x,—€)r*°) <O(logr +1ogT(r, f)), r ¢ E,r — +oo. (4.24)
We deduce from Theorem 1.11, (4.24), the monotonicity of q)_l and (1.3) that

Mo = pgy (Ag) < g, ().

3 Proofs of main results

3.1 Proofof Theorem 4.3
Firstly, we prove that pg,(f) = py (Ag) and g, (f) = pg, (Ao). Since
max{p?p (Aj):j=1,.... k- 1} < 1 (Ag) = pd (Ag) < +oo,
then by Lemma 3.1 and (4.14), for any given € > 0 and sufficiently large r, r ¢ Eg we have
T(r )< ((pg (Ag) + 3:-:) log r) (4.25)

where Ej c [1, +00) is a set of finite logarithmic measure. We obtain from Theorem 1.11,
the monotonicity of ¢ and (4.25) that p,(f) < pg,(Ag). Set

b:max{p?p(Aj):p?p(Aj)<p?p(A0):p0,j:1,...,k—1}.

If
Py (A) < g (A0) < py(R0)=po O Py(A;) < iy (Ao) < pg (o) = po,
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then for any €(0 < 2¢ < pg — b) and sufficiently large r we have

T(r,A;) <loge ' (logr?*¢) <loge ™" (logr™~¢), j #0. (4.26)
Set

T:maX{‘l'% (A7) :pg (Aj) = ug (Ag) =po, j=1,..., k- 1},

_.0
then T <I,=T1, (Ag). If

0o (A7) =g (A0) =pg (A)) =pp  and T < T, <To="Ty (Ag),
then for any €(0 < 2e < 19 — 1) we have
T(r,Aj) <loge ' (log(t +&)r™), j#0,r — +oo. (4.27)
Applying Lemma 4.3 to the coefficient Ay gives
T(r,A¢) > logp ™ (log(to —€)r™) (4.28)

holds for all r € Ey,r — 400 where E; c [1,+00) is a set of infinite logarithmic measure.
Substituting (4.26) — (4.28) into (4.20), it follows for any € (0 < 2e <min{po—p, 10— T}), r €
E/\E,r — +00 that

(1-o(1)loge ! (log(tg—€)r*) < O (logr +logT(r, f)) (4.29)

where E c [0, +00) is a set of finite linear measure. By Theorem 1.11, (4.29), the mono-
tonicity of ¢! and (1.3) we obtain pg = pg,(A) < p,(f). Therefore, pg,(f) = pg,(Ag). On the
other hand, by Lemma 4.6 and Lemma 4.7 we deduce that i, (f) = pg, (Ag).

Secondly, we prove that

—1 —1
A,(f-®=pp(H and Xy (f -8 =py(f).
Let h= f — g. Since
Py (8) < MY (A0) = i () < py (),
it follows from Lemma 4.1 and Lemma 4.2 that
oM =py(N)=pg(Ag)  and g (h) = ugy(f) = g (Ag).
By substituting f=g+h, f'=g' + 1/,..., f® = g® + ¥ into (3.1), we obtain
WO+ A1 (2 R* P+ 4 Ag(2)h=— (g(k) + A1 (2g*F V.. +A0(z)g) (4.30)

If
gM + A1 (28" 4+ A(2)g =G =0,
then by Lemma 4.7 we have p}p (g = p?p (Ap) which contradicts the assumption p}p (g) <

pf’p (Ag). Hence G # 0. By Theorem 2.9 and Lemma 1.3, we get

A

pb(G) = max{p(g),pp(A):j=0,1,....k~1}=p}(g)
My (A0) = 1 (f) = g ()

Py (1) =g (f) = (Ao).

Then, it follows from Lemma 4.5, Lemma 3.6 and (4.30) that

L 31 1 1 1
Ap(M) =Ny (M) =py () =py(f) and A, (h) = A, (h) = ke (7) = g ().

AN

IA

Therefore ) )
by _ 1 by Al
A =8 =ue(f) and Ay(f-g)=py(f)
which completes the proof of Theorem 4.3.
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3.2 Proofof Theorem 4.4

Since
k-1
> m(r,Aj)
i=1

. j=
limsup— <1,
r—+o00 Mm(r,Ag)

then there exists n(0 <1 < 1) such that

k-1

Y m(r,Aj) snm(r,Ag), r— +00 (4.31)
j=1

By (4.31) and (4.20), it follows for all r ¢ E, r — +oo that
(1-0(1)T(r,Ap) <O (logrlogT(r, f)) (4.32)

where E c [0, +00) is a set of finite linear measure. By Theorem 1.11, (4.32), the mono-
tonicity of ¢ and (1.2) we obtain

pfp(f)zpf’p(Ao) and p}p(f)2p$(AO).

From the first part of the proof of Theorem 4.3, we have p}p( )= p% (Ap) and by applying
Lemma 4.6 we have p}p (f) = pf’p(Ao). Then, we deduce

1b (f) = 19 (A) < pb(f) = p (Ag).

The second part of the proof of Theorem 4.3 completes the proof of Theorem 4.4.

3.3 Proofof Theorem 4.5

Firstly, we assume that f is a rational function. If the function f is either polynomial of
degree deg(f) = s or rational with a pole at z of multiplicity k = 1, then f®(z) # 0. Since

max{pg(Aj) :j;z!s} < p?p(AS) = Ms,
then by Lemma 4.7, Lemma 4.1 and (3.1) we get
0= 0 =y (f P+ A1) 5D+ +Ag(2) ) = ud (Ag) = s > 0
and this is a contradiction. Set
c:max{p?p (A7) 05 (A)) < Ky (A = s, j ;c’s}.
If pg, (A j) < pg, (A) = 5, then for any €(0 < 2€ < 5 — ¢) we have
m(r,A;) <T(r,Aj) <loge ™' (logrP*®), j#s,r— +oo. (4.33)

Set
t=max {7y (A7) :p=ps i %5},

then there exist two constants 1 and f, such that T < f; <, <1 :12) (As). Ifp=ps, 19 (Af) <
T<1I,, then
m(r,A;) <T(r,A;) <logg " (logpir"), j#s,r — +oo. (4.34)
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Since )\?p (A%) < p?p(As), then
N(r,Ag) =0(T(r,Ag)), r— +o00. (4.35)
By the definition of the lower ¢-type T{, (As) = T, we have
T(r,A) >loge ™! (logParts), r— +oo. (4.36)
Since f is rational, then it follows from (3.20) that

T(r,As) <N(r,Ag) + )_m(r,Aj) + O(logr), r— +oo. (4.37)
i#s

By substituting (4.33) — (4.36) into (4.37) and in view of (1.1) we obtain that

O (loge ™" (logPi 7)) +O(logr)
O(loge " (logpir*)), r— +oo.

(1-0(1))logyp " (logpar*)

I\

By Theorem 1.11, the monotonicity of ¢ and (1.3), we obtain f» < 3; which is a con-
tradiction. Hence, f must be a polynomial of degree deg(f) < s—1 when f is a non-
transcendental meromorphic solution of (3.1).

Secondly, we assume that f is a transcendental meromorphic solution of (3.1). Then,
it follows from (3.20) that

T(r,As) <N Ay +)_m(r,A) +O(T(r,f)), r¢E,r— +oo,. (4.38)
J#s

where E c [0, +00) is a set of finite linear measure. By substituting (4.33) — (4.36) into (4.38),
we obtain

(1-o0(1)loge ! (log(B2—P1)r*) <O(T(r, f)),r ¢ E,r — +o0.
By Theorem 1.11, the monotonicity of ¢p and (1.3), we can deduce that
POA) <p0(f) and pd(Ay) < po(f).

Since
max{pg(Aj) L ;zs} < S (A < (Ay) < +oo,

then by Lemma 3.1 and (4.14), for any given € > 0 we have
T(,f) <7 (p%(A9) + 3¢)logr), r— +oo,r ¢ Eg (4.39)
where Ej c [1, +00) is a set of finite logarithmic measure. We obtain from Theorem 1.11,

the monotonicity of ¢ and (4.39) that p}p(f) < p%(As). By Lemma 4.6 we have p(lp(f) <
pg) (Ag). Therefore

(N <PQA) <p () and g (f) < pg(Ay) < pg(f)

which completes the proof of Theorem 4.5.
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Chapter 5

On the ¢-order and the ¢-type of analytic
and meromorphic functions in the unit
disc

1 Introduction and statement of the main results

In [13], Cao and Yi established some results on the sum, the product and the derivative of
analytic and meromorphic functions in the unit disc involving the iterated p-order. Later,
Latreuch and Belaidi [47] obtained similar results for the usual type (p = 1). We state here
some of their results.

Theorem 5.1 [13] Let p € N and let fi, f> € 4 5. Then we have
() 0p(f)=0, (%), where fi 20,0, (afi) =0, (f1), where ae C\ {0},
(i) op(f)=0p(fi),
(iii) max{o,(fi + f2),0,(fi fo)} <max{o,(f1),0,(f2)},
(iv) if 0,(fi) <Op(fa), thenc,(fi+ f2) =0, (fi f2) =0 p(f2).

Theorem 5.2 [47] If fi, f> € & A satisfying 0 < 6(f1) =G (f2) =0 < +oo and K(f1) #K(f2),
then
G(fi+f)=0 and X(fi+fo)=max{K(f),K(f2)}.

Theorem 5.3 [47] Let fi, f> € M 5. Then we have
(i) if 0<o(f1) <o(fa) <+oo, then k(fi+ f2) =x(f1 f2) =x(f2),
(i) if 0<o(fi)=0(f2)=a(f1+ fo)=0(fi f2) < +oo, then

k(fi)—x(2)= x(fi+fz) =x(f1)+x(f),
kK(A)—-x(2)l=s «x(fif) =x(fi)+x(f).

The main purpose of this chapter is to investigate under suitable conditions the ¢-order
and the @-type of fi + f>, fi f> and f{, where fi, f> are analytic or meromorphic functions
in the unit disc A. We have obtained the following results.
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1. INTRODUCTION AND STATEMENT OF THE MAIN RESULTS

Theorem 5.4 [42] Let p € ® and let f, f» € M A. For j=0,1, the following statements hold
() oh(fi+ f) <max{oh(f),oh ()},
(ii) Gi,(fl fo) = maX{Gé(fl),0$(fz)},
(iii) for a € C\ {0}, we have of;)(afl) = Gé(fl) and Ké(afl) = K$(f1),
(iv) for fi #0, we have Gf[; (%) = 0$(f1) and K(];, (%) :K(];)(fl).
Corollary 5.1 [42] Let p € ¢ and. let fy, f> € M A. For j=0,1, if 0{;,(]”1) < O'{;)(fg), then
G{I;(fl +f2) = 0£(f1 )= 0£(f2)-
Theorem 5.5 [42] Let p €  and let f1, f» € & 5. For j=0,1, there hold
(i) forae C\{0}, we have 6{;)(af1) = Gé(fl) and 'ﬁé(afl) = 'ﬁ(;,(fl),
(i) max {54 (fi + 2,55 (fi f2)} < max{&h(f), 5h(f)},
(iii) if G(f) <G(fo), then Gh(fi+ f) =Gh(fo).
Theorem 5.6 [42] Letp € ¢ and let f, f» € M A. For j=0,1, there hold
(i) if 0<0}(fi) <0l (f) < +oo, then
Kh(fi+ ) =xb(fif) =Kk (),
(i) if 0<}(fi)=00(f2)=0h(fi + f2) < +oo, then
K&ﬁ+ﬁﬁsmw+%UDxQﬁﬁ.
Moreover, if Ki,(fl) -‘/K(]l.)(fz), then Ki,(fl + 1) :maX{Ki,(fl),Ki,(fz)}.
(iii) if 0< ()'{")(fl) :cé(fg) = G{")(fl f2) < +o0, then
Ki,(ﬁfz) < mw{%(f)mﬂ,(ﬁ)}
Moreover, if Ki,(fﬂ #K(J‘;)(fz), then Ké(fl f2) :maX{K{;,(ﬁ),Ki,(fz)}-

Corollary 5.2 [42] Let ¢ € ® and let f1, f» € M . For j=0,1, if 0< Gé(fl) = 0£(f2) =0<
+oo and k) (f1) < kb (f2), then

0£(f1 +f2) = 0£(f1 ) =0, (5.1)

Kh(fi+ f) =k (fi f2) =K (o). (5.2)

Theorem 5.7 [42] Letp € P and let f1, f> € & 5. For j =0,1, there hold
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2. PROOFS OF MAIN RESULTS

(i) if 0<G)(fi) <Th(f2) < +oo, then K(fi + f2) =K (f2).
(i) if 0<GY(f1)=5h(f2) =Gy (fi + f2) < +o0, then
Rh(fi+ f2) < max{i) (/). Rh(f)}.
Moreover, if 'ﬁf,;(fl) #'ﬁ(l;(fg), then E{;,(fl + f2) :max{'ﬁ(;,(fl),'ﬁq')(fz)}.
(iii) if 0<G)(fi)=54(f) =Gy (fi fo) < +oo, then
Rl (fi 1) = max{®h (), K ()}
Corollary 5.3 [42] Let p € ¢ and let f1,f» € E 5. For j=0,1,if 0< Gé(fl) = 64,(]“2) < 400
and K, (fi) <K, (f2), then
5o (fi+ f2) =04,(f1) =54 (f2), (5.3)
iié, (hi+f2)= fﬁ,(fz)- (5.4)
Theorem 5.8 [42] Let ¢ € ¢ and let f € M 5. Then, for j=0,1, we have Gé(f/) = Gé(f).

Theorem 5.9 [42] Letp €  and let f € & A. Then, for j =0, 1, we have 6(;,(f’) :6(;,(]‘).

2 Proofs of main results

2.1 Proofof Theorem 5.4

We prove the theorem for j =1, the proofs for j =0 are similar.

(i) The definition of o}p—order implies that for any given € > 0 and for r sufficiently large
in [0,1), we have

1
T(r,f) <@ ((o}p(f,-) +e)log:), (i=1,2). (5.5)

Thus

IA

T(r, fi+f2) T(r, A1) +T(r, f2) +O(1)
1
_ o(@—l((max{o}p(fl),o}p(ﬁ)}+e)log:)).

By the monotonicity of ¢ and (1.3), we obtain

@ (T(r, fi + f2))
log = Smax{atlp(fl)’o-(lp(fZ)}‘i'E.

Since € > 0 is arbitrary, then we get 0(1\0 (fi+ fo) < max{c}p(fl), Gfp(fg)}.

(ii)—(iv) follow immediately from the properties

T(ryfIfZ) = T(ryf1)+T(r)f2)y
T(r,afi) = T(r, f1)+0Q1),(acC\{0}),
T(r,l) = T(r, ) +O(1)

h

and the definitions of ¢-order and ¢-type.

53



2. PROOFS OF MAIN RESULTS

2.2 Proof of Corollary 5.1

By Theorem 5.4, we have Gé(fl + fo) < 0{#,(]‘2) and then
O'(]")(fg) :Gé(fl +fHh-f1)< mu{oé(fl +f2),of(;(f1)}.
Suppose that 0(]",(]“1) > O'(]‘;)(fl + f2), then
o (fs) <max{oh(fi+ £2),0h(f)} =oh(f),

Which contradicts the hypothesis 0{;)( fi) < 0({, (f2). Hence, 0{;) (fo) < 0{;,( f1+ f2) and there-

fore oi)( fi+tfo)= 0{;,( f»). Similarly, from again Theorem 5.4, we have O'é, (Af)=< 0({, (f2)
and by the fact that

oo (f2) =0, (flfz E) SmaX{OZp(fle)»O(]p(fl)}r
we can get 0{{.)(fz) < 0{;)(]3 f>) and therefore 0$(f1 )= cf;,(fz).

2.3 Proof of Theorem 5.5
(i) Itis obvious from the definitions of 6{{;( f1) and iZq; (1), (j=0,1).

(ii) It holds by using the known inequalities

i+ fol s2max{|fil,Ifl} and |fi fol < [max{| fil, | fol}]?
and by applying (1.3).
(iii) It can be obtained by analogous discussion as in the proof of the first part of Corol-

lary 5.1.

2.4 Proofof Theorem 5.6

We only give the proofs for j =1, the proofs for j =0 are analogous.

(i) By the definition of K}p—type, there exists a sequence {r,, n = 1} tending to 1™ satisfy-
ingl-(1- %)(1 — 1y < Ip41 such that for any given € > 0 we have

KE(fo) —€
T(rn, f2) 2(P_1 (log(({)—l)) (5.6)
(1- rn)0¢(f2)
and for r — 1~ there holds
Ko(fi) +€
T(r, f;) <9 ' |log “’f—’l , i=1,2. (5.7)
(1- )%
By Proposition 1.5 and the fact that
T(r, i+ f) =T, f2) -T(r, fi) —log2, (5.8)
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2. PROOFS OF MAIN RESULTS

(i)

we get for any given € > 0 that
KL (fo)—¢ KL (fi) +€

¢ [log q’f;l —¢'|log q’f—ll ~log2
(1= ) %02 (1= ) %0V

KL (fo) —2¢
¢! (log(L)). (5.9

(1= 170

T(rn»fl +f2)

v

v

Corollary 5.1 yields o}p( fi+f)= O'(lp( f2). Hence, by (5.9) and the monotonicity of ¢,
we get

(1= 1) 05 exp Lo (T(r, fi + )} 2 K (f2) 2.
By arbitrariness of € > 0, we obtain

Ko(fi + f2) = Ky (f2). (5.10)

Since
0o (fi+ f2) =0y (f2) > 04, (f1) =0y (= 1),

then from (5.10) it follows that ky,(f2) = ki,(fi + f2 = f) = K, (fi + f2) and therefore
Ko (fi + f2) =K, (f2). On the other hand, by the fact that

T(rfifa) =T L) =T f2)+0Q), (5.11)

and a similar discussion as in the above proof, we arrive to

Ko(fi o) 2 Ky (f2). (5.12)

Since

1
ob(fi f2) = 0h(f2) > oh(fi) =0, (E)

then (5.12) gives K}p(fg) = K}p (fl f %) > K}p (f1 f2) and therefore K}p (f1f)= K(lp(fg).

It follows from the assumption 0 < 6, (f1) = 04, (f2) = 04 (fi + f2) < +00, (5.7) and
Proposition 1.5 that

T(r)fl +f2)

IA

T(r, 1) +T(r, f2) +O(1)
kK (f)+e K (f) +e
log(—(p h )) +(p_1 (log(—(P f

(1— 7))

¢! (log(maX{K‘lp(fl)’K}P(fz)} +38)) :

IA

o

IA

1- r)cclp(fl+f2)
By the monotonicity of ¢ and arbitrariness of € > 0 we obtain
KyUfi+ ) = max{ib (), kg () (5.13)

Moreover, we may suppose without loss of generality that K(lp (f1) < K}p (f2). Then, by
(5.13) and since 0(1[, (fi+fo)= 0(1[, (f1)= Ggp(—fl), we get

Ko(f2) =K, (fi+ fo—fi) < maX{Ktlp(fl + f2);K(1p(fl)} =Ky (fi + f2)
and consequently K, (fi + f2) = max{K}p (), Kfp(fz)} :
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2. PROOFS OF MAIN RESULTS

(ii) By T(r, fi fo) <T(r, f1) + T(r, f>) and a similar discussion as in (5.13), we obtain that
Ky (A fo) = max{ich (), kb ()} (5.14)
Moreover, if we suppose that K}p(fl) < K}p(fg), then by (5.14) and since Gfp(fl )=
Gfp(fl) = O'(lp (%) , We arrive to
1
Ko (f2) =Ky (fl f ﬁ) =< maX{Kfp(fl fz),K}p(fl)} =Ky (fi f2)-
Thus, K(lp(fl )= maX{K(lp(fl),K(lp(fz)}-
2.5 Proof of Corollary 5.2
We have from Theorem 5.4 that
0$(f1 +f2) < oé(f1) = 0£(fz) and 0$(f1 )= O'é)(fl) = 0$(fz).
Analogous reasoning as in the proof of Theorem 5.6 especially (5.8) and (5.11) leads to

0$(f1+ﬁ)20£(f2):0£(f1) and 0$(f1fz)20é(ﬁ):0$(f1).

Hence, (5.1) holds. On the other hand, (5.2) is obvious from (5.1) and Theorem 5.6.

2.6 Proofof Theorem 5.7

We will prove the theorem for j =0, the proofs for j =1 are analogous and follow also from
Proposition 1.7 and Theorem 5.6.

(i) The definition of the 'ﬁ%-type implies that for any € > 0 there exists a sequence {r, :
n =1} tending to 1~ satisfying 1 — (1 — %)(1 — Ip) < rp41 such that for any given € > 0

we have &
) Ko(f2) —¢€
M(ry, fo) = ¢ (log(—(l - rn)G% B (5.15)
andforallr — 1~
KO (fi) +e
M(r, f;) < ¢~ |log L (i=1,2). (5.16)
(1 —r)%eUD

We consider a sequence {z, : n = 1} satisfying | f>(z,)| = M(ry, f2) in each circle |z| =
rn. Then, by (5.15), (5.16) and Proposition 1.5 we obtain

M(rn»f1+f2) = |f1(zn)+f2(zn)|2|f2(zn)|_|f1(zn)|
> M(ry, f2) —Ml(ry, f1)
KO(H)—¢ KO(f) +¢
= o o s ) o ool )
(1= ry) 70 (1= ry) 70
K0 (f) - 2¢
> (p_l(log(L)) (5.17)

(1= 15
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2. PROOFS OF MAIN RESULTS

(i)

(iii)

provided € > 0 and r,, — 1~. We have from Theorem 5.5 that Gg(fl +f) = 6’%(f2).
Thus, by the monotonicity of ¢ and (5.17) we obtain

(1 - 1) %o exp (g (M, fi + f2))} 2 R (f2) — 2e.
By arbitrariness of € > 0, we get
RO(fL+ f2) 2RO (fo). (5.18)
On the other hand, by applying (5.18) and since
Go(fi + f2) =Gg (f2) > T (f1) =5 (— f1),

we obtain
Eg,(fz) Zf?p(fl +fo-f) Sf?p(fl + f2)

and therefore K{,(fi + f2) =K, (f2).

It follows from the assumption 0 < 68, (f1) = 62, (fo) = 6?[)(]“1 + f2) < +o0, (5.16) and
Proposition 1.5 that

M(r, i+ f) = M fi) +M(1, f2)
KO (f)+e K (fo) +¢€
(p_l log % +(p_1 10g #
(1— r)Glp(f1+f2) (1- r)ULp(f1+f2)

o [ )

1- r)59p(f1+fz)

IA

IA

The monotonicity of ¢p and arbitrariness of € > 0 yield
R (fi+ f2) < max{RS (A1), K ()} (5.19)
Moreover, we may suppose without loss of generality that K,(f1) <K{,(f2). Since

GO (fi+ £2) =65 (1) =65 (- f),

then by applying (5.19) we get
Ko(f2) =Ko (fi+ fo— fi) < max{ﬁ%(fl + fz),f?p(fl)} =Ko (fi + f). (5.20)
We deduce from (5.19) and (5.20) that 'ﬁ?p(fl + f2)= max{'ﬁ?p(fl),'ﬁ?p(fg)}.

By the assumption 0< 62, (f1)= 62)(]”2) = 62, (f1 f2) < +oo and (5.16) it follows that

M, fif2) = M@, AIM(, f2)
= o [1og Ko (fi) +e€ o [1og Ko (f2) +€
<

o (log(max{'ﬁ?p(fl),iZ&(fz)} +e)) 2

(1- r)ﬁg(fl f2)
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2. PROOFS OF MAIN RESULTS

By the monotonicity of ¢ and (1.3), we obtain

max{'ﬁ&(fl),ﬁ?p(fg)}ﬂ-s
(1- r)6$(f1fz)

oM, fif)) = (1+0(1))10g(

<

1 max {RS, (1), Ky ()} + 26
i W T

Since € > 0 is arbitrary, we deduce that Xg,(fi f2) < max{i% (1), K ( fz)}.

2.7 Proof of Corollary 5.3

We have from Theorem 5.5 that 6({; ( fl + f2) < 6(;,( fl) = 6({.) (f2). To prove the converse in-

equality, we assume to the contrary 6{9 (fi+fo) < 6(]P (f2). Then, by the first part of Theorem
5.7 we have

f{;,(fﬂ =f$(f1 + - f2) =f£(f2)
which is a contradiction. Hence, 6{;,( fi+tfo)= G(jP (f1) and therefore (5.3) holds. It is clear
that (5.4) follows immediately from assertion (5.3) and the second part of Theorem 5.7.

2.8 Proofof Theorem 5.8

Denote o}p(f) =0 and o}p(f’) =0'. By (5.5), Lemma 1.2 and (1.1), forall r — 17, r ¢ Fy
[0,1) where Fy is a set of finite logarithmic measure, we have

!

m(r,L

f

O(lo _1((0'+€)10 ! )+lo ! )+O( -1
g g1 | +log-—|+0|(o

T(r, f")

IA

+2T(r, f)

1
(0+¢) log:))

ol [irorer=)
¢ |(o+e)logT—).

By the monotonicity of ¢ and (1.3), forall r — 1~ and r ¢ Fy we obtain

@(T(r, f)) <A +0(1) ((0+8)log )S(0+28)10g%.

1-r
By Lemma 1.12, since € >0 is arbitrary, there holds o, (f') < 0, (f) = 0.

Now, we prove Ggp(f) < Gfp(f’). Indeed, by analogy to Theorem 1.7 (see also[21]), we
can obtain the following estimate

1+ 1
T(r, f) < O(T(Tr,f') +log:) as r—1".
From (5.5) and (1.1), it follows that
1
T(rfH<e™ ((0’+€) log—1 r)
and obviously

T(r, f)

IA

O( _1((0’+s)10 2 )+10 1 )
M gl—r gl—r

-1 / 1 )
O((p ((0 +28)log—1_r .
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The monotonicity of ¢ and (1.3) give

@(T(rH)=A+o01) |0 +2€)log% < (o’ +38)10g%

By arbitrariness of € > 0, we deduce that 0'(1p (f) < thp( f') = ¢’ which completes the proof
of Theorem 5.8.

2.9 ProofofTheorem 5.9

We prove the theorem for the case j = 0. The case for j = 1 follows immediately from
Proposition 1.7 and Theorem 5.8. For f € & 4, it is well known that

f2)=f0)+ fo f©dc.
Then, for |z| = r < 1 we obtain

M(r, f) < | f )|+ rM(r, ) < [ f(0)] +M(r, ).

Clearly, it follows from the monotonicity of ¢ that o 0 (filso ( f). Now, we prove the re-

verse inequality. Taking zp = re'® for any |z| =1 € [0 1) such that M(r, ') = | f'(z)| and
R= % By Cauchy’s integral formula, we have

i L F©
f'z0)= ((, 20)?

dg,

where I'={(:|{—zol=R—71}.Set {—zp=R—-r)e® (0<0<2mn),then d{=R-r)ie®d0.
Since max{|f (Q)]: (e I} = M(R, f), then we obtain

17 f @)
2mJo  |C— zol?
MR, f)_ 2 M(1+r’f).
R-r 1-r 2

M(r, ) = | f'(20)] (R-r)do

IA

(5.21)

Now, we consider a set H < [0, 1) such that

2 1
H:{re[o,l):logl_r <logM(%,f)}-

Thus, by the monotonicity of ¢, (5.21) and (1.3) we get

eM, /) _ @ (exp{logZ; +logM (L, f)})
log—~ = log
_ 9(exp{2logM (55, 1)) _ ¢ (exp{2logM® f)})
B log -~ log %%
(1+0(1)¢ (MR, f))
1og1
Clearly,
L f! 1 1 M(R,
g° (f)_hmsupwslimsu (1+ 0 (M f)):'c?g(f)
r—1- —log(l—r) Rpr—1- log 1=
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2. PROOFS OF MAIN RESULTS

!
holds on H. It remains to estimate % on H¢ such that

1-r
2 1+r
H¢ = 0;1) :log—— =logM | —, .
{re[ Jlogy— =08 (2 f)}

In fact, by Karamata’s theorem (see [60]) we have @(e’) = t°D  as t — +o00. Then, for
r — 17 there holds

@M, 1) _ ¢ (exp {log % +log =}) ) [2log 2]V
logﬁ B logﬁ 1Ogﬁ
It is obvious to see that /
5?p(f') ::limsupw -0

r—1- —logl-r)

We finally deduce that 68,( f < 68)( f) and therefore 6?p (fH = 68, (f), which completes
the proof of Theorem 5.9.
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Chapter

Fast growing solutions of LDE with
analytic coefficients in the unit disc

1 Introduction and statement of the main results

In this chapter, we investigate the fast growth of solutions of the linear differential equa-
tion (k = 2)
fO+A @ fE D 4+ Ay (2)f =0, (6.1)

where the coefficients Ay # 0,...,A_; are analytic functions in the unit disc A. In [33],
Heittokangas et al. investigated the iterated p-order of solutions of equation (6.1) and
obtained the following result.

Theorem 6.1 [33] Let p € N. Let Ag,Ay,...,Ax-1 € E A such that 6,(Aj) < Gp(Ag) for j =
1,...,k—1, then every solution f # 0 of (6.1) satisfies G +1(f) =G (Ag).

Observe that Ag(z) is the only one dominant coefficient. In [28], Hamouda gave an im-
provement of Theorem 6.1 by considering more than one dominant coefficient as follows.

Theorem 6.2 [28] Let p € N. Let Ag,A,...,Ax-1 € § A satisfying G,(Aj) < Gp(Ag) for j =
1,....,k—1, and

max{in(Aj) :0pA))=0pA0),j=1,..., k- 1} <Kp(Ag),
then any non-zero solution f of (6.1) satisfies G,+1(f)=0,(Ag).

There are many extensions of the above theorems by considering the so called [p, g]-order
(see some results in [9, 34, 65]). Semochko [59] have used the concept of ¢-order to study
the fast growing solutions of equation (6.1) which generalizes Theorem 6.1.

Theorem 6.3 [59] Let ¢ €  and let Ay, A, ...,Ax-1 € & A such that
max{a?p(Aj),j “1,.. k- 1} <50 (Ao).

Then, all solutions f # 0 of (6.1) satisfy 6}p(f) = 68)(A0).

The main purpose of this chapter is to generalise Theorems 6.1-6.3 by using the concepts
of the (lower) ¢-orders and the (lower) ¢-types. Our results are also counterparts for the-
orems listed in [8, 5, 20] where the coefficients A j(z) in equation (6.1) are entire functions.
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Theorem 6.4 [40] Let p €  and let Ay, ...,Ax-1 € & A such that
max{&?p(Aj) =1, k- 1} <0 () =59 (Ag) < +oo.
Then, all solutions f # 0 of (6.1) satisfy
Vip (o) =V (f) =Gy (/) =Gy (A0).
Theorem 6.5 [40] Let p €  and let Ay, ...,Ax—1 € & A satisfying
max{of,(A;):j=1,..., k= 1} < Vi (Ag) < +oo

and
k-1
> m(r,Aj)
i=1

. Jj=
limsup——— < 1.
r—1-  m(r,Ag)
Then, any non-zero solution f of (6.1) satisfies
0 (Ag) <04, (f) =8, (f) =T (Ag) and vg(Ag) < vy (f) =4 (f) < Vg (Ag).

Theorem 6.6 [40] Let p €  and let Ay, ...,Ax-1 € & A satisfying
max{55(A): j=1,..., k= 1} <55 (Ag) =00 (0 < Ty < +00)

and
max {K (A): 5% (A ) =59 (Ao), j #0} <) (Ag) =Ko (0 <Kp < +00).

Then, every non-trivial solution f of (6.1) satisfies Gy,(f) = G, (Ao).

Theorem 6.7 [40] Let ¢ € P and let Ay, ...,Ax_1 € & A satisfying
max{a?p(Aj):j:L...,k—l} <79 (Ag) = Vo (0 < Vo < +00)

and

max {R(A) : 5% (A7) =V (A0), j #0} < K (Ag) =11 (0< ¥ < +00).
Then, every non-trivial solution f of (6.1) satisfies G,(f) =Gy (Ag) = Vg, (f) = Vi (Ag).
Remark 6.1 Clearly, Theorem 6.6 improves Theorem 6.3 and generalizes Theorem 6.2. More-

over, theorems 6.5 and 6.7 extend respectively theorems 4.2 and 4.1 from entire solutions to
analytic solutions in the unit disc.

2 Preliminary Lemmas

Lemma®6.1 [19] Let f € .M A such that 7 does not vanish identically. Lete > 0 be a
constant, k and j be integers satisfying 0 < j < k, Fy a set with finite logarithmic measure
on[0,1) andd € (0,1). Then, we have

| () e }
e < - max 10g1_|Z|,T(s(|z|),f)
where s(|1z|]) =1 —d(1 —|zl|). Moreover, if 61(f)=0 < +o0, then

f(k) (2)
f(j) (2)

k—j
’ |Z| ¢ FO)

<

1 (k—j)2+e+0)
( ) , 1z ¢ Fo.

1-|z|
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Lemma 6.2 [40] Let ¢ € ® and k € N. Let f € M A of order G}p(f) =01. Then, for any given

€ >0 we have
m (I’ —f(k)) =0 (10 Tt ((0' 8) lo —1 ))
" g 1+e)logr—

holds for all r — 1~ outside of a set Fy c [0, 1) with finite logarithmic measure.

Proof. We proceed by mathematical induction. Firstly, for k = 1, the definition of 0}p (f) =
o1 implies that for any € > 0 and for all r — 17, we have

T(r, f) Stp_l((01+e)log$). (6.2)

It follows from Lemma 1.2, (1.1) and (6.2) that

m( f,) O(lo ((0 +¢)lo ! )) réF (6.3)
f g ('p 1 gl—r ’ 0, .
where Fy c [0, 1) with fF ~ < +00. Secondly, we assume for any € > 0 that
( f(k)) o(l “o~! (01 +&)log — )) ¢F
m|r,—|=0|lo o1+¢)lo , T .
7 g ¢ 1 gl—r 0
Since
k k o
N(r,f‘ ’)s(k+1)N(r,f) and m(r,f‘ ))s ( 7 )+m(rf),
then

T(r,f(k)) = m(r,f(k)) +N(r,f(k))

(k+1DT(r, f)+0 (1og+ @ ! ((01 +e)log

IA

—r
o 1
= 0 P (0'1+8)10g: , I ¢ Fo.

In view of (6.3), it follows that

(k+1) 1
m(r, 7@ ):O(log+(p_1((01+€)log:)),rGEFO.

Thus, for r ¢ Fy we get

) < o)

0 (log+ @t ((01 +¢)log lTlr)) .

Lemma 6.3 [32] Let Ag,Ay,...,Ar_1 be analytic functions in Ag = {z € C : |z| < R}, where
0 <R < +ooand f be asolution of (6.1) in Ag, 1 < p < +oo. Then, for all0 < r <R we have

2n
se

[mp(nf)]”<C( fdsde)
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where C > 0 is a constant depending on p and on the initial values of f(z) at the point zy
where A j(zg) #0 for some j =0,1,...,k -1 and where

[m,n(r,f)]p:$‘[02JT [log+ f(reiempd&

Lemma 6.4 [32] Let f be a solution of (6.1) in Ag ={z € C:|z| <R}, where 0 <R < +o0.
Letnc €1{1,2,..., k} be the number of non-zero coefficients Aj(j =0,1,...,k—1), and let0 €
[0,2n] and € > 0. If zp = sel%¢ AR is such that Aj #0 for some j=0,1,...,k—1, then for all
s<r <R, wehave

fre"e <Cexp1n; max |A; te'®
rlre)|=comine [ max [ai[re")

L‘
k= dt},

j=0,1,...,.k~1
where C is a constant satisfying
f(j) (zo)
0
C=(1+¢) m . | | —-
J=0 L k=1 ni max |A,(zp)| %~
n=0,1,....k—1

Lemma 6.5 [40] Let ¢ € ¢ and let f € U A such that v}p(f) = V) < +oo. Then, there exists
a set Fy c [0,1) of infinite logarithmic measure such that for allr € F,r — 17 and for any
€ > 0 we have

1
T(r, /<@ |(vi+¢€) logl— .
—-r
Proof. The definition of v}p (f) =v; implies that there exists a sequence {r,, n = 1} tending

to 1 satisfying for any constant d € (0,1): 1 -d(1 —r,) < rp+1 and

. @(T(rn, )

rm—1-—log(1 —ry,) -V

Thus, for any given € > 0 there exists an integer number 7; such that for all n = n; we have

T(rn,f)<(p_1((v1+s)log L )
1-r,

Set F; = :Lj: 1- l_dr",rn .For all r € F; < [0, 1), we obtain
=m
T )< T f) < @ (v1+§)log1_1rn)
< (p_l (V1+§)logd(ll—r))
< (p—l (v1+s)loglir),
such that .
dr =2 dt = 1
mes;(F) = Fl::n;ll 1Tt:n;mloggz+oo.

_lom
1 d

By a similar proof, one can easily prove the following lemma.
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Lemma 6.6 Let ¢ € ¢ and let f € & A such that V?p (f) = vog < +oo. Then, there exists a set
F; < [0,1) of infinite logarithmic measure such that for allr € ¥y, r — 1~ and for anye >0
we have

M(r, f) < ¢! ((vo +¢€)log %) .
Lemma 6.7 [40] Let p € @ and letAy,...,Ax1 € & . Assume that
max{&% (Aj):j 7-‘3} < Vg (Ay) < +o0.
If f #0 is a solution of (6.1), then vy, (f) < Vg, (Ay).

Proof. By Lemma 6.3 we have

T(r, f)=m(r, [)

IA

Aj (seie)

k=1 p2m pr k;
C 1+Zf f “dsde
j=0 0 0
k-1
2nC(1+ Y rM(rAj)
j=0

IA

. (6.4)

Seta= max{&?p(Aj) j #s}. By the definition of 6%(A]~), foranye >0and r — 1~ we have

1
M(r,Aj) sq)‘l((owg)log:), Jj#s. (6.5)

By Lemma 6.6, there exists a set F; < [0, 1) with fFl % = +oo such that

M(rA)<<p‘1((v°(A)+5)1ogL) reFy, r—1- (6.6)
y L3S 0] S 2 l—r ) . .
By (6.4)—(6.6), we have
-1((%0 1 -
T(r,f)so((p ((V(P(As)+£)log:)), reF,r—1". (6.7)

Then, it follows from (1.3), (6.7), by arbitrariness of € > 0 and the monotonicity of (p_l that
Vo) =Vg(Ay). O

Lemma 6.8 [40] Let ¢ € ¢ and let Ay,...,Ax-1 € & 5. Then, every non-zero solution f of
(6.1) satisfies

54 () <max{5}(A;):j=0,1,....k-1}.

Proof. Set
p=max{5}(A;):j=0,1,....k~1}.

By the definition of 6?p(A]~) foranye>0and r — 1~ we have
M(r,A-)sw‘l((mE)logL), i=0,1... k—1. 6.8)
g 2/ 1—-r
By (6.4) and (6.8), we have
1
T(r,f):m(r,f)SO((p_l((ﬁ+€)log1—)), r—1. (6.9)
-7
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It follows from (1.3), (6.9), by the arbitrariness of € > 0 and the monotonicity of ¢! that

5y <p=max{5} (A)): j=0,1,....k-1}.

Lemma 6.9 [40] Let ¢ € $ and let f € & A be analytic function in A satisfying 0 < 6?p( )=
0g < +oo and 0 < E?p(f) =Ko < +oo. Then, for any given 0 < f < iZ%(f), there exists a set
F1 < [0,1) of infinite logarithmic measure such that for all r € F,, we have

M(r, >1 .
(p( (r f)) o8 (1-r)00
Proof. The definition of iZ?p (f) implies that there exists a sequence {r,, n = 1} tending to
17 satisfying 1 — (1 - %) (1-r,) <rps and

lim (1-r,)% exp{p (M, )} =xo.

n—+oo

Thus, for any given € > 0, there exists an integer number 7; such that for all n = n; we
have

exp o (M7, 1)} > - e (6.10)

1 - rn)ao )
For any given P such that 0 < § < kg — ¢, there exists an integer n, such that for all n = ny,

we have
190 §
(1 - —) > . (6.11)
n Ko—€

For all n = ng = max{n, np} and for any r € [r,,1- (1 - 2)(1-r,)], by (6.10) and (6.11), it
follows that

exp{oM(r, )} = expip(Mra, f))}>%

Ko—€ (1_1)0°> p .
(1- )00 (1- 1)

n

Hence

@ (M(r, f)) > log =

+00
SetFi= U [rn,1-(1—-2)(1-ry)].Clearly, F; satisfies

n=ngs

1-(1-4)(1-ry)

dr & dr It n
mesl(Fl):f =) ——=) log = +00.
Fl l_r n=ns l_r n=ns n_l

'n

Lemma6.10 [59] Let ¢ € ¢ and f € & 5 such that 0 < og(f) = 0¢ < +oo. Then, for any
given 0 < P < gy, there exists a set Fy c [0,1) of infinite logarithmic measure such that for
allr € Fq, we have

(p(eT(r'f)) > PBlog —
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3 Proofs of main results

3.1 Proofof Theorem 6.4

Suppose that f is a non-zero solution of (6.1). By Theorem 6.3, we have 6}p( )= 6?p(A0).
So, we only need to prove that v, (f) = V¢, (Ao). Firstly, we prove the inequality vi = Vg, (f) =
Vi (Ag) = vo. Suppose that to the contrary, vi =V, (f) < Vg, (Ag) = vo. Set

p=max{59A)): j=1,....k-1}.

We can suppose with out reducing the generality that v; <5 < vy. By equation (6.1), we
have

[P Y@ f'@
f(2 f(2) f(z)

For any given € (0 < 3e < vy — ), we have from the definitions of V% (Ag) and 68,(A ) that
forr—1°

|Ao(2)] = +|Ak-1(2)] +--+1A1(2)] . (6.12)

1
Ag(2)| = ¢! ((vo —¢) longr) (6.13)

and .
IA]-(z)ISLp_l((f)+s)log1—r), j=1,...,k-1. (6.14)

By Lemma 6.1, for j=1,...,k and |z| ¢ Fy, where Fj is a set of finite logarithmic measure
on [0,1), we have '
J
<

f(j)(z) 1 2+42¢
‘f(z) (1—|z|) T(st2b. f)

It follows from Lemma 6.5 and Proposition 1.7 that there exists a set F; of infinite loga-
rithmic measure on [0, 1) such that for all |z| € F; \ Fy we have

[( 1 )2+28T (S(|Z|),f)]j

1-|z|

f(j) (z)
f(@)

J

(6.15)

2+42¢ )
(1—|z|) ‘p ((V”g)logl—mzn)

Since F; \ Fy is a set of infinite logarithmic measure, there exists a sequence of points r, =
|zn| € F1 \ Fp tending to 1. Set R;, = s(|z,]) =1 —-d(1 —|z,l), d € (0,1). We have 1 —|z,| =
1_;{", d € (0,1). By substituting (6.13)-(6.15) into (6.12) for the above € (0 < 3€ < vy —f3)

and via (1.2), we obtain for R,, — 1~ and R,, € F; \ F, that

_1 _
) ((vo e)logl_Rn)
2+2¢ . k .
<k (I—Rn) P ((v1+£)log1_Rn)] ) ((ﬁ+€)log1_Rn)
k+2
<

(p_l((f>+s)log <@ ((ﬁ+28)10g1_dR )

=y

By arbitrariness of € (0 < 3¢ < vo — ) and the monotonicity of ¢! we obtain the contra-
diction v < p. Thus v; = V(lp(f) > V% (Ag) = Vp.
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Now, we prove the converse inequality V. o) =V (Ao) Let Oy € [0,27] be such that
|f(r ’60)| M(r, f). By Lemma 6.4, we have
r L
M(r, f) < Cexp{ncf max ‘A (te’eo) k=i dt}
S ] 0,1, r

.
C M(r, A kfdt
exp{ncj; ]01 | (r ]| }

Cexp{nc(r—s) .

IA

IA

max M(r,Aj)}. (6.16)
1,..,k-1

The definition of 63,(A j) implies that for any e >0 and r — 17, we have

M(r,A) <@

B+ )longlr) j=l k-1, (6.17)

where f§ = max{&?p(Aj) j=1,..., k- 1}. From Lemma 6.6, there exists a set F; < [0,1) of
infinite logarithmic measure such that for r € F;, r — 1~ we have

M(r,Ag) < ™ (( (Ag) + )1ogL) (6.18)

We deduce from (6.16)—(6.18) that foranye >0andall r e Fy, r — 1~

1
logM(r, f) <! (( (Ao) +e) log r)

By arbitrariness of € > 0 and the monotonicity of ¢!, we obtain v v (fl=sv (Ao) Then,
Theorem 6.4 is proved.

3.2 Proofof Theorem 6.5

Let f be a non-zero solution of equation (6.1). First, we prove 02, (Ag) < 0'(1p (f). Suppose
that to the contrary, thp( < o?p(Ao). Let; and P, be two real constants satisfying O'(lp (f) <
B1<P2 < O'g)(A()). Equation (6.1) can be written as

(k) (k—l) /
) ! ! ) (6.19)

Ag=—|—+A;; o+ A=

f f f

This with Lemma 1.2 give

m(r,Ao)

IA

k-1 f(])
Zlm(r A])+Zlm(r T)+0(1)
J J

k-1

2 m(r,Aj)+0
j=1

IA

log T(r, f) +log

=)

holds for all r — 17 outside of an exceptional set Fy < [0,1) of finite linear measure. As-
sume that

Z m(r,A;)

hmsup— =v<A<lI.
r—1-  m(r,Ao)
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Thus
k-1

Y m(r,Aj) <Am(r,Ag), r—1".
j:l

Hence, for r — 17, r ¢ Fy we have
1
(1 =N m(r,Ap) <O(log+T(r,f)+logl—r). (6.20)

Then, by Lemma 6.2 we get that

T(r,Ao)

1
m(r,Ag) <O (log+ T(r, f) +log :)

0 (1ogJr @ ! (ﬁllogflr)) (6.21)

holds for r — 1™ and r ¢ Fy. It follows from Lemma 6.10 that there exists a set F; of infinite
logarithmic measure on [0, 1) such that

T(r,A0)>10g+(p_1([5210g ) r—1". (6.22)

1-r

Since F; \ Fy is a set of infinite logarithmic measure, there exists a sequence of points r;, =
|z,| € F1 \ Fy tending to 1. By substituting (6.22) into (6.21), we obtain for all r,, = |z,| €
F1\Fy, r, — 17 and any given €, 0 <€ <2 — P

=)
1_rn

IA

_ _ 1
log™ ¢ 1(ﬁglog O(log+cp 1(ﬁllogl_r ))
n

IA

_ 1
log* ¢ 1((61 +¢)log~

) . (6.23)
n

By arbitrariness of € (0 < € < 2 —f3;) and the monotonicity of (p_l, from (6.23) we obtain
B2 < B;. This contradiction proves the inequality G?p (Ag) < otlp( f). On the other hand, it
follows from Lemma 6.8 that o, (f) < G, (Ao). Therefore,

0 (Ag) < 0 (f) =G (f) < T (Ao).

Now, we prove vg,(Ag) < v, (f). Suppose that to the contrary, v, (f) < vg,(Ag). Let a; and
be two real constants satisfying vg,(f) < o1 < az < Vg (Ag). It follows from Lemma 6.5 that
there exists a set F; of infinite logarithmic measure on [0, 1) such that for r e F}, r — 1~
we have

T(r, f) <! ((xl log ) (6.24)

1-r
and for r — 1~ we have )

T(r,Aq) >log* @1 (0(2 logl—r) . (6.25)
Since F; \ Fy is a set of infinite logarithmic measure, there exists a sequence of points r, =

|zl € F1 \ Fy tending to 1. By substituting (6.24) and (6.25) into (6.20), we obtain for all
rn=1zpl € F1\Fy, r, — 1" and any given € (0 <€ < a2 — 1)

)
]._rn

IA

1
logt ! ((Xg log 0 (log+ @t (0(1 log — ))
—I'n

IA

1
log* ™! ((oq +¢)log — ) . (6.26)
n
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By arbitrariness of € (0 < € < a» — ;) and the monotonicity of ¢!, from (6.26) we obtain
a2 < «. This contradiction proves the inequality v?p (Ag) < v}p (f). By Lemma 6.7, we obtain
Vo (f) < Vi (Ag) and therefore

Ve (A0) < V() =V, (f) < Vg (Ag).

3.3 Proofof Theorem 6.6

If
max{a?p(Aj):j: 1,...,k—1} <59 (Ag) < +oo,

then by Theorem 6.3 we get G, (f) = Gy, (Ag). Suppose now
~0 Ci_ _~0 —
max{G5(A): j=1,..., k= 1} =55 (Ag) = 09 (0 < 6g < +00)

and
max{izg(Aj) 159 (A) =59 (Ao), j;zo} <R (Ag) =Ko (0 < Ko < +00).

Clearly, there exists a set J < {1,..., k — 1} such that ﬁ?p(AJ-) = 63,(A0) = gy and E%(Aj) <
68)(A0) =Ko for all j €] as well as GPP(AJ-) < Gg(AO) =g forall je({l,...,k—1}\]J. First, we
prove G, (f) = Gg,(Ag). Suppose that to the contrary, 01 = G, (f) < Gg,(Ag) = 0p. Let B1 and
B2 be two real constants satisfying

max{i?p(A,-) :j eJ} <B1 < B2 < Ko.

Then, by the definition of 68)(A i), forallr — 17, we have

-1 B1 .
Aj(2) <@ (log =)o ), je]j (6.27)
and
|A'(z)|scp‘1(ylogL)SLp‘1 (log b1 ) jefl, ..., k=1}\] (6.28)
J 1-r (1-r)%)’ Y ’

where 0 < y < 0. It follow from Lemma 6.9 that there exists a set F; < [0,1) of infinite
logarithmic measure such that for all r € F;, we have

_ -1 B2
1Ag(2)] = M(r, Ag) > @ (log T ) . (6.29)

By Lemma 6.1, for j =1,..., k and |z| ¢ Fy, where F is a set of finite logarithmic measure
on [0,1), we have

f(]) (Z) [( 1 )2+2£ ]]
o | = \ioE) T

It follows from the definition of O'(IP (f) and Proposition 1.7 that for any given € (0 < € <
oo —01) and for all |z| ¢ Fy we have

() reann)]

[( 1 )2+2I5(p_1
1-|z|

'f(j) (z)
f(2)

1 j
(0'1 +€) logm)] . (6.30)
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Since F; \ Fy is a set of infinite logarithmic measure, there exists a sequence of points r, =
|zn| € F1 \ Fy tending to 1. Set R, = s(|z,|) =1 —d(1 —|z,l), d € (0,1). Substituting (6.27)—

P2—Pp1

(6.30) into (6.12) for any given € (O <eg< min{ ,00— 01}), we obtain for R, — 1~

and R, eF;\Fy that

¢! |log

B2d?° )
(I -Rp)00

d 242¢
<k [( ) @ ! ((01 +¢€)log

1-R,
(ﬁl +8) oo
(1—-R,)c0 )

k

-1 ﬁld(jo )
)] M (log (1—R,)%

(ﬁl + 28) dco )
(1-Rp)% )°

1-R,
k+2

<¢! (log

-1 (log

The last estimate is verified in view of (1.2). By arbitrariness of € (0 <g<min { P2—p1 ,00— 071 })

and the monotonicity of ¢! we obtain the contradiction p, < p;. Thus &} o(f) =0 (Ao) It
follows from Lemma 6.8 that

55, = max {55 (A7): j=0,1,.... k= 1} =55 (Ao).

Therefore, 5, (f) = G(,(Ag) and Theorem 6.6 is proved.

3.4 Proof of Theorem 6.7
Since Vi, (Ag) < G, (Ag), then by Theorem 6.6 we obtain G, (f) = Gg,(Ao). If

max{&?p(Aj) 1 #0} < V&(Ao),

then by Theorem 6.4 we have Vl (f)=w Vo (Ag). Assume that G g0 (A hE V?p (Ag) = vo and E?p Aj) <
K< KO (Ag) = k7. We first prove the 1nequahty vy =Vl ( f )=V (Ao) V(). Suppose that to the

contrary, V1 < V. It follows from the definitions of KO oAj) and Ky % (A) that for any given
€(0<3e<k;—x)andforall r — 17, we have

K+E€

W (6.31)

Aj ()] <@ (log

and

1Ao(2)| = ‘l(lo e ) (6.32)
ol2)I =@ g(l—r)VO . .

By Lemma 6.1, for j =1,..., k and |z| ¢ Fy, where F is a set of finite logarithmic measure
on [0,1), we have

() J
fY(2) -

e (1_1|Z|)2+2€T(S(|Z|), f)] .

It follows from Proposition 1.7 and Lemma 6.5 that there exists a set F; < [0, 1) of infinite
logarithmic measure such that for any given €(0 < € < vo — v1) and for all |z| € F; \ Fy we

have
[(1 _1|Z|)2+2ET(S(|ZI),f)]j

1 2+2¢ 1 .]
[( ) _1((v1+e)log—)] . (6.33)
1-|z] ¢ 1-s(|zl)

71
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Since F; \ Fy is a set of infinite logarithmic measure, there exists a sequence of points r, =
|z,| € F1 \ Fy tending to 1. Set R, = s(|z,l) = 1 —d(1 —|z,]), d € (0,1). Substituting (6.31)-
(6.33) into (6.12) for any given & (0 < € < min{vo— v, “5=}), we obtain for R, — 1~ and
R, € Fi\Fy that

-1 (10 (K1 —E)dvo)
8 A —Rv

d )2+28 Y 1 ¢ 3 (k+€)d
<k (vi+¢)lo ) (10 —)
[(1—Rn PoMTEEETIR P B mRv

1 (K +€)d¥0 )] *+? . (k +2e)d°

<|p ' |log———— < log———M——

(1-Rp)vo (1-Ry)ve

The last estimate is verified in view of (1.2). By arbitrariness of € (0 <& <min{vo— vy, = )
and the monotonicity of ¢! we obtain the contradiction x; < k. Thus V}p (f) = Vg (Apg). It

follows from Lemma 6.7 that ,(f) < Vi, (Ag). Therefore, V,(f) = V¢, (Ag).
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Conclusion

In this thesis, we have discussed some properties of the ¢-order and the ¢-type of an-
alytic and meromorphic functions. We have applied those generalized concepts in the
investigation of the properties of growth and oscillation of solutions of higher order linear
differential equations of the form (k = 2)

fP+A @ fF V4 + A2 f =0,
P4 Ar @ f V4 +Ag(2) f=F(2),

where the coefficients F # 0,A # 0,A1(2),...,Ax-1(z) are meromorphic functions on the
complex plane. We have related the growth and the exponent of convergence of the solu-
tions to the growth of coefficients. We have obtained similar results when the coefficients
are analytic in th unit disc. Nevertheless, this thesis shows that there are still much work
to be done on this subject and arises many interesting questions and open problems such
as:

Problem 1. Can we extend the results of Chapter 6 by considering meromorphic coeffi-
cients with finite ¢-order in the unit disc?

Problem 2. What can be said about the growth and the oscillation of solutions of linear
differential equations of the form

Ac@ P+ A @RV 4+ AR f=0

where the coefficients Ag # 0,...,A # 1 are entire functions with ¢-order? Note that in
this case the solutions can be meromorphic even if the coefficients are entire.

Problem 3. How about employing the concept of ¢-order for investigating the fast growth
of meromorphic solutions of linear difference equations of the form (see [17])

Ar(@) f(z+k)+---+A1(2) f(z+ 1)+ Ayp(2) f(2) =0,

where all the coefficients Ay, ..., A} are non-zero entire functions?
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