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Abstract 

In this work, advanced ab initio DFT calculations using GGA-PBsol and nKTB-mBJ functionals 

within the full-potential linear augmented plane wave (FP-LAPW) method were employed to 

investigate key characteristics, such as the structural, electronic, elastic, piezoelectric, 

dielectric, thermodynamic, and thermoelectric properties of two eco-friendly materials: the 

perovskite Na₀.₅Bi₀.₅TiO₃ (NBT) and YxAl₁₋ₓN (with 0≤ x ≤ 0.375) to explore their potential 

for application in piezoelectric and thermoelectric technologies. 

The first part of the study focused on perovskite Na₀.₅Bi₀.₅TiO₃ (NBT), crystalized in 

rhombohedral (R3c), tetragonal (Pb4m), and cubic (Pm3̅m) phases. These crystals exhibited 

indirect bandgaps of 3.05–3.29 eV, elastic stability, and high piezoelectric coefficients in the 

tetragonal phase [d15 = 101.1 pC/N, d31 = -51.3 pC/N, and d33 = 81.1 pC/N]. The thermoelectric 

properties of NBT included Seebeck coefficients of up to 201.42 μV/K at 500 K and ZT values 

reaching 2.76 at 700 K. 

In the second part of the study, DFT simulations revealed a near-linear variation in lattice 

parameters with increasing yttrium content for YxAl₁₋ₓN (0≤ x ≤ 0.375) alloys, and tunable 

bandgaps ranging from 6.10 eV to 3.85 eV, making these alloys suitable for ultraviolet emission 

applications. Additionally, BoltzTraP calculations indicated promising electronic transport 

properties, including Seebeck coefficients up to 213.9 μV/K and a figure of merit (ZT) of ~0.72 

at x = 0.25 (600 K). Thermal conductivity per relaxation time was also low, at κ/τ ~9.9 × 10¹³ 

W.m⁻¹.K⁻¹.s⁻¹. Piezoelectric coefficients for YxAl₁₋ₓN at x = 0.375 were significantly enhanced, 

with d33 = 17.5 pC/N, d15 = 11.07 pC/N, and d31 = 8.65 pC/N, representing increases of ~300%, 

~400%, and ~370%, respectively, compared to pure AlN crystals. 

Finally, the results highlight the potential of Na₀.₅Bi₀.₅TiO₃ and YxAl₁₋ₓN for green energy 

applications, optoelectronics, high-performance piezoelectric devices, and high-power 

thermoelectric technologies. 

Keywords:  

Ab initio DFT calculations, Piezoelectric performances, Thermoelectrics, Lead-free perovskite 

Na₀.₅Bi₀.₅TiO₃, YxAl₁₋ₓN alloys, Green energy and Microtechnology applications. 

 



 
 

Résumé  

Dans ce travail, des calculs DFT ab initio avancés utilisant les fonctionnels GGA-PBsol et nKTB-

mBJ dans la méthode des ondes planes augmentées linéaires à potentiel complet (FP-LAPW) 

ont été employés pour étudier des caractéristiques clés, telles que les propriétés structurelles, 

électroniques, élastiques, piézoélectriques, diélectriques, thermodynamiques et 

thermoélectriques de deux matériaux écologiques : le pérovskite Na₀.₅Bi₀.₅TiO₃ (NBT) et 

YxAl₁₋ₓN (avec 0≤ x ≤ 0,375) afin d'explorer leur potentiel pour des applications dans les 

technologies piézoélectriques et thermoélectriques.  

La première partie de l'étude s'est concentrée sur la pérovskite Na₀.₅Bi₀.₅TiO₃ (NBT), 

cristallisée dans des phases rhomboédriques (R3c), tétraédriques (Pb4m) et cubiques (Pm3̅m). 

Ces cristaux ont présenté des bandes interdites indirectes de 3,05 à 3,29 eV, une stabilité 

élastique et des coefficients piézoélectriques élevés dans la phase tétraédrique [d15 = 101,1 

pC/N, d31 = -51,3 pC/N, et d33 = 81,1 pC/N]. Les propriétés thermoélectriques du NBT 

comprenaient des coefficients de Seebeck allant jusqu'à 201,42 μV/K à 500 K et des valeurs de 

ZT atteignant 2,76 à 700 K.  

Dans la deuxième partie de l'étude, les simulations DFT ont révélé une variation quasi-linéaire 

des paramètres de réseau avec l'augmentation de la concentration de l’yttrium pour les alliages 

YxAl₁₋ₓN (0≤ x ≤ 0.375), et des gaps ajustables allant de 6,10 eV à 3,85 eV, rendant ces alliages 

adaptés aux applications d'émission ultraviolette. De plus, les calculs de BoltzTraP ont indiqué 

des propriétés de transport électronique prometteuses, y compris des coefficients de Seebeck 

allant jusqu'à 213,9 μV/K et un facteur de mérite (ZT) d'environ 0,72 à x = 0,25 (600 K). La 

conductivité thermique par temps de relaxation était également faible, à κ/τ ~9,9 × 10¹³ 

W.m⁻¹.K⁻¹.s⁻¹. Les coefficients piézoélectriques pour YxAl₁₋ₓN à x = 0,375 ont été 

considérablement améliorés, avec d33 = 17,5 pC/N, d15 = 11,07 pC/N, et d31 = 8,65 pC/N, 

représentant des augmentations d'environ 300 %, 400 %, et 370 %, respectivement, par rapport 

aux cristaux d'AlN pur.  

Enfin, les résultats mettent en évidence le potentiel de Na₀.₅Bi₀.₅TiO₃ et YxAl₁₋ₓN  pour les 

applications en énergie verte, l'optoélectronique, les dispositifs piézoélectriques haute 

performance et les technologies thermoélectriques haute puissance.  

Mots-clés:  
Calculs DFT ab initio, Performances piézoélectriques, Thermoélectriques, Pérovskite sans 
plomb Na₀.₅Bi₀.₅TiO₃, Alliages YxAl₁₋ₓN, Énergie verte et applications en micro-technologie.  
 



 
 

 صلخم               

 المستوية الأمواج طريقة ضمن) DFT )GGA-PBEsol , nKTB−mBj  حسابات استخدام تم العمل، هذا في

 البنيوية الخصائص مثل الرئيسية الخصائص لدراسة ، (FP‒LAPW) الكامل الجهد ذات المعززة الخطية

 الخالي البيروفسكايت  :للبيئة صديقتين لمادتين الحرارية والديناميكية الحرارية والكهربائية والمرنة والإلكترونية

 الكهروإجهادية التقنيات في للاستخدام ، Nₓ₁₋AlxY ناقل شبه خليطو  TiO₅.₀Bi₅.₀Na ₃الرصاص من

  . والكهروحرارية

 ، (Pb4m) ، (R3c) في تشكلت التي ، Na₀.₅Bi₀.₅TiO₃ (NBT) بلورات على الدراسة من الاول الجزء ركز

(Pm3m̅) إلكترون 3.29 إلى  فولت إلكترون 3.05 بين تتراوح مباشرة غير الطاقة وفجواة البلورات هذه أظهرت 

 و  نيوتن،/بيكوكلون [ d15 = 101.1 الرباعي الطور في عالية كهروإجهادية ومعاملات مرنًا، واستقرارًا فولت،

51.3 - = d31  81.1 و نيوتن،/بيكوكلون = d33 الحرارية الكهربائية الخصائص تضمنت ]. نيوتن/بيكوكلون 

 عند 2.76 إلى تصل ZT وقيم كلفن 500 عند كلفن/ميكروفولت 201.42 إلى تصل سيبيك معاملات NBT لل

 .كلفن 700

 الإيتريوم محتوى زيادة مع الشبكة معلمات في خطي شبه تغير عن  DFTمحاكاة كشفت الدراسة، من الثاني الجزء في

  3.85إلى فولت إلكترون  6.10من تتراوح للتعديل قابلة الطاقة وفجوة ، N (0 ≤ x ≤ 0.375) ₓ₁₋AlxYسبائك في

 حسابات أشارت ذلك، إلى بالإضافة .البنفسجي فوق الانبعاث لتطبيقات مناسبة السبائك هذه يجعل مما فولت، إلكترون

BoltzTraP كلفن/ميكروفولت 213.9 إلى تصل سيبيك معاملات ذلك في بما واعدة، إلكتروني نقل خصائص إلى 

 زمن لكل الحرارية التوصيلية كانت كما) .  كلفن  x = 0.25 (600عند0.72  حوالي تبلغ (ZT) شكل وقيمة

  لسبائك  الكهروإجهادية معاملات كانت كما .ثانية/كلفن/متر/واط  ~ κ/τ 9.9×10¹³حيث منخفضة، استرخاء

 Nₓ₁₋AlxY عندx  = 0.375 33 كانت حيث ملحوظ، بشكل مرتفعةd = 17.5 نيوتن،/بيكوكلون                     

 و ، % 300 حوالي قدرها زيادة يمثل مما نيوتن،/بيكوكلون d31 = 8.65 و نيوتن،/بيكوكلون   d15 = 11.07و

 . النقية AlN ببلورات مقارنةً  التوالي، على ،% 370 و ،% 400

 الإلكترونية، والبصريات الخضراء، الطاقة تطبيقات في المادتين من لكل الواعدة الإمكانيات إلى النتائج تبُرز وأخيرًا،

 .الطاقة عالية الكهربائية الحرارية والأجهزة الأداء، عالية الكهروإجهادية والتطبيقات

 

  :المفتاحية الكلمات

 من الخالي البيروفسكايت ، الحرارية الكهربائية الخواص ، الكهروإجهادية الكهربائية الخواص ، DFT حسابات

  .الدقيقة التكنولوجيا و الخضراء الطاقة تطبيقات ،  Nₓ₁₋AlxY سبائك ، TiO₅.₀Bi₅.₀Na ₃ الرصاص
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The field of piezoelectric devices is undergoing significant advancements, propelled 

by innovations in materials science, nanotechnology, and sensor technology. In the twenty-

first century, research is focused on the development of novel piezoelectric materials, 

enhancing device efficiency, and exploring emerging applications in areas such as wearable 

electronics, renewable energy, and smart infrastructure. According to a recent report by 

IMIR Market Research, the global market for piezoelectric devices was valued at USD 31.8 

billion in 2023 and is projected to grow at a compound annual growth rate (CAGR) of 5.6%, 

reaching USD 41.93 billion by 2032.  

Piezoelectric devices harness the piezoelectric effect to measure physical factors, 

such as mechanical stress, by converting them into electrical charges and vice versa (via the 

converse effect). Common types of piezoelectric devices include sensors, actuators, 

transducers, motors, and generators, which are developed using various materials such as 

ceramics, crystals, polymers, and composites. These devices are widely employed for 

process management, quality control, and research and development across numerous 

industrial sectors, including manufacturing, defense and aerospace, automotive, healthcare, 

information and communication, and consumer electronics. Since 2020, there has been 

increasing interest in piezoelectric micro-electromechanical systems (MEMS), which are 

miniaturized devices built from bulk piezoelectric materials for use in actuators or sensors. 

This area of development is expected to be a key focus for new business ventures.  

Piezoelectric materials offer innovative applications by generating renewable energy 

from everyday activities, requiring minimal maintenance, and providing scalability across 

various industries. They also enable real-time monitoring in smart systems. However, these 

materials face challenges, including limited energy conversion efficiency, complex and costly 

integration into existing systems, and ensuring long-term durability in harsh environments.  

In advancing the use of piezoelectricity, researchers are continually developing and 

engineering new, more efficient, and environmentally friendly materials. Lead-based 

materials such as Lead Zirconate Titanate (PZT), Lead Magnesium Niobate (PMN), and 

Lead Iron Niobate (PFN) have been extensively used due to their exceptional 

electromechanical properties [1–4]. Over the past fifty years, perovskite-type lead 

zirconate titanate (PZT) has been a dominant choice in commercial and industrial 

piezoelectric applications because of its outstanding electrical and piezoelectric properties 
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and its high Curie temperature [5]. However, due to the toxicity of lead (Pb), there is a 

growing demand for lead-free perovskites as sustainable alternatives to PZT-based piezo-

ceramics [6, 7]. Recent developments have seen the adoption of lead-free materials, such 

as Barium Titanate (BaTiO3, BT), Potassium Sodium Niobate (KNN), Bismuth Ferrite 

(BiFeO3, BFO), Bismuth Potassium Titanate (BKT), Lithium Tantalate (LiTaO3, LT), and 

Lithium Niobate (LiNbO3, LNb) [8‒11].  

Among the lead-free materials, the perovskite oxide Sodium Bismuth Titanate 

(Na₀.₅Bi₀.₅TiO₃), is a promising candidate to replace lead-based materials. This material has 

garnered attention due to its exceptional ferroelectric properties, such as a remnant 

polarization (Pr) of 38 μC/cm² and relatively high piezoelectric coefficients (d33 = 72−79 

pC/N). It stands out from most ABO₃ systems by having its A site equally occupied by two 

different cations—Na⁺ and Bi³⁺. This unique arrangement induces hetero-polar activity and 

relaxor behavior, distinguishing NBT from the more common B-site substituted perovskite 

systems, and contributing to its rarity and specialized properties. However, despite the 

excellent properties of lead-free piezoelectric NBT compounds, their lower recommended 

operating temperature (around 200 °C, though still superior to that of PZT with a 

recommended Tc of ≈180 °C) and low thermal conductivity limit their application in high-

temperature-resistant devices, such as sensors or actuators designed for extreme 

conditions.  

The III‒V semiconductors, such as aluminum nitride (AlN), with a non-

centrosymmetric crystalline structure, effectively address many of the challenges mentioned 

earlier due to their non-toxicity, high thermal stability (approximately 450 °C), wide direct 

bandgap (6.2 eV), high thermal conductivity (320 W/m•K), and high electrical resistivity 

(10¹⁴ Ω) [12]. These properties make AlN highly suitable for various applications, including 

short-wavelength light emitters and detectors, as well as high-temperature devices [13]. 

Additionally, AlN's low dielectric permittivity, efficient transduction, high stiffness, and high 

sound velocity, combined with its compatibility with complementary metal-oxide-

semiconductor (CMOS) technology, offer great potential for nano/micro-

electromechanical systems (NEMS/MEMS), such as surface acoustic wave (SAW) and bulk 

acoustic wave (BAW) technologies. However, despite its many advantages, AlN exhibits a 

relatively low piezoelectric response (d33 = 6.5 Introduction pm/V), which is lower than 
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that of other promising piezoelectric materials, limiting its use in high-performance 

electroacoustic and piezoelectric devices.  

Doping aluminum nitride (AlN) with transition metals such as yttrium (Y) to form 

modern III-nitride materials like Yttrium Aluminum Nitride (YxAl₁‒xN) alloys offers a 

promising solution for enhancing piezoelectric performance, comparable to ScxAl₁‒xN 

alloys, with a dramatic increase in the piezoelectric coefficient d33, reaching up to 400% in 

Al0.57Sc0.43N/Si [14]. This makes them highly suitable for advanced microelectromechanical 

systems (MEMS) used in the development of RF filters and resonators operating at high 

frequencies (in the GHz range), which are highly sought after for modern mobile 

communication technologies, such as 5th and 6th generation [15].  

Environmental concerns regarding refrigerant fluids, along with the demand for non-

toxic and cost-effective materials, have driven the search for high-performance 

thermoelectric materials suitable for small-scale power generation and refrigeration, 

including applications such as cooling electronic devices and flat-panel solar thermoelectric 

generators. Thermoelectric materials possess the unique ability to directly convert heat 

into electricity and vice versa. In recent years, dominant materials for thermoelectric 

applications have included Bi2Te3, PbTe, SiGe, and Half-Heusler alloys due to their excellent 

thermoelectric properties. However, new non-toxic systems such as Na0.5Bi0.5TiO3 and 

YxAl₁‒xN offer promising alternatives as thermoelectric materials.  

In condensed matter theory and materials science, Ab initio computational methods 

based on density functional theory (DFT) are ideal for modeling and understanding 

phenomena at the atomic and electronic scales. These methods have been increasingly used 

to extract, with high precision, all the ground-state properties of solids. The DFT formalism, 

grounded in the Hohenberg-Kohn theorem (1964), solves the Schrödinger equation by 

considering that the total energy of a system is a functional of the electron density, using 

only atomic constants as input parameters. These computational techniques provide 

powerful tools for designing new materials with tailored properties, driving efforts to guide 

the synthesis of novel thermoelectric and piezoelectric materials.   
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The present thesis aims to discover novel eco-friendly piezoelectric and 

thermoelectric materials as alternatives to lead-based materials (like Na0.5Bi0.5TiO3) and to 

enhance the properties of existing aluminum nitride (AlN) materials to make them 

technologically attractive.  

This dissertation summarizes the research done, which is divided into four chapters:  

 Chapter 1 includes brief introductions to each topic covered in the dissertation, 

covering fundamental concepts of physical properties such as ferroelectric, 

piezoelectric, and thermoelectric properties. It also presents comprehensive 

information about piezoelectric (PE) and thermoelectric (TE) materials and their 

technological applications.  

 Chapter II describes the principles of the computational methods used to 

understand the physical properties of the studied compounds, including the density 

functional theory (DFT) and its derived method (Full-Potential Linearized 

Augmented Plane Wave, FP-LAPW), as well as the approximations (GGA, mBJ) 

applied in various simulation packages such as Wien2K and CASTEP.  

 Chapter III provides in-depth insights into the structural, electronic, elastic, 

piezoelectric, thermodynamic, and thermoelectric characteristics of lead-free 

Na0.5Bi0.5TiO3 perovskite systems crystallized in rhombohedral (R3c), tetragonal 

(P4bm), and cubic (Pm3 ̅m) phases, as derived from ab initio calculations.  

 Chapter IV discusses the computed structural, electronic, elasto-mechanical, 

piezoelectric, thermodynamic, and thermoelectric properties of wurtzite YxAl1−xN 

semiconductor alloys with (0 ≤ x ≤ 0.375), highlighting their potential for new 

optoelectronic applications and energy conversion, based on ab initio DFT 

investigations.  
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I.1. Introduction 

The majority of crystalline solid properties are intrinsically linked to their structure. 

Piezoelectricity, a fundamental physical property, arises only in materials with a non-

centrosymmetric structure—where there is no inversion center. In such materials, the 

centers of gravity of positive and negative charges are spatially separated within the crystal 

lattice, generating a dipole moment. When mechanical stress or an electric field is applied to 

this structure, it induces either electrical polarization or mechanical deformation, referred to 

as the direct and converse piezoelectric effects, respectively.  

A diverse range of materials, including ceramics, crystals, polymers, and composites, 

exhibit this polarity-driven phenomenon. Each class of materials presents unique advantages 

and limitations, which make them valuable in industries that rely on piezoelectricity. Among 

these, perovskites have garnered significant attention due to their exceptional and versatile 

properties. However, due to concerns regarding environmental pollution and toxicity—

particularly from lead-based perovskites such as PZT—the scientific community has 

increasingly focused on the development of non-toxic, lead-free alternatives to safeguard both 

human health and the environment. In addition to perovskites, III‒V semiconductor materials 

also play a prominent role in piezoelectric applications, contributing to technological 

advancements in the field.  

This chapter provides a comprehensive overview of these materials, with a particular 

emphasis on Sodium Bismuth Titanate (NBT) and Yttrium Aluminum Nitride (YAlN). Detailed 

discussions of their physical properties and their current and potential technological 

applications are explored, shedding light on their growing relevance in future piezoelectric 

technologies. 

I.2. III‒V Semiconductors 

 III–V materials are semiconductor compounds typically crystallizing in zinc blende, rock 

salt, or hexagonal/wurtzite structures. Composed of elements from groups III and V of the 

periodic table, these materials are primarily characterized by a direct bandgap, making them 

well-suited for optoelectronic applications such as lasers (LDs), light-emitting diodes (LEDs), 
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and solar cells (photovoltaic cells). In some cases, these materials may exhibit an indirect 

bandgap in their ternary or quaternary alloys. 

 Among III–V compounds, III-nitrides—including AlN, GaN, InN, and their alloys—

stand out due to their unique optoelectronic and piezoelectric properties. These polar 

materials crystallize in either the wurtzite or zinc blende structure and have garnered 

increasing scientific and technological interest in recent years. Their exceptional 

characteristics include a high melting point, high thermal conductivity, large bulk moduli, low 

dielectric permittivity, efficient transduction, high stiffness, and high sound velocity. 

Additionally, their compatibility with complementary metal–oxide semiconductor (CMOS) 

technology enables their integration into micro- and nanoelectromechanical systems 

(MEMS/NEMS), facilitating the development of devices such as surface acoustic wave (SAW) 

and bulk acoustic wave (BAW) sensors. These technologies are employed in the fabrication of 

mass and gas sensors, biosensors, ultrasound transducers, filters, and digital logic circuits 

[1−4]. 

 The remarkable optoelectronic properties of III-nitrides are directly associated to their 

lattice constants, which are 20–40% smaller than those of other III–V semiconductors, such as 

GaAs or InAs, due to the smaller size of nitrogen atoms [5]. 

I.2.1. Crystal Structure of III‒V Semiconductors and their Physical Properties  

 III–V materials are mineral compounds with the general chemical formula AB or 

(TMx)A₁₋ₓB. The A-site is occupied by group III elements (e.g., B, Al, Ga, In), and the B-site by 

group V elements (e.g., N, P, As, Sb) from the periodic table. In ternary alloys, the TM-site can 

also be occupied by transition metals (e.g., Sc, Y, V, Cr), with x representing the concentration 

of the transition metal in the alloy. These III–V compounds can crystallize in various 

structures, including cubic, hexagonal, triclinic, and orthorhombic, as illustrated in Figure I.1 

for the case of AlN. However, the most common structures are cubic and hexagonal, with the 

zinc blende, rock salt, and wurtzite structures being the most prevalent. Of these, the 

wurtzite (WZ) structure is particularly significant in piezoelectric studies, as it is typically 
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associated with enhanced piezoelectric properties. In contrast, the zinc blende (ZB) structure 

is more commonly observed in bulk materials [6]. 
 

 

Figure I.1: The three crystalline structures of AlN: (a) zinc blende, (b) 

rock salt, and (c) wurtzite. 

The wurtzite crystal structure belongs to the hexagonal crystal system and is 

characterized by two lattice constants: a (the length of the sides of the base) and c (the height 

of the unit cell). In an ideal case, the c/a ratio is equal to √(8/3), and the internal parameter u 

(representing the bond length between anion and cation) takes its ideal value of 3/8. In the 

wurtzite structure of III–V materials, each lattice site consists of two atoms—one from group 

III and one from group V. As shown in Figure I.2, each cation (gray sphere) is surrounded by 

four nearest neighbor anions (yellow sphere) arranged at the corners of a tetrahedron, and 

vice versa [7]. The point group of the wurtzite structure is 6mm, while the space group is 

P6₃mc [8]. 

 

Figure I.2: Schematic representation of the wurtzite lattice structure. 



 
Chapter I: Piezoelectric and Thermoelectric Materials: An Overview of Recent Advances and Properties 
 

25 | P a g e  

Recent research on wurtzite III–V materials has surged in the field of piezoelectricity 

due to their promising applications in technological devices. Among III–V semiconductors, 

nitride-based compounds are unique in that they exhibit spontaneous polarization (Pₛ) without 

the influence of an external electric field, making them pyroelectric materials [9–12]. 

In wurtzite structures, crystallographic polarity is observed along the [0001] and 

[000 ̅1] c-directions in noncentrosymmetric compound crystals. This noncentrosymmetry 

leads to spontaneous polarization, which is sensitive to structural parameters. The nonideal 

nature of the crystal structure in aluminum nitride (AlN) results in a significantly larger 

spontaneous polarization, with values reaching up to |Pₛ| = 0.09 cm⁻², compared to other III-

nitrides [9, 13]. Notably, the spontaneous polarization values for (Al, In, Ga)N materials are 

approximately one-third of those found in typical perovskite ferroelectrics, such as BaTiO₃ 

[14]. 

In addition to spontaneous polarization, these materials also exhibit piezoelectric 

polarization (Pₚₓ) when subjected to mechanical stress. The variation of spontaneous 

polarization with temperature defines the pyroelectric coefficients; for instance, AlN has a 

coefficient of dPₛ/d*T = 7.5 µC K⁻¹ m⁻² at room temperature [13]. This characteristic makes 

these materials particularly advantageous for high-power and high-temperature applications, 

such as surface acoustic wave (SAW) devices, high-frequency high-power transistors (HEMTs), 

and microwave amplifiers [13]. While, the total polarization, which encompasses both 

piezoelectric and spontaneous components, responds to applied stress and strain, with 

piezoelectric coefficients in III-nitrides being significantly higher than those in InAs, GaAs, and 

AlAs [9]. 

Generally, the physical properties of crystals are directly linked to their symmetry, 

specifically their point group (macroscopic symmetry). Figure I.3 summarizes the relationships 

between various properties and the macroscopic symmetries of different compounds. 

Depending on the symmetry of the crystals and external effects such as electric fields, 

temperature, or strain, various types of polarization can occur in materials. The differences in 

polarization have physical significance and can be used to describe measurable physical 

quantities [15, 16]. 
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Materials are classified into 32 crystalline classes: 

1. Centrosymmetric Classes: 

o There are eleven centrosymmetric classes, which possess a center of inversion. 

These crystals do not exhibit piezoelectric properties and are classified as 

paraelectric. The eleven paraelectric crystal classes are: 1 ̅, 2/m, mmm, 4/m, 

4/mmm, 3̅, 3 ̅m, 6/m, 6/mmm, m3̅, and m3 ̅m. 

2. Non-Centrosymmetric Classes: 

o Twenty-one classes are non-centrosymmetric, meaning they do not have a center 

of inversion and generate electrical charges when subjected to mechanical stress 

(the direct piezoelectric effect), with the exception of one class (the cubic class 

432, which has more complex symmetry). The twenty piezoelectric crystal classes 

are: 1, 2, m, mm2, 4, 4mm, 3, 3m, 6, 6mm, 222, 4̅, 422, 4 ̅2m, 32, 6 ̅, 622, 6̅2m, 23, 

and 4̅3m. 

3. Pyroelectric Classes: 

o Among the piezoelectric classes, ten exhibit pyroelectric behavior, characterized 

by changes in polarization due to thermal effects. These classes have a single polar 

axis along which spontaneous polarization (Pₛ) occurs, with its value varying 

according to temperature. The ten pyroelectric classes are: 1, 2, m, mm2, 4, 4mm, 

3, 3m, 6, and 6mm. 

4. Ferroelectric Materials: 

o Within the group of pyroelectric materials, some crystals have the ability to 

reverse their polarization when an electric field is applied in the opposite 

direction. These crystals are known as ferroelectric materials. Ferroelectric 

materials are a subgroup of pyroelectric materials, which in turn are a subgroup of 

piezoelectric materials. 

 

 

 



 
Chapter I: Piezoelectric and Thermoelectric Materials: An Overview of Recent Advances and Properties 
 

27 | P a g e  

 

 

 

 

 

 

                                                                                                                                  

 

 

 
 
 
 

 

Figure I.3: Relationships between crystal classes and their corresponding symmetries.  
 
 

I.2.2. Advanced III–V Semiconductor Alloys: Case of YₓAl₁₋ₓN System 

I.2.2.1. Properties and Technological Interest 

Particularly, aluminum nitride (AlN) has garnered significant interest due to its 

exceptional properties, including a wide direct bandgap of 6.2 eV, high thermal conductivity of 

320 W/m·K, and high electric resistivity of 1014 Ω [17]. These characteristics make AlN 

promising for various applications, particularly in short-wavelength light emitters, detectors, 

and high-temperature devices [18, 19]. Moreover, AlN exhibits a reasonably good 

piezoelectric response (d33 ≈ 6.5 pm/V [20]), low dielectric permittivity, high stiffness, and high 

sound velocity. Consequently, AlN crystals are highly desirable in the piezoelectric industry 
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and are extensively utilized in the fabrication of high-quality micromechanical resonators and 

filters for MEMS technology and biosensing applications [21, 22].   

The atomic structure of AlN features a close-packed hexagonal arrangement (see in 

Figure I.2) with a space group of P63mc. The lattice parameters are a = 3.11 Å and c = 4.98 Å, 

with an internal parameter u = 0.38. Each aluminum atom is tetrahedrally coordinated to four 

nitrogen atoms, as depicted in Figure I.4. Due to the asymmetry in the wurtzite structure, 

where the Al–N bond B2 along the c-axis (0001 direction) is slightly longer than the other 

three bonds B1, AlN possesses a polar axis along the c-axis, resulting in spontaneous 

polarization in that direction. Furthermore, variations in physical conditions, such as 

temperature, strain, or voltage, can alter this polarization, leading to various physical 

phenomena including pyroelectricity and piezoelectricity. 

 

Figure I.4: Tetrahedral geometry of AlN, with B1 

and B2 representing different Al–N bond lengths. 

Yttrium aluminum nitride (YₓAl₁₋ₓN) alloys recently emerged as promising alternatives 

to traditional III–V semiconductor materials for advanced optoelectronics [23]. The 

incorporation of yttrium (Y) into AlN crystals enables bandgap engineering, allowing for a 

range from 6.2 eV for AlN (in the wurtzite phase) [24] to 0.498 eV for YN (in the rock-salt 

phase) [25]. This flexibility opens avenues for extending the spectral range from infrared (IR) 

and visible light to the deep ultraviolet spectrum. YₓAl₁₋ₓN also exhibits enhanced 

piezoelectric properties, making it an ideal candidate for the development of high-frequency 

surface acoustic wave (SAW) and bulk acoustic wave (BAW) devices, which are crucial for 

future mobile communication technologies, including 5G [26, 27]. YₓAl₁₋ₓN crystals maintain 

stability in the hexagonal wurtzite phase for yttrium contents up to x ≈ 0.56 [28] and x ≈ 0.75 
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[29], after which they transition to the cubic rock-salt phase at higher yttrium concentrations. 

However, it has been observed that the crystalline quality of similar ScₓAl₁₋ₓN films degrades 

significantly when x approaches approximately 0.3 [30]. 

The first growth of YₓAl₁₋ₓN films on sapphire and silicon substrates using reactive 

magnetron sputtering epitaxy (MSE) was demonstrated by Žukauskaite et al. in 2012 [29]. 

Sedrine et al. later (in 2013) analyzed the effect of Y doping on the bandgap energies and 

optical constants of YₓAl₁₋ₓN (where 0≤ x ≤0.22) epitaxial films on silicon (100) substrates, 

employing spectroscopic ellipsometry (SE). They observed a decrease in the bandgap energy 

(Eg = 6.2 to 4.5 eV) and a shift in the refractive index (n=1.93 to 2.20) in the transparent 

region as the composition x varied within the range of 0 to 0.22 [23]. Extensive studies on 

YₓAl₁₋ₓN have been reported in recent years. Notably, in 2023, Pandit et al. synthesized 

YₓAl₁₋ₓN thin films with x = 15% using a standard DC magnetron sputtering system [31]. 

Similarly, AlN doping with transition metals such as scandium (Sc) and chromium (Cr) 

to form new alloys (ScAlN, CrAlN) has shown increased interest in recent years due to 

offering the best raw materials to significantly enhance the performance of AlN-based 

components [32, 33]. Sc doping can dramatically increase the piezoelectric coefficient d33 up to 

about 400% in Al0.57Sc0.43N/Si thin films [34], and a d33 of 31.6 pC/N in Al0.59Sc0.41N was 

achieved [35], which permits improved transducer losses in ScAlN/Sapphire-based SAW 

devices [36]. AlN allowing with Ga-dilute leads to more interesting applications in UV‒LED 

(l~ 210‒375 nm) and radio-frequency UV sensors [37, 38].  

I.3. Perovskite Materials: Low-cost and Potential Applications 

One of the most exciting applications of perovskites is in next-generation solar cells, 

where they have demonstrated unprecedented improvements in efficiency. Moreover, their 

integration into flexible electronics, MEMS systems, and biomedical devices further highlights 

their adaptability and potential for future technological breakthroughs. 

In the past decade, perovskite ferroelectric piezo-ceramics have garnered significant 

attention due to their broad range of technological applications in electronic and photonic 

devices. These include transducers, actuators, acoustic sensors, filters, optical signal 
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processing systems, highly sensitive photodetectors, second harmonic generators (SHGs), 

light sensors, and medical imaging tools [39–42]. Among perovskite materials, lead zirconate 

titanate (PZT) has been one of the most widely used materials for piezoelectric applications in 

both commercial and industrial sectors over the past half-century. PZT is renowned for its 

exceptional electrical and piezoelectric properties as well as its high Curie temperature, which 

have made it the material of choice for numerous applications [43]. However, due to the 

toxicity of lead (Pb), there has been a growing demand for lead-free alternatives to PZT-based 

piezo-ceramics in recent years [44, 45].  

Several lead-free piezo-ceramics have emerged as promising replacements for PZT, 

including Barium Titanate (BaTiO₃, BT), Barium Titanate Potassium Sodium Niobate 

[(K,Na)NbO₃, KNN], Bismuth Ferrite (BiFeO₃, BFO), Bismuth Potassium Titanate 

[(Bi,K)TiO₃, BKT], Lithium Titanate (LiTaO₃, LT), and Lithium Niobate (LiNbO₃, LNb) 

[46‒49]. These materials have been employed in the creation of multifunctional prototype 

devices such as integrated circuits, energy storage systems, and MEMS systems [50, 51].  

The perovskite structure is highly versatile, allowing for the incorporation of various 

elements at the A or B sites, which results in a wide array of materials and applications. In 

recent years, perovskite materials have garnered significant attention as promising 

piezoelectric materials due to their properties that align with modern technological demands.  

Among these materials are: 

 Lead Zirconate Titanate (Pb₁₋ₓZrₓTiO₃, PZT): 

PZT has long been considered one of the best piezoelectric materials, with extensive 

research focused on optimizing PZT-based compositions for specific applications. 

However, due to the toxicity of lead oxide, recent efforts have shifted toward the 

development of lead-free piezoceramics. 

 Lead-Free Perovskites: 

Lead-free perovskites, such as BaTiO₃, SrTiO₃, and CaTiO₃, along with their mixed 

compositions like Ba₁₋ₓSrₓTiO₃ (BST), are widely used in the development of 

piezoelectric devices. Barium titanate (BaTiO₃), the first piezoelectric ceramic developed, 
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remains in widespread use today [52]. The demand for lead-free perovskites is growing 

due to their environmentally friendly nature, as they serve as alternatives to conventional 

lead-based PZT ceramics and offer enhanced performance for electromechanical devices. 

I.3.1. Perovskite Structure 

Perovskite is a naturally occurring mineral with the general chemical formula ABX₃. In 

this formula: 

 A-site cations are typically alkali or alkaline-earth metals, with ionic radii ranging from 

1.2 to 1.6 Å [53]. These cations have valences between +1 and +3 (e.g., Na⁺, Bi³⁺, Ca²⁺, 

Pb²⁺, K⁺), and they are surrounded by twelve anions, giving them a coordination number 

of 12. 

 B-site cations are usually transition elements, with smaller ionic radii in the range of 0.6 

to 0.7 Å [53]. Their valence varies from +3 to +6 (e.g., Cr³⁺, Ti⁴⁺, Zr⁴⁺, Nb⁵⁺, Mn⁴⁺), and 

they are coordinated by six anions, resulting in a coordination number of 6. 

 X-site anions are commonly oxygen but can also be other anions such as fluoride, 

chloride, bromide, iodide, sulfide, or hydride [54]. In this structure, each X-site anion is 

coordinated by six nearest neighbors, comprising four A-site cations and two B-site 

cations. 

 

Figure I.5: Illustration of unit cell of the ABO₃ perovskite 
structure [55]. 
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In deformed (non-ideal) perovskites, modifications such as changes in lattice 

parameters or interatomic bond strengths can lead to the displacement of the small-sized B 

cation within the octahedron. This displacement causes the cation to occupy a position offset 

from the center along specific crystallographic directions (axes of symmetry of order 2, 3, or 

4), as illustrated in Figure I.6. Consequently, the material acquires a non-centrosymmetrical 

structure. The non-centrosymmetry results in the development of electrical polarization 

within the material, which induces a permanent dipole moment. This dipole moment is the 

origin of various physical phenomena in the material, including ferroelectricity [53]. The ability 

to maintain this polarization under an external electric field is crucial for the functionality of 

ferroelectric materials in a range of applications, including sensors, actuators, and memory 

devices. 

 

Figure I.6: Displacement of cation B within the octahedron BO6 of 
certain directions (on axis 2π/n): (a) an axis of tetrad ᴨ/2, (b) an axis 
oftriad 2ᴨ/3, (c) a dyad axis ᴨ [56]. 

I.3.2. Lead-free Perovskite Na0.5Bi0.5TiO3 (NBT) 

Among the lead-free piezo-ferroelectrics, Sodium Bismuth Titanate (Na₀.₅Bi₀.₅TiO₃) has 

gained prominence as a modern alternative for eco-friendly piezoelectric applications. Sodium 

Bismuth Titanate (NBT) was first discovered by Smolensky et al. in the 1960s [57], and it has 

since become an important material in the realm of lead-free piezoelectric ceramics. NBT has 

attracted considerable attention due to its high remnant polarization (Pr = 38 μC/cm²) [58] 

and relatively high piezoelectric coefficients (d33 = 72‒79 pC/N) [59, 60], positioning it as one 

of the most promising candidates for lead-free piezoelectric applications [61, 62]. In addition 

B B B 
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to its high conductivity, NBT is characterized by a high coercive field (Ec = 73 kV/cm) [58], 

which presents a challenge for the poling process of NBT ceramics [63]. This difficulty in 

poling contributes to its relatively modest piezoelectric performance compared to lead-based 

materials like PZT. Despite these challenges, NBT properties make it a strong contender for 

various technological applications, particularly in the quest for eco-friendly piezoelectric 

materials. 

Sodium Bismuth Titanate (NBT) single crystals have been successfully grown using 

various techniques, each with its own set of advantages and specific applications. These 

methods include: a spontaneous crystallization [64], Bridgman [65], solid-state reaction [66], 

metalorganic solution deposition [67], top-seeded solution [68], laser ablation [69] and sol-gel 

[70]. These methods highlight the versatility of NBT crystal growth and the various 

approaches used to optimize its properties for different technological applications.  

At room temperature (5‒528 K), the crystallographic structure of Sodium Bismuth 

Titanate (Na₀.₅Bi₀.₅TiO₃, or NBT) adopts a rhombohedral structure with R3c symmetry [71, 

72]. As temperature increases, NBT undergoes two successive phase transitions. The first 

transition occurs between the rhombohedral and tetragonal phase (P4bm) at approximately 

573‒593 K [73]. The second transition is from the tetragonal to the cubic phase (Pm3 ̅m) at 

773–823 K [73]. It has been demonstrated that the tetragonal distortion of NBT increases 

with rising temperature, peaking around 673 K [74]. Additionally, NBT exhibits two-phase 

coexistence regions at the phase boundaries: a pseudo-rhombohedral/tetragonal coexistence 

between 528‒673 K and a tetragonal/cubic coexistence between 773‒813 K [71]. 
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Figure I.7: Illustration of perovskite Na₀.₅Bi₀.₅TiO₃ in pseudo-cubic structure [75]. 

Perovskite Sodium Bismuth Titanate (NBT) exhibits a unique property not commonly 

found in most ABO₃ systems: it shares the A-site cation equally between two different 

elements, sodium (Na) and bismuth (Bi). This cation disorder within the NBT crystal structure 

is associated with hetero-polar activity at both the A and B sites, contributing to its relaxor 

behavior [76]. A-site substituted perovskite systems, like NBT, are considered much rarer 

than their B-site substituted counterparts. Other examples of A-site substituted perovskite 

systems include [64]: Ag₀.₅Nd₀.₅TiO₃, Ag₀.₅Bi₀.₅TiO₃, and K₀.₅Bi₀.₅TiO₃. The presence of 

two different cations at the A site enhances the material's complexity and contributes to its 

intriguing physical properties, making NBT a significant candidate for applications in 

piezoelectric devices and other advanced technologies. 

Na₀.₅Bi₀.₅TiO₃ has been extensively investigated to date : Niranjan et al. [76] observed 

a significant dielectric response in Sodium Bismuth Titanate (NBT) crystals, which can be 

attributed to phonon modes associated with the Bi-O (109 cm⁻¹) and Ti-O (246, 276 cm⁻¹) 

vibrations. Additionally, Andriyevsky et al. [77] detected anomalies in the temperature 

dependence of dielectric susceptibility and the intensity of reflected light within the 

temperature range of 180–320 °C, which are linked to the complex phase transformations 

occurring in NBT ceramics. Meanwhile, Bousquet et al. [69] determined the optical constants 
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of Na₀.₅Bi₀.₅TiO₃ powders, which suggested an optical band gap of 3.26 eV and a refractive 

index of 2.346.  

Furthermore, Thanh et al. [70] measured a band gap of 3.12 eV for pure 

Bi₀.₅Na₀.₅TiO₃ nanopowders, noting a decrease to 1.71 eV as the concentration of Mn doping 

increased to 9 mol%. These findings highlight the tunable electronic properties of NBT-based 

materials through composition and doping, making them promising candidates for various 

electronic applications. Recently, Khatua et al. [78] observed a drastic reduction in the 

piezoelectric response of bulk Sodium Bismuth Titanate (NBT) ceramics when the grain size is 

submicron. This reduction is attributed to the grains' inability to collectively transform into a 

long-range rhombohedral ferroelectric state, which is essential for maintaining strong 

piezoelectric properties. In another study, Takagi et al. [79] demonstrated that controlling the 

quenching rate in the temperature range of 1100°C to 800°C during the preparation of lead-

free piezoelectric (Bi₀.₅Na₀.₅)TiO₃ ceramics can significantly enhance both the depolarization 

temperature (Tₑ) and the mechanical strength of the materials. This finding highlights the 

importance of processing conditions in optimizing the performance of NBT-based ceramics 

for various applications in piezoelectric devices 

I.3.3. Stability in Perovskite Structures 

In an ideal perovskite crystal (typically cubic), any intrinsic changes in symmetry can 

lead to structural distortions, resulting in non-ideal atomic positions for the A or B cations. 

The stability of the perovskite structure primarily depends on two key factors: the 

Goldschmidt tolerance factor (t) and the ionic character of the anion-cation bonds. 

The Goldschmidt Tolerance Factor 

The Goldschmidt tolerance factor is a crucial metric for determining the deviation 

from the ideal cubic structure in perovskites (ABX₃) [80]. It is calculated using the following 

relationship: 

𝑡 =
௥ಲା௥೉

√ଶ(௥ಳା௥೉)
                                                   (1) 
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Where: rA, rB and rX  represent the ionic radii of the A-site cation, B-site cation, and the X-site 

ion, respectively. 

This factor quantifies the compactness and stability of the perovskite structure, 

accounting for possible distortions. The stability limits for the perovskite phase (whether 

distorted or ideal) occur when t ranges between 0.75 and 1.06 [81, 82]. For cubic structures, t 

values are typically close to 1 [53, 54, 83]. 
 

The following structural distinctions can be made based on t: 
 

 0.75 < t < 0.95: Orthorhombic/Tetragonal distortion (e.g., CaTiO₃, GdFeO₃). 

 0.96 < t < 0.99: Rhombohedral distortion (e.g., Na₀.₅Bi₀.₅TiO₃, BiFeO₃). 

 0.99 < t < 1.06: Cubic structure (e.g., SrTiO₃, BaZrO₃). 

The Ionicity of Anion-Cation Bonds 

The stability of the perovskite structure also depends on the ionic character of the 

bonds between the cations and the anions. Generally, the perovskite structure is more stable 

when the bonds have a strong ionic character. According to Miller et al. [84], covalent bonds 

(e.g., in lead-based perovskites) tend to reduce stability compared to more ionic perovskites 

like BaTiO₃. The ionicity of these bonds can be quantified using the differences in 

electronegativities, as measured on the Pauling scale [85]: 

𝛿 =  
|ఞಲష೉ିఞಳష೉|

ଶ
                                               (2) 

Where: 𝜒஺ି௑ and 𝜒஻ି௑  are the electronegativity differences between A and X, and B and X, 

respectively. 

The following table summarizes the values of δ and its corresponding bond types [86]: 

 Electronegativity Difference Type of Bond Formed  
 0.0 to 0.2 nonpolar covalent  

 0.3 to 1.4 polar covalent  

 > 1.5 ionic  
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I.3.4. Electric and Thermoelectric Phenomena in Perovskite Materials 

I.3.4.1. Paraelectricity 

Paraelectric materials exhibit dielectric polarization when an electric field is applied 

and lose this polarization once the electric field is removed. There are three main types of 

polarization in paraelectric materials: electronic polarization, ionic polarization, and 

orientational polarization. In electronic polarization, electrons are displaced relative to the 

atomic nucleus. In ionic polarization, positive and negative ions shift against each other, while 

in orientational polarization, molecules with permanent dipole moments realign their 

orientations in response to an external electric field. The phenomenon of paraelectricity was 

first observed in ATiO₃ perovskite oxides, where the A site is occupied by two different 

cations [87]. Most dielectric materials exhibit paraelectric behavior, with strontium titanate 

(SrTiO₃) being a prominent example due to its high dielectric constant. Paraelectricity has also 

been explored as a potential mechanism for refrigeration, offering an alternative to traditional 

heat pump systems and potentially useful for cooling electronic devices, such as computer 

chips. 

I.3.4.2. Ferroelectricity 

Ferroelectric materials possess two distinct, non-zero spontaneous polarization states 

that can be switched by applying an external electric field. This switching behavior, 

characterized by the polarization change between these states, produces a hysteresis loop, a 

hallmark of ferroelectricity. These materials exhibit unique pyroelectric and piezoelectric 

properties, with perovskites being among the most notable ferroelectric materials. 

In the past two decades, significant efforts have been made to develop lead-free 

perovskite ferroelectrics with comparable dielectric, ferroelectric, piezoelectric, and 

pyroelectric properties to conventional lead-based perovskites. These materials hold great 

promise for energy harvesting from diverse sources, including solar, thermal, magnetic, wind, 

and mechanical vibrations [88]. 
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The key characteristics of ferroelectric materials include [89, 90] (refer to Figure I.8): 

 Hysteresis behavior (P ∼ E curve), 

 Spontaneous polarization, 

 Reversible polarization, 

 Curie temperature (TC), marking the transition between ferroelectric and paraelectric 

phases. 

 
Figure I.8: Polarization as a function of the electric field for a single 
crystal (gray-dashed line) and polycrystalline (blue solid line) 
ferroelectric materials. The direction of the electric field change is 
indicated by arrows [91].  

I.3.4.3. Pyroelectricity 

Pyroelectricity is a property of polar crystals that enables these materials to generate 

electrical charges when subjected to temperature changes. As the material heats up or cools 

down, the positions of atoms within the crystal structure shift slightly, altering the material's 

polarization. This change in polarization results in a temporary voltage across the crystal. 

Once the temperature stabilizes, the pyroelectric voltage gradually dissipates. It is important 

to distinguish the pyroelectric effect from the thermoelectric effect, as the latter involves a 

constant temperature gradient leading to a permanent voltage. Certain perovskite piezo-

ceramics have proven suitable for vibration energy harvesters [92, 93], as well as for 
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pyroelectric energy conversion, which has enabled the development of self-powered, battery-

free devices [94, 95]. 

I.3.4.4. Thermoelectricity  

Thermoelectric (TE) technology has gained increasing interest due to its wide range of 

applications, including cooling, power generation, and energy conversion. A key focus in 

recent research has been the development of affordable and non-toxic thermoelectric 

materials, such as lead-free perovskites, to enhance energy conversion efficiency in TE devices. 

Thermoelectric materials are capable of converting thermal energy into electrical energy, with 

electrons and phonons acting as charge and heat carriers, respectively. The efficiency of this 

conversion process is determined by the figure of merit (ZT), which is influenced by several 

parameters: electrical conductivity (σ), Seebeck coefficient (S), electronic thermal conductivity 

(κₑₗ), and lattice thermal conductivity (κₗₐₗₗ). The figure of merit can be expressed as: 

 

                                                    ZT = Sσ2T / (κel + κlatt)                                                 (3) 

 Seebeck Coefficient (S in V/K): 

The Seebeck coefficient provides information on the dominant charge carriers (n-type or 

p-type) in the material. It can be calculated using: 

 

S = (8π2kB
2/3eh2).m∗T(π/3n)2/3                                     (4) 

 

 Electrical Conductivity (σ in Ω⁻¹.m⁻¹): 

Electrical conductivity represents the material's ability to conduct an electrical current and 

is related to the charge carrier density (n or p) and mobility (µ): 

                                                             σ = neμn + peμp                                              (5) 

Where mobility (µ in cm²/V·s) is:  

µ = eτ / m*                                                     (6) 

Here, m is the effective mass of the carriers, and τ is the scattering time between collisions. 
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 Thermal Conductivity (κ in W/m·K): 

Thermal conductivity refers to the material's ability to conduct heat, given by: 

                                                                     κ = κel + κlatt                                                                           (7) 

Where the electronic component is:                                                       

κel = LσT                                                    (8) 

and the lattice component is:                                                     

 κlatt = A( MaVΘD n1/3/ γ2T )                                      (9) 

 

In this equation, A is a constant, Mₐ is the average atomic mass, V is the volume per atom, 

Θᴰ is the acoustic Debye temperature, γ is the Grüneisen parameter, n is the number of 

atoms per unit cell, and T is the temperature. 

 Power Factor (PF in W/m·K²): 

The power factor is a key parameter in assessing the thermoelectric potential of 

materials, given by: 

                                                                PF = S² σ                                                (10) 

To analyze thermoelectric performance, various parameters, including the ones 

mentioned above, can be calculated using computational tools such as the BoltzTrap code. 

These parameters are crucial in determining the efficiency and potential of thermoelectric 

materials. 

I.3.4.4.1. Thermoelectricity Technology Applications 

 Thermoelectric Generator: Thermoelectric devices are highly promising for a wide 

range of applications due to their ability to operate without mechanical moving parts and 

with minimal maintenance. Their applications span from large-scale space missions [96–98] 

to micropower energy harvesting [99]. One notable example is the Radioisotope 

Thermoelectric Generator (RTG), which has been instrumental in several missions 

conducted by the United States National Aeronautics and Space Administration (NASA). 

The most recent RTG configuration, known as the Multi-Mission Radioisotope 

Thermoelectric Generator (MMRTG) (Figure I.9-(a)), was deployed on NASA's Mars 
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Science Laboratory rovers, Curiosity (Figure I.10-(a)) and Perseverance (Figure I.9-(b), (c)). 

Usually, this MMRTG uses TE materials (like lead telluride (PeTe) or bismuth telluride 

(BiTe) based alloys) to generate electricity by harnessing the heat from the decay of 

plutonium-238 (or americium Am-241), making it ideal for environments where solar 

power is impractical [100−102]. In addition to their use in space exploration, RTGs are 

employed in select terrestrial applications that demand reliable, long-term power supplies 

capable of delivering up to several hundred watts. These systems are particularly valuable in 

remote and extreme environments where conventional power sources are impractical. 

Examples include autonomous weather stations, navigation beacons, lighthouses, and 

scientific research installations, such as those used for volcanic and geothermal monitoring, 

as well as deep-sea and ocean floor investigations. [101] 
 

 

      
Figure I.9: (a) Schematic representation of the Multi-Mission Radioisotope 
Thermoelectric Generator (MMRTG) [102]; (b) & (c) The MMRTG on the 
Perseverance rover during its Mars mission, (Image credit: NASA/JPL/Caltech).  

(a) 

(b) (c) 
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 Automotive industry: The automotive industry represents one of the most active fields 

for thermoelectric applications. In vehicles powered by internal combustion engines, 

approximately 75% of the energy is wasted as heat. Thermoelectric power generators 

(TEGs) can harness this wasted heat to recharge the battery, potentially reducing or even 

eliminating the need for an alternator (Figure I.10-(b)). This can lead to a significant 

improvement in fuel efficiency, with gains of up to 10% [99]. 
 

 Small Portable Devices: Thermoelectric generators (TEGs) offer a viable alternative to 

traditional batteries for small portable electronic devices that require lighter and more 

compact power sources. By utilizing small-scale heat generation, TEGs are ideal for low-

power applications, including wireless sensor networks, mobile devices, and medical 

equipment (Figure I.10-(c)) [99]. 

 

 Other Applications: Thermoelectric technology has become increasingly common in 

everyday life, with practical applications such as portable mini coolers, refrigerators, and 

coffee warmers. Thermoelectric heat pumps are also utilized in temperature control 

devices, including cooled seats, weather vests, semiconductor laser temperature regulators, 

and medical equipment [99]. Current research in the field of thermoelectrics is driven by 

the quest to develop and discover advanced thermoelectric materials for use in higher-

power thermoelectric devices. 

 

Figure I.10: (a) NASA curiosity rover equipped with Multi-Mission Radioisotope 
Thermoelectric Generator (MMRTG) on mars, demonstrating thermoelectric 
power in harsh environments. (b) Image of a vehicle with a thermoelectric power 
generator (TEG) harnessing wasted heat from the engine. (c) Image illustrating 
low-power applications like small portable electronic devices, wireless sensors, 
and medical equipment powered by a thermoelectric generator (TEG). 
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I.3.4.5. Piezoelectricity 

I.3.4.5.1. Fundamentals and Mechanism of the Piezoelectric Effect 

Piezoelectricity was first discovered by the Curie brothers, Jacques and Pierre, in 1880 

during experiments with natural crystals such as quartz. The term "piezo" comes from the 

Greek word piezein, meaning "to press." Piezoelectricity can be defined as the generation of 

an electric charge in certain materials when mechanical pressure is applied. This phenomenon 

occurs in materials that lack a center of symmetry (non-centrosymmetric materials). 

Piezoelectric materials are characterized by their ability to generate a voltage when 

subjected to mechanical stress, a property attributed to their atomic structure. This effect 

also works in reverse; applying a voltage across the material induces strain or deformation 

(see Figure I.11). Direct piezoelectricity is commonly utilized in sensing devices, while the 

reverse piezoelectric effect is applied in actuators. 

   

Figure I.11: Schematics of direct piezoelectric effects: (a) at applied 
compressive stress, (d) at applied tension [103]. 

 

A. Piezoelectric Constants and Equations 

Piezoelectricity arises from the coupling of electrical and mechanical energies within a 

material. When the pyroelectric effect is negligible, the piezoelectric equations describe the 

relationship between mechanical variables (strain S or stress T) and electrical variables 

(electric displacement D or electric field E) [104]. This leads to a linear system of eight tensor 

equations, as illustrated in Table I.2. 

 



 
Chapter I: Piezoelectric and Thermoelectric Materials: An Overview of Recent Advances and Properties 
 

44 | P a g e  

Table I.2: Piezoelectric equations. 

Independent Variables Electrical Quantities Mechanical Quantities 

E, T D = dT +εT E S = SET + dt E 
D, T E = βT D - gT S = SD T + gt D 
E, S D = eS E + eS T = cE S – et T 
D, S E = βS D – hS T = cD S – ht D 

Where: 

 S: Deformation (strain) 
 D (C/m²): Dielectric displacement 
 T (N/m²): Mechanical stress (stress) 
 E (V/m): Electric field 
 S (m²/N): Compliance or elastic susceptibility 
 c (N/m²): Stiffness or elastic constant 
 ϵ (F/m): Electrical permittivity 
 β (m/F): Dielectric impermeability constant 
 d (C/N or m/V): Piezoelectric constant (load constant), indicating the proportionality 

between the load and the stress under constant or zero fields [𝑑௜௝ = ൬
డ஽೔

డ்ೕ
൰

ா

= ቀ
డௌೕ

డா೔
ቁ

்
] 

 e (C/m² or N/V·m): Piezoelectric constant reflecting the proportionality between the 

load and deformation under constant or zero fields [𝑒௜௝ = − ቀ
డ்ೕ

డா೔
ቁ

ௌ
= ൬

డ஽೔

డௌೕ
൰

ா

] 

 g (V·m/N or m²/C): Piezoelectric coefficient that represents the proportionality 
between stress and the resulting electric field under constant or zero induction [𝑔௜௝ =

− ൬
డா೔

డ்ೕ
൰

஽

= ቀ
డௌೕ

డ஽೔
ቁ

்
] 

 h (V/m or N/C): Piezoelectric coefficient indicating the proportionality between 
deformation and the resulting electric field under constant or zero induction 

[ℎ௜௝ = − ൬
డா೔

డௌೕ
൰

஽

− ቀ
డ்ೕ

డ஽೔
ቁ

ௌ
]. 

B. Piezoelectric Charge (Strain) Constant dij 

The piezoelectric constant, denoted as dij, is a matrix of elements that characterizes 

the behavior of a piezoelectric material under an applied electric field or mechanical stress. 

The indices i and j refer to the direction of polarization or applied electric field (first subscript) 

and the direction of applied stress or induced strain (second subscript) [105]. This constant is 
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commonly used to evaluate the quality of piezoelectric materials, serving as a critical figure of 

merit in piezoelectric devices  

The piezoelectric constant can be expressed as follows: 

𝑑௜௝ =
ௗ௘௙௢௥௠௔௧௜௢௡ (௦௧௥௔௜௡)

௘௟௘௖௧௥௜௖ ௙௜௘௟ௗ 
=

ଵ
୒ୣ୵୲୭୬ୱ

େ୭୳୪୭୫ୠୱൗ
=

ଵ
ே

஼ൗ
=  

஼

ே
, 

Or:  

𝑑௜௝ =  
௣௢௟௔௥௜௦௔௧௜௢௡ 

௦௧௥௘௦௦ 
=

େ୭୳୪୭୫ୠୱ
௠మൗ

୒ୣ୵୲୭୬ୱ
௠మൗ

=   
஼

௠మൗ

ே
௠మൗ

=  
஼

ே
. 

 

C. Operating Modes of a Piezoelectric Material  

In the 33-mode, the applied stress and the generated voltage are in the same direction. 

In contrast, in the 31-mode, the stress is applied axially, while the voltage is generated 

perpendicularly. The two common modes are illustrated in Figure I.12, commonly utilized in 

piezoelectric energy harvesting [106]. The 33-mode generates a higher voltage output, while 

the 31-mode excels in delivering high current output [107]. 

 

Figure I.12: Operating modes of a piezoelectric material, 33-mode and 31-mode. 

D. Longitudinal Charge Coefficient (𝒅𝟑𝟑
∗ ) 

 

The calculation of piezoelectric properties as a function of the angle relative to the 

polar axis helps determine whether a ferroelectric material exhibits ‘extender’ or ‘rotator’ 

behavior. 
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 Rotator ferroelectrics are characterized by higher d15/d33 ratios, where a significant 

shear component contributes to the d31 value, reducing their hydrostatic properties 

[108]. 

 Extender ferroelectrics have lower d15/d33 ratios, with a smaller shear component 

affecting the d31 value, leading to higher piezoelectric anisotropy and hydrostatic 

coefficients. 

By transforming to different coordinate systems (such as spherical coordinates), the 

orientational dependence of the piezoelectric coefficient can be calculated, as illustrated in 

Figure I.13 (an example from T.O. Hooper et al. [108]). The longitudinal charge coefficient 

(𝑑ଷଷ
∗ ) as a function of the angle away from the polar axis (𝜃) can be determined using Equation 

9: 

                 𝑑ଷଷ
∗ =  cos 𝜃 (𝑑ଷଵ sin 2𝜃 + 𝑑ଵହ sin 2𝜃 + 𝑑ଷଷ cos 2𝜃)                            (11) 

 

Piezoelectric charge coefficient as a function of the angle away from the polar axis, 

calculated using Equation 9 for tetragonal single crystals by T.O. Hooper et al. [108]. 

 

Figure I.13: Piezoelectric charge coefficient as a function of the angle away 
from the polar axis for tetragonal single crystals, calculated by T.O. Hooper et 
al. [108]. The 𝑑ଷଷ

∗  illustrates the distinction between rotator and extender 
behavior in tetragonal materials. 
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E. Poling Process  

In polycrystalline materials, dipole arrangements vary among the different domains. 

Consequently, the random orientation of these dipoles results in a cancellation of their overall 

effect, leading to depolarization of the material. To achieve polarization, it is essential to 

orient the dipoles in a specific direction, which is accomplished through the poling process. 

Ferroelectric polycrystalline materials must undergo poling to be effectively used as 

piezoelectric materials. Electrical poling is a crucial procedure for ferroelectric piezoelectric 

materials, involving the application of a strong electric field across the material. This field 

causes the majority of domains to switch from their pristine polarization and align along the 

direction of the electric field. A schematic representation of the poling process is illustrated in 

Figure I.14. 

If a material is not fully poled, even if the same material is used, the resulting 

piezoelectric properties—particularly the piezoelectric charge coefficient (d33)—will be 

significantly reduced. It is important to note that the poling process is not applicable to non-

ferroelectric materials; thus, high-performance piezoelectric materials must be ferroelectric.  

Several methods of poling are employed, including: 

 DC electrode poling 

 Corona discharge poling 

 AC electrode poling 

Among these, DC electrode poling and corona discharge poling are the most 

commonly utilized methods, while AC electrode poling has been introduced more recently. 
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Figure I.14: Domain alignment mechanisms before, during, 
and after the poling process [109].  

F. Electromechanical Coupling Factor (K2) 

The electromechanical coupling factor, denoted as K2, is a key parameter that 

determines the effectiveness of piezoelectric materials in converting electrical energy into 

mechanical energy and vice versa in piezoelectric devices. It is expressed as: 

𝑘² =
𝑠𝑡𝑜𝑟𝑒𝑑 𝑚𝑒𝑐ℎ𝑎𝑛𝑖𝑐𝑎𝑙 𝑒𝑛𝑒𝑟𝑔𝑦

𝑖𝑛𝑝𝑢𝑡 𝑒𝑙𝑒𝑐𝑡𝑟𝑖𝑐𝑎𝑙 𝑒𝑛𝑒𝑟𝑔𝑦
 𝑜𝑟  𝑘² =  

𝑠𝑡𝑜𝑟𝑒𝑑 𝑒𝑙𝑒𝑐𝑡𝑟𝑖𝑐𝑎𝑙 𝑒𝑛𝑒𝑟𝑔𝑦

𝑖𝑛𝑝𝑢𝑡 𝑚𝑒𝑐ℎ𝑎𝑛𝑖𝑐𝑎𝑙 𝑒𝑛𝑒𝑟𝑔𝑦
 

G. Energy Transmission Coefficient (λmax) 

The energy transmission coefficient λmax represents the efficiency of energy 

transmission in piezoelectric devices. It is the ratio of output mechanical energy to input 

electrical energy, defined as: 

𝜆௠௔௫ =  
output mechanical enegy

input electrical energy
 

 

H. Mechanical Quality Factor (QM)  

The mechanical quality factor (QM) describes the sharpness of the electromechanical 

resonance spectrum in piezoelectric devices. It is crucial for evaluating the magnitude of 

resonant displacement and strain, determining the efficiency of energy conversion. 
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I. Acoustic Impedance (Z) 

Acoustic impedance (Z) assesses the transfer of acoustic energy between two materials. It is 

defined as: 

𝑍ଶ =  
𝑝𝑟𝑒𝑠𝑠𝑢𝑟𝑒

𝑣𝑜𝑙𝑢𝑚𝑒 . 𝑣𝑒𝑙𝑜𝑐𝑖𝑡𝑦
   

In solid materials, acoustic impedance is given by: 

   𝑍 = ඥ𝜌𝐶 

Where ρ is the density, and C is the elastic stiffness of the material. 

I.3.4.4.2. Piezoelectricity Technology Applications 

The following diagram (Figure I.15) illustrates various applications of piezoelectricity. 

Piezoelectric devices can be classified into several key areas, including sensors, actuators, 

ultrasonic transducers, resonators and filters, transformers, energy harvesters, and more 

specialized sectors such as NEMS/MEMS systems, automotive technology, and piezo-based 

microrobots. Currently, there is significant interest in certain applications, owing to 

remarkable advancements that have enhanced device performance, providing both precision 

and convenience. 

 

Figure I.15: Schematic of the diverse range of  piezoelectricity applications [110]. 
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 NEMS/MEMS Systems 

Magnetoelectric-based Nano- and Micro-Electromechanical Systems (NEMS/MEMS) have 

attracted considerable attention due to their wide range of innovative applications. These 

include RF front-end filters, infrared (IR) sensors, non-reciprocal microwave devices, 

microwave-quantum transducers, mechanical antennas, energy harvesters, and magnetic 

field sensors. These technologies are impacting sectors like communication, computing, 

healthcare, and defense [111–115]. The growing use of NEMS/MEMS in commercial 

electronics is propelling market growth, particularly with the adoption of the Internet of 

Things (IoT) and wearable medical devices for healthcare diagnostics and treatments [116, 

117]. 

 Automotive Technology 

The automotive sector is currently one of the largest markets for piezoelectric products. 

Piezoelectric technologies are used in actuators, fuel injectors, sensors, and safety systems. 

Piezoelectric actuators adjust mirrors, lenses, and other automotive components by 

converting electrical signals into mechanical movement. Fuel injectors based on piezo 

technology provide greater accuracy, resulting in improved fuel efficiency and lower 

emissions. Other applications include fuel atomizers, keyless door entry systems, seat belt 

alerts, airbag sensors, airflow sensors, audible alarms, knock sensors, and tire pressure 

monitors [118]. 

 Piezo-based Microrobots 

Advances in precision manufacturing, leveraging piezoelectric properties, have led to the 

development of micro-robotic systems. These robots can operate in environments 

inaccessible to conventional robots. For example, piezo-based microrobots mimic 

biological systems, such as using tactile sensing similar to that of insects [119]. Piezoelectric 

sensors are also being explored for various applications, including in human health 

monitoring [120], which could further inspire innovations in microrobotics [121]. 
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 Medical Devices 

Piezoelectric biosensors, typically made from materials with high acoustic velocities, such as 

aluminum nitride (AlN), are capable of detecting a variety of molecules, microorganisms, 

and biological structures. These piezoceramic sensors exhibit high reproducibility, a linear 

response, and a low detection limit. AlN piezoelectric biosensors can effectively detect 

protein-ligand interactions and antigen-antibody binding [122]. Additionally, basic life 

functions such as breathing and pulse can be monitored using nanowire-shaped 

piezoelectric sensors made from highly aligned polyvinylidene fluoride-trifluoroethylene 

(P(VDF–TrFE)), which offers excellent sensitivity [123]. Piezoelectric energy harvesting 

systems are also ideal candidates for biomedical electronics [124, 125]. Various piezo-

energy harvesters constructed from materials such as lead magnesium niobate-lead titanate 

(PMN-PT), zinc oxide (ZnO), lead zirconate titanate (PZT), and barium titanate (BaTiO₃) 

have been developed to capture and store energy from heartbeats, organ movements, 

body movements, and other mechanical deformations [126]. Due to their unique 

properties, nanogenerators based on piezoelectric materials such as gallium nitride (GaN) 

and zinc oxide (ZnO) are increasingly used as biomechanical energy harvesters [127]. Many 

applications of piezoelectric technology in the medical field can be developed using smart 

piezoelectric materials to design and enhance medical devices. A deeper understanding of 

piezoelectricity is essential for addressing future challenges in the medical industry. 

I.4. Categories of Piezoelectric Materials  

The piezoelectric effect occurs in non-centrosymmetric materials, which are of 

significant interest due to their inherent electric polarization properties. This polarization 

arises from the application of stress or strain in conjunction with an electric field. The 

piezoelectric materials can be classified along with the in the diagram shown in Figure I.16. 
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Figure I.16: Illustration of the categories of piezoelectric materials [128]. The inset image 

shows barium titanate (BT) in powder form. 

Some examples of these piezoelectric materials, include: 

 Piezoceramics 

Piezoceramics are the most widely used piezoelectric materials in the technology industry, 

occupying the largest share of the piezoelectric devices market [103], like Potassium 

niobate (KNbO₃), barium titanate (BaTiO₃), lead zirconate titanate (PZT), bismuth ferrite 

(BiFeO₃), etc.. Their cost-effectiveness and adaptability to specific applications have made 

them a focal point for researchers. Piezoceramics can be categorized based on their form 

of use: single crystals, polycrystalline materials, and thin films. 

 Polymers 

Cellulose and its derivatives, polylactic acid (PLA), polyvinylidene fluoride (PVDF), etc. 

 Materials Based on Single Crystals 

Single crystals offer advantages over polycrystalline ceramics, primarily due to the absence 

of grain boundaries and the potential for non-ferroelectric piezoelectricity. The 

piezoelectric activity in single crystals differs from that in polycrystalline materials of the 
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same composition. For instance, Ba(Ti₀.₈Zr₀.₂)O₃–(Ba₀.₇Ca₀.₃)TiO₃ was recently reported 

by Liu et al. [129] to have a d₃₃ greater than 620 pC/N in polycrystalline form, while 

predictions suggest that single crystals could achieve d₃₃ values of up to 2000 pC/N. Other 

notable single crystal piezoelectric materials include quartz (d₁₁ ∼ 2.3 pC/N) [130–133], 

LiTaO₃ [132], GaPO₄ [134], and members of the Langasite family [132]. The d₃₃ value of 

Li₂B₄O₇ is reported as 19.5 pC/N [135], while BaTiO₃ has a d₃₃ of approximately 86 pC/N 

[133], which is significantly lower than its polycrystalline counterpart. Relaxor-based 

perovskite ferroelectrics, such as single crystals of PMN-PT, exhibit remarkable 

piezoelectric coefficients exceeding 2.000 pC/N and electromechanical coupling factors 

greater than 0.9, far surpassing PZT ceramics [136]. 

 Materials Based on Polycrystalline 

For polycrystalline materials to exhibit piezoelectricity, they must be ferroelectric through 

a process known as "poling." Generally, piezoelectric coefficients in ferroelectrics are 

higher than in non-ferroelectrics. For instance, in perovskites, the d₃₃ value can reach 160 

pC/N for K₀.₅Na₀.₅NbO₃ (KNN) [137] and 190 pC/N for BaTiO₃ (BT) [133], while non-

ferroelectric single crystal AlN has a d₃₃ of only 6.5 pC/N [133], and Ba₂TiSi₂O₈ has a d₃₃ 

of approximately 17.5 pC/N [133]. Important polycrystalline piezoceramic materials include 

solid solutions of PbZrO₃, PbTiO₃, and (Pb(Zr,Ti)O₃ or PZT), which exhibit a high 

piezoelectric response of 410 pC/N [138]; however, they are limited by their maximum 

operating temperature of 250°C. Recently, some perovskite single crystals have 

demonstrated superior piezoelectric properties compared to PZT [139]. Due to their 

easier and less expensive preparation, ferroelectric perovskites in polycrystalline form are 

widely used in various piezoelectric applications [140, 141]. 

 Materials Based on Thin Films 

Both aluminum nitride (AlN) and zinc oxide (ZnO) are simple binary compounds with a 

Wurtzite structure, and their thin films are widely employed in bulk acoustic wave (BAW) 

and surface acoustic wave (SAW) devices. However, the performance of these Wurtzite-

based devices is limited due to their low piezoelectric coupling. PZT thin films, on the 

other hand, exhibit higher piezoelectric properties and are used in micro-transducers and 



 
Chapter I: Piezoelectric and Thermoelectric Materials: An Overview of Recent Advances and Properties 
 

54 | P a g e  

micro-actuators [141]. Although AlN and ZnO have much higher mechanical quality factors 

than PZT, they are easier to grow in thin film form compared to LiNbO3. The defect 

dynamics and grain boundaries within polycrystalline perovskite thin films pose significant 

challenges for improving the efficiency and stability of devices [142]. The use of relatively 

simple Wurtzite materials facilitates integration and process compatibility with the rest of 

the device, as the strong polarity of the Wurtzite structure allows for polar growth and a 

stable piezoelectric response over time, while ferroelectrics always face the risk of 

depoling [103]. 

I.6. Conclusion  

            In conclusion, this chapter has provided a comprehensive overview of the structural 

characteristics of perovskite and III-V semiconductors, with a particular focus on 

Na₀.₅Bi₀.₅TiO₃ (NBT) and YxAl₁−xN. These materials were chosen due to their exceptional 

properties such as environmental compliance, high thermal conductivity, and enhanced 

piezoelectric performance, which made it promising materials for future green energy 

including manufacturing high-performance piezoelectric devices and developing high power 

thermoelectric generators. We also taken insight into the physical properties, including 

thermoelectric and piezoelectric properties, and their broad range of technological 

applications. To investigate the physical properties of the selected materials, we utilized 

software packages such as WIEN2K and CASTEP, as detailed in Chapters 3 and 4. The 

subsequent chapter will delve into these Density Functional Theory (DFT) codes, exploring 

their programming aspects and mathematical frameworks. 
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II.1. Introduction 

Ab initio Density Functional Theory (DFT) is a promising approach that addresses the 

increasing demand for high-quality results in contemporary ab initio quantum chemistry. The 

advent of high-speed, large-memory computers has made extensive electronic structure 

simulations feasible, supported by a variety of well-established quantum simulation methods and 

versatile codes. The origins of electronic structure calculations trace back to the development 

of quantum theory in the first half of the 20th century, which not only enhanced our 

understanding of physics but also provided precision and predictive capabilities. Quantum 

mechanical methods are distinctive for several reasons: 

 They are based on first principles or ab initio approaches, meaning they do not rely on 

empirical models or prior experimental data, enabling the examination of any system. 

 The equations of quantum mechanics can effectively model real-world processes. 

 Importantly, electronic structure calculations allow researchers to determine physical 

properties—such as the binding energy of atoms or molecules—that may be difficult or 

impossible to measure directly. 

 These methods can also aid in discovering new compounds with specific properties, 

facilitating comparisons with existing materials and conserving experimental resources 

and time. 

 Overall, material simulations offer insights that may not be attainable through 

experimental methods alone. 

However, solving quantum mechanical equations, such as the Schrödinger equation, for 

many-body systems is challenging due to their complexity and large scale, as it necessitates 

finding the eigenvalues and eigenvectors of a large matrix representing the system's energy 

levels. This often requires sophisticated numerical methods along with various approximations. 

Popular electronic structure methods include DFT [1–3], Hartree-Fock (HF) [4,5], Quantum 

Monte Carlo [6–8], coupled cluster [9,10], and multireference configuration interaction [11]. 

The choice of method depends on the properties being studied. These methods can be applied 

through various simulation packages tailored to specific challenges; for example, software like 

GAMESS [12] and Gaussian [13] address molecular structure issues, while plane-wave basis set 



 
Chapter II:  DFT- Based Computational Techniques for Material Modeling 
 

64 | P a g e  

codes such as VASP [14] and Quantum Espresso [15] are suited for metals and materials where 

band structure is significant. Hybrid approaches, like CP2K [16], are also used, while codes such 

as WIEN2K [17] and ELK [18] are designed to handle heavy elements where pseudopotential 

methods may fail, necessitating the use of all-electron potentials. 

II.2. Overview of Quantum Simulation Methods 

II.2.1. The Many-Body Hamiltonian 

The Many-Body Hamiltonian is a mathematical representation of the total energy of a 

system of interacting particles, utilized in quantum mechanics to describe the behavior of 

collections of particles, such as atoms or molecules, that interact through forces like the 

electromagnetic force. Quantum mechanical simulations aim to calculate the electronic 

structure of a system by solving the many-body Schrödinger equation. For a solid, the many-

particle Hamiltonian of electromagnetically interacting particles can be expressed as: 

          𝐻෡ = 𝑇෠௡௨௖௟ + 𝑇෠௘௟௘௖ + 𝑉෠௡ି௘ + 𝑉෠௘ି௘ + 𝑉෠௡ି௡,                                (1) 

where: 

- The first two terms represent the kinetic energy operators for the nuclei and the electrons: 

𝑇෠௡௨௖௟ =  −
௛²

ଶ
∑

∇ೃ೔
మ

ெ೔
௜   ,                                                (2) 

 𝑇෠௘௟௘௖ =  −
௛²

ଶ
∑

∇ೝ೔
మ

௠೔
௜   ,                                                (3) 

- The last three terms describe the Coulomb interactions between nuclei-electron, electron-

electron, and nuclei-nuclei, respectively: 

𝑉෠௡ି௘ = −
ଵ

ସగఢబ
∑

௓೔௘²

|ோ೔ି௥೔|௜,௝   ,                                           (4)   

  𝑉෠௘ି௘ = −
ଵ

଼గఢబ
∑

௘²

ห௥೔ି௥ೕห௜ஷ௝  ,                                           (5)     

𝑉෠௡ି௡ = −
ଵ

଼గఢబ
∑

௘²௓೔௓ೕ

หோ೔ିோೕห௜ஷ௝  ,                                          (6) 

- The Mi and mi represent the masses of the nuclei and electrons located at positions Ri and ri, 

respectively. 
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This Hamiltonian is used to obtain the eigenstates (the wave functions the wave 

functions ѱ(Rn; re)) of the many-particle system by solving the corresponding Schrödinger 

equation: 

𝐻෡𝜓{𝑅௡ , 𝑟௘} = 𝐸𝜓{𝑅௡, 𝑟௘},                                             (7) 

However, it is well known that solving such an equation is impossible without making 

several approximations at various levels to obtain approximate eigenstates. 

II.2.2. The Born-Oppenheimer Approximation 

Due to the significantly smaller mass of electrons compared to that of nuclei, electronic 

motion is much faster than nuclear motion. Since the velocities of the nuclei are much lower, 

we can assume that they are effectively frozen in fixed positions. This approximation allows us 

to neglect the kinetic energy of the nuclei in the Hamiltonian, making the last term constant.  

Consequently, the Hamiltonian of a many-electron system takes the following form: 

𝐻෡ = 𝑇෠௘௟௘௖ + 𝑉෠௘ି௘ + 𝑉෠௘௫௧ ,                                          (8) 

where, 𝑇෠௘௟௘௖ represents the kinetic energy of the electrons, 𝑉෠௘ି௘ is the potential due to electron-

electron interactions, and 𝑉෠௘௫௧ is the potential of the electrons interacting with the external 

nuclei. 

II.2.3. Density Functional Theory 

Density Functional Theory (DFT) is a computational method in quantum mechanics used 

to calculate the electronic structure of atoms, molecules, and solids. Developed in 1964, it is 

based on the theorems of Hohenberg and Kohn [19], followed by a set of equations introduced 

by Walter Kohn and Lu Jeu Sham [20]. DFT is the most widely used and effective quantum 

mechanical method for addressing real-world materials, offering faster and more accurate 

results than other approaches. It finds applications in various fields, including condensed matter 

physics, materials science, chemistry, biology, geoscience, and mineralogy. Regarded as a 

significant achievement in computational physics, DFT is valued for its precision and feasibility, 

and it is implemented through several simulation packages. 
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II.2.3.1. The Hohenberg and Kohn Theorems 

The two theorems of Hohenberg and Kohn are as follows: 

 1st Theorem: There is a one-to-one correspondence between the ground-state density 

𝜌(𝑟) of a many-electron system (such as an atom, molecule, or solid) and the external 

potential 𝑉෠௘௫௧. An immediate consequence is that the ground-state expectation value of any 

observable 𝑂෠ is a unique functional of the exact ground-state electron density [21] : 

ൻ𝜓ห𝑂෠ห𝜓ൿ = 𝑂[𝜌],                                                  (9) 

The first theorem states that the ground-state energy of a many-electron system can be 

uniquely determined by its electron density. Furthermore, the electron density that minimizes 

the energy corresponds to the true ground-state density. 

 2nd Theorem: When the observable 𝑂෠ is the Hamiltonian 𝐻෡, the ground-state total 

energy functional is given by [21]: 

𝐻 [𝜌] = 𝐸𝑉௘௫௧[𝜌] ,                                                       (10)  

which takes the form: 

𝐸𝑉௘௫௧[𝜌] = ൻ𝜓ห𝑇෠ + 𝑉෠ห𝜓ൿ +  ൻ𝜓ห𝑉෠௘௫௧ห𝜓ൿ,                                  (11) 

                     =  𝐹ு௄[ఘ] + ∫ 𝜌(𝑟)𝑉௘௫௧(𝑟)𝑑𝑟⃗,                                    (12) 

The second theorem states that there exists a functional of the electron density that 

can be used to determine the potential energy of the system, and this functional is unique for a 

given system. Together, the Hohenberg-Kohn (HK) theorems provide a framework for 

predicting the properties and behavior of many-electron systems based solely on their electron 

density, eliminating the need to solve the Schrödinger equation for the entire system. This 

reduces the N-electron many-body problem with 3N spatial coordinates to one with just three 

spatial coordinates. 

However, these theorems are difficult to apply in practice because the form of FHK is not 

known. To make DFT applicable, Kohn and Sham introduced equations that can be used to 

construct a suitable energy functional. 
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II.2.3.2. The Kohn-Sham Equations 

The primary aim of Kohn and Sham was to create a fictional system of non-interacting 

particles that would exhibit the same ground-state properties as the real system of interacting 

electrons. They achieved this by defining the Hamiltonian of the system as follows: 

𝐻෡௄ௌ =  𝑇෠଴ + 𝑉෠ு + 𝑉෠௑஼ + 𝑉෠௘௫௧,                                        (13) 

where, 𝑇෠଴ is the kinetic energy operator, and 𝑉෠ு ,  𝑉෠௑஼   and  𝑉෠௘௫௧ represent the Hartree, 

exchange-correlation, and external potentials, respectively.  

The electron density of the non-interacting system of N electrons is defined as: 

𝜌(𝑟) = ∑ 𝜓௜
∗(𝑟)𝜓௜(𝑟⃗)ே

௜ୀଵ  ,                                          (14) 

and the kinetic energy functional is given by: 

𝑇଴(𝜌) =  −
ℏమ

ଶ௠೐
∑ ⟨𝜓௜|∇ଶ|𝜓௜⟩ே

௜ୀଵ  ,                                  (15) 

where |𝜓௜ > represents the one-electron orbitals, and the electron density is obtained by 

summing all the occupied orbitals, following the Pauli exclusion principle. Furthermore, the 

energy functional can be expressed as: 

𝐸𝑉௘௫௧[𝜌] = 𝑇଴[𝜌] + 𝐸ு[𝜌] + 𝐸௫௖[𝜌] + ∫ 𝜌(𝑟)𝑉௘௫௧(𝑟)𝑑𝑟  ,                           (16) 

 

where FHK[ρ] is defined as the sum of the first three terms, with T0[ρ], EH[ρ], and Exc[ρ] 

representing the kinetic energy, Hartree, and exchange-correlation functionals, respectively. 

The ground-state density can be calculated by evaluating Eq. (11) as follows:  

     ቂ−
ℏమ

ଶ௠೐
∇ + 𝑉෠௘௙௙(𝑟)ቃ 𝜓௜(𝑟) = 𝜀௜𝜓௜(𝑟⃗) ,                              (17) 

where Ψi and εi  are the single-particle wave function and the single-particle energy, respectively. 

Here, 

    𝑉෠௘௙௙(𝑟) = 𝑉෠ு + 𝑉෠௑஼ + 𝑉෠௘௫௧ ,                                       (18) 

and 𝑉෠ு and 𝑉෠௑஼ are defined as: 

  𝑉෠ு =
௘²

ସగఢబ
∫

ఘ(௥ᇱሬሬሬ⃗ )

|௥⃗ି௥ᇱሬሬሬ⃗ |
𝑑𝑟′ሬሬ⃗   ,   𝑉෠௑஼ =

ఋாೣ೎[ఘ]

ఋ௡
  ,                             (19) 

   FHK[ρ] 
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Given the above, the exchange function Exc(ρ) is the only unknown, which can be 

determined using approximations for the Exchange-Correlation Functional (see the following 

section). By employing a self-consistent procedure (as illustrated in Figure II.1), the ground-state 

energy can be calculated iteratively through the evaluation of the Hartree potential and the 

exchange-correlation potential, both of which depend on the electron density. The initial 

electron density 𝜌଴(𝑟⃗) serves as a starting guess for constructing the Kohn-Sham Hamiltonian 

HKS. Using Ψi, if the final density 𝜌௞(𝑟) differs from the initial density, the procedure is restarted 

by constructing a new Hamiltonian and determining the next density value. This iterative 

process continues until convergence is achieved, at which point a self-consistent solution for 

the Kohn-Sham equations is obtained. 

 

 

 

 

 

 

 

 

 

 

 

Figure 1I.1: The flowchart illustrates the self-consistent cycle 
employed to iteratively solve the Kohn-Sham equations. 

 

 

 

 Set up : 𝐻෡௄ௌ 

Guess density :  𝜌଴(𝑟) 

    Initial density : 𝜌௞ିଵ(𝑟) 

     Calculate : 𝑉෠௘௙௙(𝑟) = 𝑉෠ு + 𝑉෠௑஼ + 𝑉෠௘௫௧ 

    Solve : 𝐻෡𝜓௜(𝑟) = 𝐸𝜓௜(𝑟) 

    Obtain :  𝜀௜𝜓௜(𝑟) 

     Construct :  𝜌(𝑟) = ∑ 𝜓௜
∗(𝑟)𝜓௜(𝑟⃗)ே

௜ୀଵ  

   Convergence :  𝜌௞(𝑟) =  𝜌௞ିଵ(𝑟) 

     𝜌௞(𝑟⃗) is a self-consistent 
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II.2.3.3. Approximations to the Exchange-Correlation Functional 

The exchange-correlation functional is a crucial element of density functional theory 

(DFT), a widely employed computational method in materials science, chemistry, and physics. 

This functional characterizes the interactions between electrons in a system and is typically 

approximated in DFT calculations due to its inherent complexity. There are several different 

approximations to the exchange-correlation functional, each with its own strengths and 

weaknesses.  

Some common approximations include: 

 Local Density Approximation (LDA): This approximation assumes that the 

exchange-correlation energy depends solely on the local electron density at each point 

in space. LDA is relatively simple and computationally efficient, but it can have limited 

accuracy for systems exhibiting strong electron correlations. 

 Generalized Gradient Approximation (GGA): This approach incorporates not 

only the local electron density but also the gradient of the density. GGA is often more 

accurate than LDA for many systems; however, it may still face limitations in strongly 

correlated systems. 

 Hybrid Functionals: These approximations combine elements of LDA or GGA with 

additional terms that include some amount of exact exchange energy, specifically the 

Hartree–Fock (HF) exchange energy. Hybrid functionals are widely used in quantum 

chemistry calculations and can provide greater accuracy than LDA or GGA alone, albeit 

at a higher computational cost. 

 Meta-GGA: This approximation includes the local density, its gradient, and the 

Laplacian of the density. Meta-GGA accounts for the local kinetic energy density, 

allowing for a more accurate treatment of various chemical bonds (e.g., covalent, 

metallic, and weak) compared to LDA and GGA. However, it is also more 

computationally demanding. 

Overall, the choice of exchange-correlation functional approximation depends on the specific 

system being studied and the level of accuracy required for the research question at hand. 
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II.2.3.3.1. Generalized Gradient Approximation (GGA) 

The most popular XC functionals are those that use the generalized gradient 

approximation (GGA) to approximate the XC energy and potential.  

Some of the most popular GGA forms include: 

- Becke 88 (B88): This is an early GGA functional that was proposed by John Becke in 

1988. It is based on the gradient expansion of the XC energy and has been used 

extensively in DFT calculations. 

- Perdew-Wang 91 (PW91): This is another early GGA functional that was proposed by 

Perdew and Wang in 1991. It is based on the gradient expansion of the XC energy and 

has been used in a variety of DFT calculations. 

- Perdew-Burke-Ernzerhof (PBE): This is one of the most widely used GGA functionals, 

which was proposed by Perdew, Burke, and Ernzerhof in 1996. It is a parameterized 

functional that is based on the gradient expansion of the XC energy. 

- Revised Perdew-Burke-Ernzerhof (RPBE or WC-PBE): This is a modified version of 

the PBE functional that was proposed in 2008. It includes an additional correction term 

that improves the description of the exchange energy. 

- Perdew-Burke-Ernzerhof for solids (PBEsol): This is a modified version of the PBE 

functional that was proposed in 2008. It includes an additional correction term that 

improves the description of solids. 

These GGA functionals have been used in a wide range of DFT calculations, including 

studies of molecules, surfaces, and solids. However, it is important to note that the choice of 

XC functional can have a significant impact on the accuracy of the results, and different 

functionals may be more appropriate for different types of systems. 

II.2.3.4. Corrections to Density Functional Theory 

 While Kohn-Sham Density Functional Theory (DFT) using Local Density Approximation 

(LDA) and even Generalized Gradient Approximation (GGA) has proven effective, it has 

limitations in accurately predicting certain properties of systems, particularly bandgaps, which 

are often underestimated due to the lack of self-interaction correction. To achieve more 
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accurate descriptions, several alternative approaches can be employed. These include the 

application of Hubbard correction (Local Density Approximation + U (LDA + U) [22], hybrid 

functionals [23], GW methods [24], and the Tran and Blaha modified Becke-Johnson (TB-mBJ) 

(2009) [25] and KTB-mBJ (2012) [26]. 

II.2.3.4.1. The Modified Becke-Johnson (mBJ) Exchange-Correlation (XC) Potential 

 The modified Becke-Johnson (mBJ) exchange-correlation (XC) potential and its variant, 

KmBJ, are corrections to the standard density functional theory (DFT) XC functional. 

 The mBJ potential was proposed by Tran and Blaha in 2009 to enhance the description 

of electronic band gaps in semiconductors and insulators, which are often 

underestimated by standard DFT functionals. It introduces an additional term in the XC 

potential that depends on both the local density and the gradient of the density. This 

term aims to improve the description of the exchange interaction between electrons, 

particularly in systems with localized electrons. 

 The KmBJ potential, introduced by Koller et al. in 2012, modifies the mBJ potential by 

incorporating an additional parameter that allows for a more accurate description of the 

electronic structure of solids, especially in systems exhibiting strong electron correlation 

effects. 

 Both the mBJ and KmBJ potentials have been shown to enhance the accuracy of 

electronic band gaps and other properties across a variety of materials, including 

semiconductors, insulators, transition metal compounds, and rare earth compounds. 

II.2.4. Simulation Software Packages 

II.2.4.1. WIEN2K Package 

 WIEN2k [17] is a powerful software package designed for electronic structure 

calculations and simulations of solids. It is widely utilized by researchers in solid-state physics, 

materials science, and related fields to investigate a diverse range of materials, including metals, 

semiconductors, insulators, and complex compounds. Specifically developed for studying 

crystalline materials using density functional theory (DFT), WIEN2k is valued for its accuracy 

and flexibility. The package is based on the scalar relativistic full-potential linearized augmented 
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plane wave (FP-LAPW) method, which is known for its high accuracy due to the consideration 

of the full electronic structure. 

Major versions of the WIEN2k package have been released over the years, including: 

 WIEN: The original version of the code, developed by Peter Blaha and Karlheinz Schwarz 

in the late 1980s. 

 WIEN92 (1992) 

 WIEN97 (1997) 

 WIEN2k: The successor to the earlier versions, which continues to be the focus of 

ongoing development. 

 Since the initial release of WIEN2k, subsequent updates and patches have been issued 

to enhance stability, address bugs, and introduce new features. These updates are typically 

denoted by the release year and version number, such as WIEN2k_19.1, WIEN2k_20.10, etc. 

The most recent update is WIEN2k_23.2 [17]. In this work, we utilized the WIEN2k_18.2 and 

WIEN2k_21 versions. 

II.2.4.1.1. BerryPi Code 

 BerryPi [27] is a Python script developed for calculating the Berry phase and related 

properties of solids, particularly topological materials, using the WIEN2k density functional 

package. The software requires only one input parameter: the k-mesh for Berry phase 

integration. By analyzing WIEN2k output files, BerryPi automatically extracts essential 

information, including the number of occupied bands, cell geometry, ionic charges, and their 

relative positions. It then performs calculations to determine the electronic, ionic, and total 

phases, along with the polarization components along the Cartesian axes. The latest update for 

BerryPi was released in July 2022 [28]. 

II.2.4.2. BoltzTrap Code 

 Boltzmann Transport Properties (BoltzTraP) [29] is a program that employs a smoothed 

Fourier interpolation algorithm for electronic bands to calculate the electronic transport 
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properties of materials. The code utilizes a mesh of band energies and can interface with various 

computational packages, including WIEN2k, ABINIT, SIESTA, VASP, and QuantumEspresso. 

One of the primary applications of BoltzTraP is calculating thermoelectric transport coefficients 

as functions of temperature and chemical potential within the rigid-band approximation. 

Additionally, it enables the generation of 3D plots of Fermi surfaces based on reconstructed 

bands. These calculations and predictions facilitate the understanding and design of materials for 

a variety of electronic and energy-related applications, such as thermoelectric materials, 

semiconductor devices, and energy conversion systems. 

 BoltzTraP2 [30] is an updated version of BoltzTraP that addresses certain limitations 

and provides enhanced functionalities. It extends the original capabilities by incorporating more 

advanced algorithms, including the treatment of spin-orbit coupling and the inclusion of 

anisotropic scattering. Furthermore, BoltzTraP2 introduces improved parallelization and 

efficiency, enabling it to handle large-scale calculations on modern high-performance computing 

systems. 

II.2.4.37. Gibbs Code 

The Gibbs program [31], developed within the Fortran77 framework, employs a quasi-

harmonic Debye model to calculate the Debye temperature Θ(V)\Theta(V)Θ(V) based on the 

energy of a solid (EEE) in relation to its molecular volume (VVV). It is designed to analyze the 

thermodynamic properties of solids while accounting for dependencies on pressure and 

temperature. The primary goal of the program is to extract comprehensive thermodynamic 

information from a minimal set of (E,V)(E, V)(E,V) data, facilitating the analysis of costly 

electronic structure calculations while incorporating thermal effects at a low computational 

cost. Gibbs2 [32] is a reimplementation of the original Gibbs program in Fortran90. This 

updated code includes new models that address temperature effects, extending from the simple 

Debye model of the original code to a comprehensive quasi-harmonic model that necessitates 

the phonon density of states at each calculated volume. Notably, Gibbs2 introduces empirical 

energy corrections to mitigate systematic errors stemming from the choice of exchange-

correlation functional in equilibrium volume calculations. Additionally, it accounts for electronic 

contributions to the free energy and enables automatic computation of phase diagrams. The 
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code is accompanied by extensive documentation, including a user guide, a complete set of tests, 

sample data, and the source code. 

1.4.2. CASTAP Package 

The CASTAP (CAS-Transport-Applications) package [33] is a computational software 

tool designed for simulating and analyzing atomic-scale transport phenomena in materials. It 

focuses on electronic structure calculations and transport properties of solids, making it 

particularly suitable for applications in nanoscale devices and materials. CASTAP can simulate a 

wide range of material properties, including energetics, atomic-level structure, vibrational 

properties, and electronic response characteristics. Additionally, it features various 

spectroscopic capabilities that link directly to experimental techniques, such as infrared and 

Raman spectroscopies, nuclear magnetic resonance (NMR), and core-level spectra. CASTAP is 

based on density functional theory (DFT) and performs calculations using plane-wave basis sets 

and pseudopotentials, treating the nucleus and core electrons as a single ion that acts on the 

outer electrons. This approach allows for efficient and accurate simulations of complex 

materials. The package provides a user-friendly interface, enabling researchers and scientists to 

set up and execute calculations efficiently. It also includes post-processing tools for analyzing 

and visualizing the obtained results, facilitating the interpretation of computational data. 
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II.3. Conclusion 

Quantum simulation methods are essential for understanding and predicting the 

behavior of quantum systems. These methods provide valuable insights into the properties and 

dynamics of quantum systems, with the potential to revolutionize various fields, including 

condensed matter physics. A significant advantage of quantum simulations is their ability to 

accurately model complex systems, offering detailed descriptions of electronic structures that 

allow researchers to investigate a wide range of physical properties. Among these methods, 

density functional theory (DFT), particularly the widely used Kohn-Sham DFT, strikes a 

favorable balance between accuracy and computational efficiency, making it suitable for studying 

larger systems. Quantum simulation methods empower researchers to explore and design new 

materials while deepening our understanding of fundamental quantum phenomena. As these 

methods continue to advance alongside developments in quantum computing technology, they 

are expected to profoundly affect various scientific and technological domains. This progress 

will drive innovation and open new avenues for exploration in the quantum realm. 
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III.1. Introduction 

Na₀.₅Bi₀.₅TiO₃ (NBT), a lead-free perovskite, stands out for its valuable properties 

that make it a promising material for high-performance eco-friendly piezoelectric devices and 

high-power thermoelectric generators. This chapter presents a comprehensive investigation 

of NBT's elastic, piezoelectric, thermodynamic, and thermoelectric properties across its 

rhombohedral (R3c), tetragonal (Pb4m) and cubic (Pm3തm) phases using Ab Initio Density 

Functional Theory (DFT) calculations. We analyze the stability of these phase structures 

through formation energy and phonon dispersion studies.  

To accurately describe the electronic band structures and chemical bonds, the 

advanced nKTBmBJ+so functional within FPLAPW method is employed. This study 

provides a detailed examination of the elasticity and piezoelectricity of NBT crystals, along 

with an in-depth analysis of thermodynamic quantities and thermoelectric parameters using 

the quasi-harmonic Debye model and BoltzTraP2 code, respectively. 

III.2. Computational Methods 

The electronic structure of Na₀.₅Bi₀.₅TiO₃ (NBT) crystals in the rhombohedral 

(R3c), tetragonal (P4bm), and cubic (Pm3 ̅m) phases was explored using the Full Potential 

Linear Augmented Plane Wave (FPLAPW) method [1], as implemented in the WIEN2K 

program package [3], based on Density Functional Theory (DFT) [2]. For structural 

optimization, we utilized the Perdew-Burke-Ernzerhof Generalized Gradient Approximation 

(GGA-PBE) [4] and its newer parameterized versions, GGAPBEsol [5] and GGAWC [6], 

to describe the exchange-correlation (XC) potential. These functionals are known for their 

efficiency in material geometry optimization [7, 8]. To analyze the electronic properties, 

including the band structure, density of states, and bonding charge, we used the advanced 

modified Becke-Johnson exchange potential of Koller-Tran-Blaha (nKTBmBJ) [9], along with 

the original Tran-Blaha-mBJ (TBmBJ) [10], incorporating spin-orbit (so) interaction. These 

approximations are essential for accurately describing the band gaps of semiconductors and 

insulators [11]. The Muffin-Tin radius (RMT) values for Na, Ba, Ti, and O were set at 2.4, 2.5, 

1.9, and 1.7 a.u., respectively, with charge density and potential inside the Muffin-Tin spheres 
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expanded with an angular momentum up to lmax = 10. To ensure energy convergence, wave 

functions were expanded in plane waves (PWs) with a cut-off of RMTKmax = 7 in the interstitial 

regions, where RMT is the smallest muffin-tin radius and Kmax is the maximum wave vector 

value. Valence electron configurations used were (2s 2p 3s) for Na, (5d 6s 6p) for Bi, (3d 4s) 

for Ti, and (2s 2p) for O. Integrations over the Brillouin zone employed Monkhorst-Pack 

grids [12] of 25 (5×5×2), 30 (8×8×5), and 45 (10×10×5) special k-points for R3c, P4bm, and 

Pm3തm NBT symmetry crystals, respectively.  

Additionally, the elastic properties were calculated using the Ultrasoft Vanderbilt 

pseudopotential [13] with GGAPBEsol approaches [5] based on the Cambridge Serial Total 

Energy package [14]. A self-consistent field tolerance of 5.0×10−6 eV/atom, residual force 

less than 0.01 eV/Å, residual bulk stress less than 0.02 GPa, atomic displacement less than 

0.001 Å, and plane-wave cutoff energy of 520 eV were adopted to ensure calculation 

convergence. Density functional perturbation theory (DFPT) [15] was employed to study 

piezoelectric and dielectric responses using the GGAPBE method for the exchange-

correlation potential. At room temperature, Na₀.₅Bi₀.₅TiO₃ (NBT) crystallizes in a 

rhombohedral structure with the space group R3c, characterized by lattice parameters a = b 

= 5.488 Å, c = 13.50 Å, and angles α = β = 90°, γ = 120° [16]. Between 673 and 773 K, NBT 

undergoes a phase transition to a tetragonal structure with space group P4bm, where the 

lattice parameters are a = b = 5.517 Å, c = 3.907 Å, and all angles α = β = γ = 90°. At 

temperatures exceeding 813 K, NBT adopts a cubic symmetry with space group Pm3 ̅m, 

featuring lattice parameters a = b = c = 3.913 Å and angles α = β = γ = 90° [16].  

For modeling Na₀.₅Bi₀.₅TiO₃ (NBT) crystals, we utilized supercells with 30 atoms for 

the rhombohedral (R3c) phase (using hexagonal axes), 20 atoms for the tetragonal (P4bm) 

phase, and 10 atoms for the cubic (Pm3തm) phase. Figure III.1 illustrates the crystalline 

structures of NBT in the R3c, P4bm and Pm3തm symmetries. All were fully relaxed, allowing 

the atoms to move to their equilibrium positions during the FPLAPW calculations. 
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Figure III.1: Crystalline structures of Na0.5Bi0.5TiO3 (NBT): (a) 
rhombohedral (R3c) (hexagonal axes) phase, (b) tetragonal 
(P4bm) phase, and (c) cubic (Pm3തm) phase. 

III.3. Structural Property  

A. Geometry Optimization  

We initially employed FPLAPW technique to obtain equilibrium structural 

parameters of Na0.5Bi0.5TiO3 (NBT) in its rhombohedral (R3c), tetragonal (P4bm), and cubic 

(Pm3തm) phase structures. Various approximations for the exchange-correlation potential 

were used, including GGAPBE, GGAWC, and GGAPBEsol. These parameters were 

optimized by minimizing the total energy as a function of the unit cell volume, and the results 

were then fitted to Murnaghan’s equation of state [17]: 
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where E0 is the equilibrium total energy, B0 is the bulk modulus, and B′ is the first pressure 

derivative of B0.  

Figure III.2 depicts the variation in total energy as a function of volume for the 

rhombohedral, tetragonal, and cubic phases of Na₀.₅Bi₀.₅TiO₃ (NBT) crystals, calculated 

using the PBEsol, WC, and PBE approximations.  
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Table III.1 listen the results of lattice constants (a0, c0), ratio c0/a0, cell volume V0, and 

fractional coordinates (x, y, z) of Na0.5Bi0.5TiO3 (NBT) in the R3c, P4bm, and Pm3തm 

symmetries, compared to available experimental data and previously reported computational 

values. Our calculated (a0, c0) are (5.446, 13.54) Å using GGAPBEsol and (5.448, 13.54) Å 

using GGAWC for the R3c-NBT crystal, which are very close to the experimental values 

(5.488, 13.50) Å [16] and (5.498, 13.50) [18]. These results are also more accurate than 

those calculated using classical approximations, such as LDA (5.680, 14.03) Å [18] and 

GGAPBE (5.68, 14.03) Å [18], (5.359, 13.27) Å [19]. The obtained (a0, c0) values for P4bm-

NBT, (5.359, 3.938) Å using PBEsol and (5.362, 3.940) Å using WC, are also found to be in 

good agreement with the measured values of (5.517, 3.907) Å [16]. The predicted lattice 

constant a0 for Pm3തm-NBT is equal to 3.851 Å using PBEsol and 3.853 Å using WC, which 

are slightly underestimated compared to the experimental value of 3.913 Å [16]. The atomic 

positions in three phases of NBT crystals are well predicted by both GGAPBEsol and 

GGAWC approaches, as shown in Table III.1. Therefore, we find that both the novel 

GGAPBEsol and GGAWC approximations [20,21] can estimate the structural parameters 

of the studied structures with precision compared to classical approximations, such as 

GGAPBE and LDA. It is worth noting that the lattice parameters derived from GGAPBE 

and LDA often deviate from experimental measurements due to their limitations within DFT 

theory [22,23].  

Furthermore, the phase stability of Na₀.₅Bi₀.₅TiO₃ perovskites in the rhombohedral, 

tetragonal, and cubic crystallographic phases under conditions of zero pressure (P = 0 GPa) 

and absolute zero temperature (T = 0 K) was analyzed by evaluating the total energy as a 

function of volume using the GGAPBEsol functional. The results are presented in Figure 

III.3.  

It is well-established that the most stable structure is the one with the lowest energy. Based 

on this principle, we determined that the rhombohedral (R3c) phase is the most energetically 

stable, followed by the tetragonal (P4bm) phase, and finally the cubic (Pm3തm) structure. Our 

prediction of the NBT crystals being most stable in the R3c phase is in good agreement with 

experimental observations [16]. 
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Table III.1: Calculated lattice parameters (a0, c0) (Å), cell volume V0 (Å3), formation energy 
(Ef) (eV/atom) and fractional coordinates (x, y, z) for Na0.5Bi0.5TiO3 perovskites crystallizing 
in R3c, P4bm, and Pm3തm symmetries using different approximations (PBEsol, WC, PBE). 

 
 

 

Figure III.2: Total energy as a function of volume for Na0.5Bi0.5TiO3 
(NBT) crystals crystalizing in R3c, P4bm and Pm3തm symmetries using 
PBEsol. The most stable energetically structure corresponds to 
rhombohedral symmetry. 

Crystals (NBT)  
a0 c0 c0/a0 V0 Ef 

Na/
Bi 
(x) 

Na/
Bi 
(y) 

Na/Bi 
(z) 

Ti 
(x) 

Ti 
(y) 

Ti (z) O (x) O (y) O (z) 

Rhombohedral 
(R3c) 

 
 

PBEsol 5.446 13.54 2.486 346.94 ‒6.906 0.0 0.0 0.2685 0.0 0.0 0.0142 0.102 0.333 0.0824 
WC 5.448 13.54 2.486 347.83  0.0 0.0 0.2683 0.0 0.0 0.0104 0.102 0.333 0.0825 
PBE 5.496 13.89 2.528 362.50  0.0 0.0 0.2751 0.0 0.0 0.0166 0.100 0.333 0.0801 
Expt.[16] 5.488 13.50 2.460 352.33  0.0 0.0 0.2627 0.0 0.0 0.0063 0.126 0.336 0.0833 
         [18] 5.498 13.50 2.455 350.29           
LDA [18] 
PBE  [19] 

5.359 
5.680 

13.27 
14.03 

 333.47           

Tetragonal 
(P4bm) 

PBEsol 5.359 3.938 0.734 113.13 ‒6.874 0.0 0.5 0.4971 0.0 0.0 0.0207 0.301 0.198 0.0023 
WC 5.362 3.940 0.734 113.31  0.0 0.5 0.4975 0.0 0.0 0.0208 0.301 0.198 0.0032 
PBE 5.406 3.969 0.734 116.03  0.0 0.5 0.4970 0.0 0.0 0.0207 0.301 0.198 0.0023 
Expt.[16] 5.517 3.907  118.96  0.0 0.5 0.5450 0.0 0.0 0.0000 0.271 0.229 0.0150 

 Theo.[24] 5.505 3.925    0.0 0.5 0.5230 0.0 0.0 0.0000 0.270 0.230 0.0260 

Cubic 
(Pm𝟑ഥm) 

PBEsol 3.851   57.38 ‒6.856 0.0 0.0 0.0000 0.5 0.5 0.2566 0.500 0.500 0.0000 
WC 3.853   57.47  0.0 0.0 0.0000 0.5 0.5 0.2566 0.500 0.500 0.0000 
PBE 3.886   58.88  0.0 0.0 0.0000 0.5 0.5 0.2565 0.500 0.500 0.0000 
Expt.[16] 3.913   59.94  0.0 0.0 0.0000 0.5 0.5 0.5000 0.500 0.500 0.0000 
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B. Lattice Stability 

The lattice stability of Na₀.₅Bi₀.₅TiO₃ crystals can be assessed by analyzing their 

thermodynamic and dynamic stabilities, which are determined through the calculated 

formation energy and phonon analysis [25].  

The formation energy (Ef) is obtained using the following equation [26,27]: 

OTiBiNa

O
solidO

Ti
solidTi

Bi
solidBi

Na
solidNa

nnnn

EnEnEnEnE
E crystal

f 


                   (2) 

Here, nNa, nBi, nTi and nO represent the numbers of Na, Bi, Ti, and O atoms in the unit cell, 

respectively. crystalE  is the total energy of the NBT unit cell, while 
Na
solidE ,

Bi
solidE ,

Ti
solidE  and 

O
solidE  are the energies per Na, Bi, Ti, and O atom in their respective solid states. 

The negative values of Ef signify stronger atomic bonding and greater structural 

stability within a crystal. We obtained energies of 324.77, 43163.06, 1707.15 and 

150.00 eV/atom for Na, Bi, Ti, and O atoms, respectively, using GGAPBEsol 

approximation. Thus, the calculated formation energy (ΔEf) per atom for the rhombohedral, 

tetragonal and cubic phases are 6.9069, 6.8742, and 6.8564 eV/atom, respectively, all of 

which are negative. These results indicate the thermodynamic stability of NBT crystals. 

Given its lower formation energy compared to the tetragonal and cubic structures, the 

rhombohedral structure is expected to exhibit greater thermodynamic stability. 

Consequently, we assume that the Na₀.₅Bi₀.₅TiO₃ in the rhombohedral (R3c) phase is more 

likely to form during experimental growth.  

Regarding dynamic stability, the phonon frequencies for NBT crystals in the 

rhombohedral, tetragonal, and cubic symmetries were computed using density functional 

perturbation theory (DFPT) [28], with the exchange-correlation potential treated using the 

Local Density Approximation (LDA). LDA is a reliable approach for phonon calculations that 

align well with experiments [29,30]. The absence of imaginary phonon frequencies indicates 

dynamic stability within a crystal [31], whereas negative phonon frequencies signify unstable 

modes [32]. Figure III.4 illustrates the spectra of phonon frequencies along high-symmetry 
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directions. Figure III.4(a) shows no imaginary phonon frequencies for the rhombohedral 

(R3c) phase, confirming its dynamic stability. In contrast, Figure III.4(b) and III.4(c) depict 

unstable modes at Γ-point and M-point, respectively, corresponding to the ferroelectric (FE) 

phase transitions. Experimentally, NBT crystal undergoes a sequence of ferroelectric (FE) 

phase transitions from the most stable rhombohedral symmetry to tetragonal and cubic 

structures as the temperature increases [33,34]. 

Figure III.3: Calculated phonon frequencies along high-symmetry 
directions for (a) rhombohedral, (b) tetragonal, and (c) cubic phases 
of Na0.5Bi0.5TiO3 (NBT) crystals. 

III.4. Electronic Properties 

A. Band Structure  

In this section, we investigate the electronic band structure, density of states, and 

bonding charge of Na₀.₅Bi₀.₅TiO₃ (NBT) crystals in rhombohedral (R3c), tetragonal (P4bm), 

and cubic (Pm3തm) symmetries. We employ the recent modified Becke-Johnson (mBJ) 

exchange potential proposed by Koller-Tran-Blaha [9], as well as its original mBJ version by 

Tran-Blaha [10], incorporating spin-orbit interaction (SO). 

The results for bandgap energies are listed in Table III.2, along with the experimental 

data and previous theoretical reports.  
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Figure III.5 shows the band structures and partial density of states (PDOS) plots for 

NBT crystals in the three phases, along high-symmetry lines in the first Brillouin zone (BZ), 

using KTBmBJ+so functional. 

As shown in Figure III.5(a), the R3c-NBT crystal exhibits an indirect bandgap of 3.292 

eV, calculated using the KTBmBJ+so method, which is in excellent agreement with the 

observed value of 3.30 eV reported by Bousquet et al. [35]. This energy gap forms between 

the valence band maximum (VBM), located between the Z and Γ points, and the conduction 

band minimum (CBM) near the Γ point.  The original TBmBJ+so method also predicts a 

bandgap of 3.212 eV, which is closer to the experimental data of 3.18 eV reported by 

Selvadurai et al. [36], and is more accurate than the 3.30 eV reported by Chatta et al. [19], 

who used the same TBmBJ functional but without accounting for spin-orbit coupling. Our 

observation of the indirect band gap behavior in the R3c-NBT crystal is consistent with 

previous experimental and theoretical findings [19,35]. However, direct band gaps of 2.1 eV 

and 1.67 eV were reported by Zeng et al. [37] and Benyoussef et al. [38], respectively, using 

the conventional GGAPBE approximation. Thanh et al. [39] experimentally determined 

optical band gap values ranging from 3.00 to 3.14 eV, which depending to the crystal growth 

procedures.  

As depicted in Figure III.5(b) and III.5(c), both the P4bm-NBT and Pm3തm-NBT crystals 

are found to exhibit indirect band gaps with values of 3.055 eV (MΓ) and 3.09 (XΓ) eV, 

calculated using KTBmBJ+so method, respectively. Xu et al. [40] and Baedi et al. [24] 

reported energy gaps of 1.01 eV (LDA) and 1.9 eV (PBE), respectively, for P4bm-NBT 

crystal, both of which are significantly smaller than our calculated value of 3.055 eV. This 

discrepancy can be attributed to the fact that GGA and LDA methods generally 

underestimate the band gaps of materials, leading to results that are often inconsistent with 

experimental data [7,41].  

Consequently, the new KTBmBJ potential significantly enhances the accuracy of 

computational predictions for the electronic structure of materials. It is notable that the 

spin-orbit interaction has only a slight influence on band gap calculations. It is obvious that 

the energy gap for the tetragonal (P4bm) structure, which corresponds to the medium-
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temperature phase, lies between that of the high-temperature cubic phase (Pm3തm) and the 

low-temperature rhombohedral phase (R3c). 

Table III.2: Calculated bandgaps for Na₀.₅Bi₀.₅TiO₃ (NBT) crystals in different phases using 
the improved TBmBJ and KTBmBJ functionals, without and with spin-orbit interaction.  

 

Figure III.4: Calculated band structures and density of states for 
(a) R3c-NBT, (b) P4bm-NBT, and (c) Pm3തm-NBT crystals, using the 
KTBmBJ+so functional. 

B. Density of States  

Determining the density of states provides valuable insights into the origin and nature 

of the electronic structure of the compounds under study. Figure III.6 illustrates the 

computed total (TDOS) and partial (PDOS) densities of states for Na₀.₅Bi₀.₅TiO₃ (NBT) in 

NBT Crystals TBmBJ TBmBJ+s
o 

KTBmBJ KTBmBJ+so Exp.  Theo. Ref. 

Rhombohedral (R3c) 3.236 3.212 3.308 3.292 3.30a  

3.18b 

3.30c  

2.1d 

aRef.[35] bRef.[36] 
cRef.[19] dRef.[37] 
eRef.[40]   
 fRef.[24] Tetragonal(P4bm)  3.175 2.951 3.043 3.055  1.01e  

1.9f  

Cubic (Pm𝟑ഥm)         2.938 2.956 3.090 3.106   
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different crystallographic phases (R3c, P4bm, and Pm3തm), using the improved KTBmBJ+so 

method. The curves exhibit a notable similarity in the DOS profiles across the three 

considered phases. Three distinct energy groups can be identified: two sub-bands in the 

valence band, labeled VB ⁠low and VB ⁠high, located below the Fermi level (EF), and the conduction 

band (CB). At very low energy, around 18 eV, the density of states (DOS) spectra exhibits 

a pronounced peak associated to the O (2s) orbitals, which is consistent with previous 

reports using the generalized gradient approximation (GGA) [37]. Regarding the valence 

band (VB), the lowest energy group, VB⁠low, situated at 8.2 eV, is primarily attributed to a 

sharp contribution from Bi (6s) orbitals. The higher energy group, VB ⁠high, which extends from 

4.8 eV to the Fermi level, is predominantly composed of O (2p) and Ti (3d) orbitals, with a 

minor contribution from Bi (6s) states. In the conduction band (CB), the lower energy range, 

from 3 to 8.8 eV, is mainly composed of Ti (3d) and Bi (6p) states, while the higher range, 

from 10 eV to 12 eV, is primarily contributed by Na (2p) orbitals. 

 

 

 

 

 

 

 

 

 

 

 

 

Figure III.5: Calculated total (DOS) and partial (PDOS) 
densities of states for (a) R3c-NBT, (b) P4bm-NBT, and (c) 
Pm3തm-NBT crystals, using the KTBmBJ+so functional.  
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C. Electronic Charge Density 

The distribution of electron charge density provides insight into the nature of 

chemical bonding among the ions in NBT crystals. Contour maps illustrating the charge 

density distributions for the three phases of Na0.5Bi0.5TiO3, calculated using the KTBmBJ+so 

functional, are presented in Figure III.7. Examination of these maps reveals a significant 

concentration of charge along the circumference of circles surrounding Na and Bi atoms, 

interacting with neighboring O atoms across all three structures. This observation confirms 

the prevalence of ionic bonds, particularly O‒Na and O‒Bi bonds, attributed to the 

substantial difference in Pauling electronegativity between O and the Na/Bi constituents. 

Additionally, covalent bonding between Ti and O atoms is evident in the contour maps for 

all structures. Furthermore, it is apparent that the bonding interaction between O and Bi 

atoms is stronger compared to that between O and Na atoms. 

 

Figure-III.6: Computed charge density contours for Na0.5Bi0.5TiO3 
(NBT) in the (a) (120)-plane for R3c, (b) (100)-plane for P4bm, and (c) 
(110)-plane for Pm3തm symmetries, using the KTBmBJ+so functional. 
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III.5. Elastic and Mechanical Properties 

A. Elastic Stiffness Constants (Cij) 

Understanding elastic constants is essential for evaluating key mechanical properties 

of solids, such as stiffness, hardness, brittleness/ductility, stability, and bonding 

characteristics. In this section, we present the calculation of elastic stiffness constants (Cij) 

for Na0.5Bi0.5TiO3 (NBT) crystals across their rhombohedral, tetragonal, and cubic 

crystallographic phases. The calculations were performed using the stress-strain method, 

where the total energy as a function of strain was analyzed [42,43]. This method is described 

by the relationship: 

,
2

klij
ijkl

E
C

 


                                                      (3) 

where E,
ij , kl  denote the total energy, stress and strain tensors, respectively. 

In the R3c, P4bm, and Pm3തm symmetries, we considered six (C11, C12, C13, C14, C33, C44), 

six (C11, C12, C13, C33, C44, C66), and three (C11, C12, C44) independent single elastic constants 

[44], respectively. There corresponding stiffness matrix notation Cij are represented as flow:  
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Table III.3 summarizes the elastic constants (Cij) obtained using the GGA‒PBEsol and 

GGA‒WC approximations, along with others experimental and theoretical results. The Cij 

values obtained for the R3c-NBT crystal are higher than the experimental value reported by 

[45]. This discrepancy is likely due to the fact that quantum mechanical methods predict 

values at T = 0 K, where the crystal volume is minimized [46]. To the best of our 

knowledge, no other experimental studies are available to validate our computational results 

through comparison. Additionally, it can be observed that the R3c-NBT, P4bm-NBT, and 

Pm3തm-NBT crystals exhibit smaller Cij values compared to those previously reported using 

the GGA‒PBE approach by Bujakiewicz-Korońska et al. [46]. Therefore, the newly proposed 

GGA‒PBEsol and GGA‒WC methods are considered among the most reliable for predicting 

Cij values that are consistent with experimental data [7,47]. 

The shear elastic constant C11 associates to the material's resistance to unidirectional 

compression along the [100] axis under uniaxial strain [48], while the elastic constant C44 

corresponds the resistance to shear deformation [49]. NBT exhibits higher C11 values 

compared to C12 and C44 across the three symmetries, indicating that the crystals are more 

resistant to unidirectional compression than to shear deformation. Additionally, the elastic 

stiffness constants C11 and C33, as well as C44 and C66, show relatively close values due to the 

minor distortion in the rhombohedral structure, which aligns with experimental findings 

[45]. Furthermore, we propose that the NBT crystal exhibits greater rigidity in the cubic 

symmetry compared to the tetragonal and rhombohedral symmetries, as indicated by the 

highest value of C11 (see Table III.3). Empirical findings also show that the elastic stiffness 

constant C11 of NBT increases as the temperature approaches zero [45]. 
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Table III.3: Presents the calculated elastic constants (Cij), bulk modulus (B), shear modulus 
(G), Young's modulus (Y), Poisson’s ratio (ν), and Frantesvich ratio (G/B) for Na₀.₅Bi₀.₅TiO₃ 
(NBT) in its rhombohedral, tetragonal, and cubic phases, using GGA‒PBEsol and GGA‒WC 
approximations, compared to experimental data and other theoretical studies. 

Crystals  C11 C12 C13 C14 C33 C44 C66 B G Y  ν G/B 

Rhomb (R3c) PBEsol 266.1 120.5 71.34 21.31 202.0 40.73 72.82 137.2 55.45 146.6 0.322 0.404 
 WC 263.1 117.3 70.37 21.46 202.2 38.48 72.92 135.7 53.95 142.9 0.324 0.397 
 Expt. [45] 153.9 18.7 52.1 1.7 168.1 82.3 67.6 95.2  138.0   
 Theo.[46] 368.8 120.3 141.1  303.5 142.1 153.6 205.1     

Tetrag 
(P4bm)       

PBEsol 274.5 99.31 143.7  321.6 97.37 124.32 180.6 94.41 241.2 0.277 0.522 

 WC 276.5 98.17 146.8  326.6 95.74 124.76 182.3 94.09 240.8 0.279 0.516 
 Theo.[46]    328.7 96.9 115.9  318.4 95.05 115.3 168.3     

Cubic  (Pm𝟑ഥm)             PBEsol 330.2 117.9    91.90  188.7 97.37 249.2 0.279 0.516 
 WC 329.3 112.3    93.98  184.6 99.54 253.1 0.271 0.539 
 Theo.[46]    394.3 96.9    108.0  197.3     

 

B. Mechanical Behavior 

The Born mechanical stability criteria for the cubic crystal system are expressed by 

the following relations [44,50]: 

For the cubic crystal system: 

01211 CC ;   02 1211  CC ;  011C ;  ,044C  

For the tetragonal crystal system: 

1211 CC  ;    121133
2

13
2 CCCC  ;  044C ;  ,066C  

For the rhombohedral crystal system: 

1211 CC  ;   044C ;   121133
2

13 2

1
CCCC  ;   .

2

1
121144

2

14
CCCC   

The calculated elastic stiffness constants satisfy the mechanical stability criteria for 

the cubic, tetragonal, and rhombohedral phases, confirming that Na₀.₅Bi₀.₅TiO₃ (NBT) 

crystals are elastically stable under pressure. 

The mechanical properties, including the bulk modulus (B), shear modulus (G), 

Young's modulus (Y), and Poisson’s ratio (ν), for the three phases of NBT crystals were 
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derived from the elastic constants Cij using the Voigt–Reuss–Hill (VRH) scheme [51,52]. The 

results are summarized in Table 3. 

The bulk modulus is defined as the ratio of hydrostatic pressure to the relative 

change in volume, reflecting the material's resistance to fracturing. The shear modulus 

measures a material's ability to resist shape changes under constant volume and is indicative 

of its capacity for plastic deformation [53]. It can also serve as a better predictor of hardness 

[49]. The Young's modulus is a measure of stiffness; a high Young's modulus indicates a 

stiffer material [49]. Table III.3 presents nearly comparable projected values for the 

GGA‒PBEsol and GGA‒WC approximations. The calculated bulk modulus for R3c-NBT is 

approximately 135.7 GPa, which is slightly higher than the experimental value of 95.2 GPa 

[45] but significantly greater than the previous PBE estimate of 205.1 GPa. Our results 

indicate that R3c-NBT exhibits greater resistance to volume deformation compared to other 

lead-based crystals [40] which is attributed to the interactions within the Ti-O bonds [54]. 

The predicted values for Young's modulus (Y) and shear modulus (G) are relatively 

high across all three phases, indicating that the material is hard and stiff. For the R3c-NBT 

phase, the Young's modulus is calculated to be 142 GPa (with WC), which is in close 

agreement with the experimentally measured value of 135.7 GPa reported by Suchanicz et 

al. [45]. This value is significantly higher than that of PZT material, which has a Young's 

modulus of approximately 65 GPa [45]. The results demonstrate that the elastic modulus of 

Na₀.₅Bi₀.₅TiO₃ in the cubic phase is considerably greater than in the tetragonal and 

rhombohedral phases. This enhanced modulus is attributed to the strong covalent 

interactions between Ti and O atoms in the cubic structure, as depicted in Figure III.7 

[55,56]. These findings indicate that Na₀.₅Bi₀.₅TiO₃ (NBT) possesses a robust resistance to 

mechanical stresses, making it an ideal candidate for applications in piezoelectric devices such 

as bulk acoustic wave resonators (TFBARs), transducers, and actuators [57]. 

The Frantesvich G/B ratio serves as a criterion for assessing the brittleness or 

ductility of solids [58]. A crystal is classified as ductile if the G/B ratio is less than 0.571 and 

as brittle if it exceeds 0.571. The calculated G/B ratios for Na₀.₅Bi₀.₅TiO₃ in all three phases 

are below 0.571, suggesting that the crystal is likely to be ductile. Poisson's ratio (ν) can be 
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used to infer the type of bonding within the material. Covalent materials typically have ν 

values below 0.1, while ionic materials generally have ν values around 0.25 [59]. Using the 

GGA-WC approach, Poisson's ratio values of 0.324, 0.279, and 0.271 were obtained for the 

R3c, P4bm, and Pm3̅m crystal symmetries, respectively, indicating ionic bonding in 

Na₀.₅Bi₀.₅TiO₃. However, as evidenced by the charge density distributions, Na₀.₅Bi₀.₅TiO₃ 

displays a combination of ionic and covalent bonding characteristics. This suggests that 

Poisson's ratio alone is insufficient to fully describe the bonding properties of the material. 

Additionally, we examined elastic anisotropy by analyzing the directional dependence 

of the Young's modulus, shear modulus, and bulk modulus in Na₀.₅Bi₀.₅TiO₃ crystals. For the 

trigonal (class 3m), tetragonal (class 4mm), and cubic systems, the Young's modulus can be 

expressed as [60]: 
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For the crystals under consideration, the shear modulus can be expressed as [61]: 
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For crystals with 3m, 4mm, and cubic symmetries, the bulk modulus can be expressed as 

[62]: 

     ,cos
12

33131211131211
, 

 SSSSSSSB ttr                                               (13) 

and 

  .2 1
1211

 SSB c                                                                                                     (14) 

We employed Eqs (7‒14) to generate 3D surface plots of the bulk, shear, and 

Young's moduli for the rhombohedral, tetragonal, and cubic phases of Na₀.₅Bi₀.₅TiO₃ 

crystals, as shown in Figure III.8. The deviation of these moduli surfaces from a spherical 

shape provides insights into the material's elastic anisotropy. A material is considered 

isotropic if the moduli surfaces are spherical. The compressibility modulus data under 

hydrostatic pressure remains spherical, indicating that the Na₀.₅Bi₀.₅TiO₃ system is elastically 

isotropic in the three phases considered, consistent with previous reports [62]. Figure III.8 

demonstrates that the surfaces of the shear and Young's moduli for the rhombohedral and 

tetragonal phases deviate from a spherical shape, suggesting elastic anisotropy in these 

structures. In contrast, the cubic phase shows only a slight deviation, indicating low elastic 

anisotropy. The shear and Young's moduli of rhombohedral crystals exhibit a significant 

directional dependency compared to the tetragonal and cubic structures. 
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Figure III.7: Directional dependence of the bulk modulus, shear modulus, and Young's 
modulus for Na₀.₅Bi₀.₅TiO₃ (NBT) crystals: (a) R3c symmetry, (b) P4bm symmetry, and (c) 
Pm3 ̅m symmetry. 

C. Sound Wave Velocities  

The density (ρ) and acoustic wave velocities—longitudinal (νₗ), transverse (νₜ), and 

average (νₚ)—were calculated using the GGA-PBEsol and GGA-WC approximations for the 

three phases of perovskite Na₀.₅Bi₀.₅TiO₃. The longitudinal (νₗ), transverse (νₜ), and average 

(νₚ) acoustic velocities are determined using Napier’s equations [63]. The estimated results 

are detailed in Table III.4. The predicted density of 6.04 g/cm³ for R3c−NBT closely matches 

the experimental value of approximately 6 g/cm³ [45]. This density is lower than that of PZT 
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ceramics, which is about 8 g/cm³ [45]. As the structure transitions to cubic (Pm3 ̅m) and 

tetragonal (P4bm) symmetries, the density increases to 6.08 g/cm³ and 6.2 g/cm³, 

respectively, due to reduced porosity in the NBT structures. Table 4 shows that NBT with 

cubic symmetry has high acoustic wave velocities, with longitudinal (νₗ), transverse (νₜ), and 

average (νₚ) velocities of approximately 7236, 4000, and 4457 m/s, respectively. These 

velocities decrease when the structure changes to tetragonal symmetry, with values of 

around 7031, 3898, and 4342 m/s, and further decrease in the rhombohedral phase, with 

values of approximately 5909, 3027, and 3391 m/s. The observed reduction in acoustic 

velocities is attributed to the increased atomic weights in these NBT crystals. To date, no 

experimental data are available in the literature for comparison of acoustic velocities in these 

phases. 

Table III.4: Calculated density (ρ) in g/cm³, longitudinal (νₗ), transverse (νₜ), and average (νₚ) 

acoustic wave velocities in m/s for the rhombohedral, tetragonal, and cubic phases of 

perovskite Na₀.₅Bi₀.₅TiO₃ (NBT). 

Crystals   νl νt νm 

Rhombohedral 
(R3c) 

PBEsol 6.04 5909 3027 3391 

 WC 6.04 5862 2987 3348 
 Expt. [45] 6.00    
Tetragonal (P4bm)      PBEsol 6.20 7031 3898 4342 
 WC 6.19 7051 3898 4343 
Cubic  (Pm𝟑ഥm)             PBEsol 6.08 7236 4000 4457 
 WC 6.09 7215 4040 4497 

 

III.6. Piezoelectric Properties Analysis 

A. Piezoelectric and Dielectric Parameters 

Na₀.₅Bi₀.₅TiO₃ (NBT) stands out as a promising lead-free piezoelectric material, ideal 

for use in ultrasonic transducers, actuators, sensors, and dynamic random-access memory 

(DRAM) [64]. The piezoelectric constants are vital for designing and modeling electronic 

devices, as higher values can significantly enhance device performance and improve the 

efficiency of converting electrical energy into mechanical energy. 
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In its R3c symmetry form, Na₀.₅Bi₀.₅TiO₃ (NBT) features four independent 

piezoelectric coefficients: e22, e15, e31 and e33 [65]. Conversely, NBT with P4bm symmetry has 

three independent piezoelectric coefficients: e15, e31 and e33 [65]. Both R3c and P4bm 

symmetries of NBT also exhibit two independent dielectric coefficients: ϵ11 and ϵ33 [65]. The 

piezoelectric stress coefficients eij characterize the interaction between the electrical 

polarization Pi and the strain tensor ij, as detailed by [67]: 

,











jk

i
ijk d

dP
e


                                                       (18) 

where Pi represents the polarization vector, ij is the strain tensor element, and i,j,k= {1, 2, 3} 

range over {1, 2, 3}, where 1, 2, and 3 correspond to the x, y, and z Cartesian directions, 

respectively. 

For a rhombohedral structure, the matrix notation for eij is: 
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For a tetragonal structure, the matrix notation for eij is: 
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The piezoelectric coefficient dij can be derived from the piezoelectric stress tensor eij 

and the elastic constants Cij using the following formula [67]: 

,
6

1




k

kjikij Cde                                                    (21) 

 In Voigt notation, the elastic constants Ci are represented with indices i, j=1, 2, 3, 4, 

5, 6, while the piezoelectric tensors eij and dik use indices i=1, 2, 3 and and j, k = 1, 2, 3, 4, 5, 

6. 
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 The analytical solutions for the piezoelectric coefficients dij, obtained by solving Eq. 

(21) for a rhombohedral symmetry crystal, are explicitly expressed in Voigt notation as 

follows: 

  ,
2 2
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31 CCCC

eCeC
d


                                            (22) 
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For tetragonal crystal symmetry, the analytical solutions for the piezoelectric coefficients dij  

are: 
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e
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The piezoelectric coefficients (eij, dij) and static dielectric tensors (ϵij) for both the 

rhombohedral and tetragonal phases of Na₀.₅Bi₀.₅TiO₃ crystals were calculated using density 

functional perturbation theory (DFPT) [15] within the plane-wave pseudopotential 

framework and the GGA‒PBE exchange potential. The results are summarized in Table III.5. 

The piezoelectric coefficients for the R3c-NBT system are e31= 1.94 C/m², e15= 3.40 

C/m², and e33= 3.01 C/m², which are notably lower compared to those of the P4bm-NBT 

crystal, where the values are 9.84 C/m², 7.18 C/m², and 11.61 C/m², respectively. The d33 

piezoelectric constant for R3c-NBT is 21.22 pC/N, which is less than the experimental 

values of 72.18 pC/N [67] and 75.24 pC/N [68]. The d31 value is 8.93 pC/N, lower than the 

experimental measurement of 15.0 pC/N [69]. On the other hand, the d15 value of 96.4 
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pC/N for R3c-NBT is relatively close to the experimental value of 87.3 pC/N [69]. The d22 

value is 21.2 pC/N. It is important to note that the GGA‒PBE approximation within DFT 

tends to underestimate piezoelectric coefficients, as noted by other researchers [8,70]. For 

the P4bm-NBT crystal, the piezoelectric coefficients are d31= ‒ 51.3 pC/N, d15 = 101.0 pC/N, 

and d33 = 81.8 pC/N. These values are significantly higher than those for R3c-NBT, likely due 

to the greater distortion and higher permittivity (ϵ33) of the tetragonal NBT structure [48], 

as corroborated by Wan et al. [70]. The relatively modest piezoelectric properties are 

attributed to the challenges in effectively poling the perovskite Na₀.₅Bi₀.₅TiO₃ (NBT) due to 

its high conductivity and large coercive field [69,71]. Compared to conventional perovskite 

ferroelectrics like PbZrₓTi₁₋ₓO₃ (410 pC/N [72]), Ba₁₋ₓSrₓTiO₃ (133 pC/N [73]), and 

K₀.₅Na₀.₅NbO₃ (160 pC/N [74]), the piezoelectric coefficients of NBT are relatively small. 

However, they are comparable to those of BaTiO₃ (90 pC/N [75]) and PbTiO₃ (79.1 pC/N 

[75]), and are substantially higher than those of semiconductor materials such as AlN (~5.6 

pC/N [76]), GaN (~3.1 pC/N [77]), Sc₀.₄₃Al₀.₅₇N (~24.6 pC/N [78]), Y₀.₅In₀.₅N (~23.31 

pC/N [79]), and Y₀.₃ₜ₋₀.₆₂₅N (~17.5 pC/N [47]). Thus, lead-free Na₀.₅Bi₀.₅TiO₃ remains a 

strong candidate for advanced piezoelectric devices such as BAW resonators and RF filters 

[80]. Additionally, NBT with tetragonal symmetry exhibits high static dielectric tensors, with 

ϵ11 = 274.8 and ϵ33 = 163.5, making it a promising option for dynamic random-access memory 

(DRAM) applications [81]. In contrast, the dielectric tensors for NBT in rhombohedral 

symmetry are lower, with ϵ11 = 48.93 and ϵ33 = 20.42, aligning with previous theoretical 

values of 43.81 and 31.37, respectively [18]. 

Table III.5: Computed values for piezoelectric strain coefficients (dij, in pC/N), piezoelectric 
stress coefficients (eij, in C/m2) and dielectric constants (ϵij) for ferroelectric Na0.5Bi0.5TiO3 
(NBT) crystals.  

Crystals  d22 d15 d31 d33 e22 e15 e31 e33 ϵ11 ϵ33 

Rhombohedral (R3c) PBE 21.2 96.4 ‒8.93 21.2 1.55 3.40 ‒1.9
4 

3.01 48.93 20.4
2 

 Expt. [69]  87.3 ‒15.0 72.9       
       [75]    72.1       
       [68]    75.2       
 Theor. 

[18]    
        43.81 31.3

7 
Tetragonal (P4bm)   PBE  101.0 ‒50.3 81.1  9.84 ‒7.1

8 
11.61 274.8 163.

5 
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B. Directional Dependence of the Piezoelectric Coefficient 

The longitudinal piezoelectric coefficient *
33d  (in pm/V) provides insight into how the 

piezoelectric response of a crystal depends on its orientation [82]. For the tetragonal system 

(class 4mm), this coefficient in any given direction, as a function of the angle   from the 

polar axis, can be described by [51]: 

  33
3

15
2

31
2*

33 cossincossincos dddd                                                                   

(29) 

For the rhombohedral system (class 3m), the piezoelectric coefficient *
33d depends on 

two Euler angles,   and ϕ. It is expressed by the following relation [51]: 

     
33

3

22
223

3115
22*

33

cos

cossin3cossinsinsincos,

d

dddd








                       (30)     

We compute the orientation dependence of the piezoelectric coefficients using Eqs. 

(29) and (30) for both the rhombohedral (R3c) and tetragonal (P4bm) phases of 

Na₀.₅Bi₀.₅TiO₃ (NBT) crystals, as depicted in Figure III.9.  

The surface forms of  ,*
33d  for the rhombohedral and tetragonal phases of 

Na₀.₅Bi₀.₅TiO₃ (NBT) are comparable to those of other perovskite ferroelectrics with 

similar point groups, such as BaTiO₃ [83,84], PbTiO₃ [83], and PZT [84]. In the 

rhombohedral phase, NBT exhibits pronounced piezoelectric anisotropy due to 

ferroelectric-ferroelectric phase transitions [85], as shown in Figure III.9(a). Figure III.9(b) 

illustrates the relatively mild piezoelectric anisotropy in the tetragonal phase of NBT. 

Additionally, the data in Figure III.9 indicates that the maximum piezoelectric response for 

tetragonal symmetry occurs along the [001] polar direction, suggesting that P4bm-NBT 

behaves as an extender ferroelectric. In contrast, for rhombohedral symmetry, the highest 

piezoelectric response is observed away from the vertical polar direction, indicating that 

R3c-NBT functions as a rotator ferroelectric. This behavior is attributed to the significantly 

larger shear coefficient d15 compared to the longitudinal coefficient d33 in R3c-NBT, resulting 

in a stronger piezoelectric response away from the polar axis, unlike in P4bm-NBT. This 
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finding is consistent with the observations of Davis et al. [83] and Damjanovic et al. [84] 

regarding BaTiO₃ and PbTiO₃.  

Rotator ferroelectrics include materials like PMN-33PT, BaTiO₃, KNbO₃, and PZN-

9PT, whereas PbTiO₃ is classified as an extender ferroelectric [83]. For the rhombohedral 

NBT system, we calculate a value of *
33d = 39.24 pC/N for the [69] direction (with  = 

0°and  = 54.74°), nearly twice the mono-domain value of ( 33d = 21.2 pC/N). The value of 

*
33d for the [001] direction is 26.72 pC/N for (with  = 60° and  = 35.26°). These values 

are smaller than the measured value of 131 pC/N [86], which is about twice the mono-

domain experimental value of 72 pC/N reported by Fujii et al. [86]. For the tetragonal NBT 

crystal, we obtain *
33d = 46.59 pC/N for the [69]c direction (with  = 90°,  = 45°), and 

*
33d = 35.96 pC/N for the [111]c direction (with  = ‒45°,  = ‒54.74°). Thus, domain 

engineering enhances the longitudinal piezoelectric coefficient *
33d  in the rotator 

ferroelectric R3c-NBT, whereas the piezoelectric coefficient in the extender ferroelectric 

P4bm-NBT peaks along the polar axis. davis et al. [75] provide a comprehensive description 

of domain-engineered structures and the relevant Euler angles ( and )  for coordinate 

transformations across different crystal point groups. 
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Figure III.8: Orientation dependence of  ,*
33d  in (a) rhombohedral 

and (b) tetragonal phases of Na₀.₅Bi₀.₅TiO₃ (NBT) crystals. The 
minimum and maximum piezoelectric constants are observed along the [010] 
direction. The coordinate system corresponds to the crystallographic axes. 

III.7. Thermodynamic Properties  

In this section, the Gibbs2 code, developed by Blanco et al. [87], is utilized to analyze 

thermodynamic properties such as volume (V), bulk modulus (B), specific heat (Cv), thermal 

expansion (α), entropy (S), and Debye temperature (D) for the Na₀.₅Bi₀.₅TiO₃ crystal in 

its rhombohedral (R3c) phase, within the temperature range of 0–1200 K. These 

thermodynamic properties are derived using the quasi-harmonic Debye model, which 

calculates energy-volume points [88]. In this model, the Gibbs free energy G* (V,P,T) is 

expressed as follows: 

    ,,),,(
D

* TVΘAPVVETPVG
Vib

                               (31) 

where E(V) represents the total energy per unit cell PV is the hydrostatic pressure term, D 

(V) is the Debye temperature, and AVib denotes the vibrational Helmholtz free energy.  

The vibrational Helmholtz free energy can be expressed as follows [87]: 
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where n is the number of atoms per unit cell, and D(D/T) denotes the Debye integral. For 

an isotropic solid with a Poisson’s ratio , the Debye temperature D is expressed as: 

  ,6
3

1

2
12

D M

B
fnV

K
Θ s 





                                          (33) 

where M represents the molecular mass per unit cell, and BS is the adiabatic bulk modulus, 

which is estimated using the static compressibility: 

   
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VEd
VVBBs                                                   (34) 

The function f(σ) is provided in references [89,90]. Thus, the minimum of the non-

equilibrium Gibbs function, G*(V, P, T), can be determined by differentiating it with respect to 

the volume V: 
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By solving Eq. (35), the thermal equation of state (EOS) V(P, T) can be determined. 

The heat capacity Cv(T) and the coefficient of thermal expansion α are given by [52]: 
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The Grüneisen parameter γ has several equally valid formulations. Some of these can 

be defined as follows: 
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BT is the isothermal bulk modulus, defined by the equilibrium thermodynamic relation [87]: 
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A. Pressure and Temperature Effects on Volume (V) and Bulk Modulus (B) 

Figure III.10(a) illustrates how volume varies with temperature at different pressures. 

The volume shows a steady increase with temperature, though the rate of increase is quite 
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gradual. At zero pressure, the volume is approximately 2375 bohr3, decreasing to about 

1994 bohr3 (P = 50 GPa) at a pressure of 50 GPa. Conversely, the bulk modulus B rises 

significantly with pressure, from 184 GPa at 0 GPa to 414 GPa at 50 GPa at ambient 

temperature (300 K), but slightly decreases to 175 GPa as the temperature increases to 600 

K, as shown in Figure III.10(b). This observation suggests that the effect of reducing pressure 

on the material is similar to that of increasing temperature, indicating that higher 

temperatures lead to a decrease in the hardness of the crystals. 

 

Figure III.9: Variation of (a) volume V and (b) compressibility modulus 
B with temperature under different pressures for the rhombohedral 
Na₀.₅Bi₀.₅TiO₃ crystal. 

B. Specific Heat (Cv) 

Heat capacity measures a material's ability to store heat as temperature changes and 

provides insights into various properties, such as lattice vibrations, which are crucial for 

many applications [91]. As shown in Figure III.10(a), the volume remains relatively stable with 

temperature changes. Consequently, we focus on the heat capacity at constant volume, Cv , 

in this section. Figure III.11(a) illustrates the variation of Cv with temperature at different 

pressures. At T=0 K, Cv is zero. At low temperatures (T < 800 K), Cv increases rapidly with 
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temperature, reflecting the Debye model's approximation. At higher temperatures, Cv 

becomes nearly temperature-independent and approaches a saturation value of 727.3 

J/mol·K. This behavior, which aligns with the Dulong–Petit law, indicates that at high 

temperatures, thermal energy excites all phonon modes, a common characteristic of solids. 

C. Thermal Expansion (α) 

As the temperature of a material increases, its configuration changes, a phenomenon 

known as thermal expansion, denoted by "α". Figure III.11(b) illustrates the variation of 

thermal expansion α\alphaα with temperature at different pressures. As shown, α increases 

rapidly between 0 K and 400 K. Beyond this range, α continues to rise but at a slower, 

nearly linear rate, eventually reaching a constant value at higher temperatures. In this 

temperature range, α decreases sharply with increasing pressure, dropping from 4.010‒5 

K‒1 at P= 0 GPa to 2.010‒5 K‒1 at P = 50 GPa. This decrease indicates that as the atoms 

gain kinetic energy, they vibrate and move more, increasing the interatomic distances and 

thus the material's expansion. However, applied pressure constrains the expansion of bond 

lengths, thereby reducing the overall thermal expansion.  

According to standard classifications based on the coefficient of thermal expansion: 

 Low expansion:      2.10‒6 K‒1. 

 Intermediate expansion: 2.10‒6 K‒1   8.10‒6 K‒1 

 Strong expansion:   8.10‒6 K‒1 

Based on these classifications, our calculations suggest that the rhombohedral NBT 

system belongs to the strong expansion material group. 

D. Entropy (S) 

Entropy (S), an extensive property, measures the level of molecular disorder or 

randomness within a system. Figure III.11(c) illustrates how entropy S varies with 

temperature under different pressures. At very low temperatures, S increases sharply as the 

temperature T rises, primarily due to vibrational excitations from acoustic vibrations. 
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However, as pressure increases, S decreases gradually. For instance, at T = 300 K, entropy S 

decreases from 535 J/mol·K at 0 GPa to 322 J/mol·K at 50 GPa. 

E. Debye Temperature (D) 

The Debye temperature (D) is a crucial parameter in condensed matter physics, 

used to derive thermal properties of crystal structures. It represents the maximum 

vibrational energy of the system, where high-frequency modes possess energy on the order 

of kBT and are effectively frozen at temperatures below D [92]. Figure III.11(d) presents the 

variation of D with temperature for different pressures in Na0.5Bi0.5TiO3 crystals. At 0 K and 

0 GPa, the Debye temperature is relatively high at 623.9 K, indicating that the Na0.5Bi0.5TiO3 

system in its rhombohedral phase is elastically stiff. At room temperature (300 K) and 0 GPa, 

D slightly decreases to 617.9 K. However, D increases significantly with pressure, reaching 

900 K at 50 GPa. This suggests that pressure has a more pronounced effect on D and, 

consequently, the hardness of the NBT crystal than temperature. 
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Figure III.10: Variation of (a) thermal capacity Cv, (b) thermal expansion 
α, (c) entropy S, and (d) Debye temperature D with temperature under 
different pressures for the rhombohedral Na0.5Bi0.5TiO3 crystal. 
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III.8. Thermoelectric Properties  

The primary cause of excessive energy consumption is the loss of more than 60% of 

energy as wasted heat. Thermoelectricity, first discovered by Thomas Seebeck [93], offers a 

method to harness this wasted energy by directly converting excess heat into usable power. 

Identifying effective and environmentally friendly thermoelectric materials is a key focus for 

scientists and industry professionals aiming to generate green energy from waste heat. The 

performance of a thermoelectric material is quantified by the dimensionless figure of merit, 

ZT, defined as follows: 

,
2

T
S

ZT




                                                                   

(40) 

where S (V/K) denotes the Seebeck coefficient,  (ms)‒1 represents the electrical 

conductivity, and κ (Wm‒1K‒1s‒1) is the total thermal conductivity, which includes 

contributions from both electrons and the lattice: 

,lattel                                                        (41) 

The Seebeck coefficient can be derived from the electron density of states and the 

effective masses of the charge carriers using the following relationship: 
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where kB denotes the Boltzmann constant, e represents the elementary charge, h is the 

Planck constant, m* refers to the effective mass of the carriers at the Fermi level, n is the 

concentration of the majority carriers and T is the temperature. 

We examine, in this section, the thermoelectric (TE) properties of the Na0.5Bi0.5TiO3 

crystals across rhombohedral (R3c), tetragonal (P4bm), and cubic (Pm3 ̅m) symmetries as a 

function of temperature up to 900 K. These properties include electrical conductivity (σ/τ), 

thermal conductivity (κ/τ), Seebeck coefficient (S), figure of merit (ZT), and thermopower. 

All these quantities are computed using the BoltzTraP2 code, which applies the Boltzmann 

semi-classical theory with a constant relaxation time approximation. In this framework, the 

relaxation time τ is set to 10⁻¹⁴ s [94]. 
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A. Seebeck Coefficient (S) 

The Seebeck coefficient (S) reflects the ability of electrons to transport heat and 

electric current, defined as the ratio of the voltage change (ΔV) to the temperature change 

(ΔT) [95]. A positive Seebeck coefficient suggests that the dominant charge carriers in the 

material are holes [96,97], identifying it as a p-type semiconductor. Figure III.12(a) displays 

the computed Seebeck coefficient for the Na0.5Bi0.5TiO3 crystals across the three crystal 

phases as a function of temperature. For both tetragonal and cubic phases, the Seebeck 

coefficient initially increases with temperature until reaching a peak, beyond which it declines 

due to the thermal excitation of minority carriers. Conversely, in the rhombohedral phase, 

the Seebeck coefficient decreases with rising temperature. The tetragonal phase exhibits the 

highest Seebeck coefficient, reaching approximately 201.42 µV/K at T = 500 K, compared to 

about 173.6 µV/K in the cubic phase at T = 800 K and 158.6 µV/K in the rhombohedral 

phase at T = 100 K. At room temperature (T = 300 K), the Seebeck coefficients are 

approximately 185.3 µV/K for the tetragonal phase, 150.3 µV/K for the cubic phase, and 

142.3 µV/K for the rhombohedral phase. 

B. Electrical Conductivity (σ/τ) 

Electrical conductivity (σ) is influenced by the concentration and mobility of charge 

carriers. Figure III.12(b) illustrates the variation of σ/τ with temperature (T). Since the 

BoltzTraP2 code calculates σ relative to the relaxation time (τ), we incorporate τ by 

multiplying it with a constant value previously specified. At room temperature (T = 300 K), 

the cubic phase exhibits a notable σ/τ value of approximately 1.54×10¹⁹ (Ω·m)⁻¹. In 

comparison, the tetragonal and rhombohedral phases show values of about 3.65×10¹⁸ 

(Ω·m)⁻¹ and 3.85×10¹⁸ (Ω·m)⁻¹, respectively. As depicted in Figure III.12(b), σ/τ initially 

increases with temperature and accelerates at higher temperatures, peaking at 

approximately 2.82×10¹⁹ (Ω·m)⁻¹ for the cubic phase. At 900 K, the values for the tetragonal 

and rhombohedral phases are about 1.09×10¹⁹ (Ω·m)⁻¹ and 3.65×10¹⁸ (Ω·m)⁻¹, respectively. 

These high electrical conductivity values confirm that Na0.5Bi0.5TiO3, a lead-free perovskite, is 

an excellent electrical conductor [98]. 
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C. Thermal Conductivity (κ/τ) 

Thermal conductivity in materials arises from two primary sources: phonons, which 

conduct heat through lattice vibrations, and electrons, which transfer heat as charge carriers 

[99]. Among these, electronic thermal conductivity (κel) is typically more substantial than 

vibrational (phonon) conductivity (κLatt). Figure III.12(c) presents the electronic thermal 

conductivity, expressed as κel/τ, for the three phases of Na0.5Bi0.5TiO3 crystals as a function of 

temperature. The κel/τ values increase with temperature up to 900 K due to the rising 

concentration of electrons, which enhances collisions and, consequently, thermal 

conductivity. In the rhombohedral phase, κel/τ shows a modest increase from 0 to 2.85×10¹³ 

W·m⁻¹·K⁻¹·s⁻¹ by 900 K. In the tetragonal phase, thermal conductivity rises more noticeably 

from 0 to 1.36×10¹⁴ W·m⁻¹·K⁻¹·s⁻¹ at 900 K. The cubic phase, however, exhibits a rapid 

increase in κel/τ with temperature, reaching approximately 3.53×10¹⁴ W·m⁻¹·K⁻¹·s⁻¹ at 900 

K. 

D. Power Factor 

The power factor (PF), or thermal power, is calculated S2 σ/τ. Figure III.12(d) 

illustrates the power factor for Na0.5Bi0.5TiO3 crystals across different phases. The power 

factor increases with temperature, peaking at high temperatures (900 K). In the cubic phase, 

the PF reaches approximately 8.52×10¹¹ W·m⁻¹·K⁻²·s⁻¹. The tetragonal phase shows a PF of 

about 4.06×10¹¹ W·m⁻¹·K⁻²·s⁻¹, while the rhombohedral phase has a lower value of around 

5.09×10¹⁰ W·m⁻¹·K⁻²·s⁻¹. These results indicate that the lead-free perovskite Na0.5Bi0.5TiO3 

exhibits significant thermal power, with values on the order of 10¹¹ W·m⁻¹·K⁻²·s⁻¹, 

positioning it as an excellent thermoelectric material [100]. 

E. Figure of Merit (ZT) 

The figure of merit (ZT) is a key indicator of the potential of thermoelectric 

materials, with higher ZT values reflecting better performance. A high ZT value is typically 

associated with a high Seebeck coefficient (S) and low lattice thermal conductivity (κ), as 
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indicated by Eq. (40), which are essential for efficient thermoelectric systems [101]. Figure 

III.12(e) displays the ZT values as a function of temperature for the three phases of 

Na0.5Bi0.5TiO3 crystals. The ZT increases with temperature, peaking at approximately 2.76 at 

700 K for the tetragonal phase, 2.16 at 900 K for the cubic phase, and 1.96 at 400 K for the 

rhombohedral phase. Beyond these temperatures, ZT tends to decrease due to a decline in 

the Seebeck coefficient and a sharp rise in thermal conductivity. At room temperature (T = 

300 K), the R3c-NBT crystal achieves the highest ZT value of about 1.94, followed by the 

P4bm-NBT crystal at approximately 1.62, and the Pm3 ̅m-NBT crystal at around 1.16. These 

results suggest that the lead-free Na0.5Bi0.5TiO3 perovskite is a promising candidate for 

thermoelectric generators and the development of cost-effective, environmentally friendly 

energy harvesters. 



 
Chapter III: DFT Insights into the Thermoelectric and Piezoelectric Properties in Lead-Free Perovskites: A Case 

Study of Na₀.₅Bi₀.₅Tio₃ 
 

113 | P a g e  

          

           

                                                                                                                                     

Figure III.11: Temperature Dependence 
of (a) Seebeck Coefficient (S), (b) 
Electrical Conductivity-to-Relaxation 
Time Ratio (σ/τ), (c) Thermal 
Conductivity-to-Relaxation Time Ratio 
(κ/τ), (d) Power Factor, and (e) Figure of 
Merit (ZT) for Na0.5Bi0.5TiO3 Crystals 
in R3c, P4bm, and Pm3 ̅m Phases. 
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III.9. Conclusion  

In this chapter, we have utilized advanced ab initio DFT computational methods to 

explore key properties of lead-free Na0.5Bi0.5TiO3 (NBT) perovskite, including structural 

stability, electronic structure, elasto-mechanical characteristics, piezoelectricity, 

thermodynamics, and thermoelectric performance across its rhombohedral (R3c), tetragonal 

(P4bm), and cubic (Pm3 ̅m) phases. Our computed lattice parameters are consistent with 

experimental data. The formation energy and phonon dispersion analyses affirm the 

thermodynamic and dynamic stability of the R3c-NBT phase. The KTB‒mBJ+so potential 

accurately predicts the indirect band gaps for all three phases of NBT. Analysis of the 

electron charge density reveals a combination of ionic (O‒Na and O‒Bi) and covalent 

(O‒Ti) bonding characteristics. The elastic constants and moduli (B, G, and Y) indicate that 

Na0.5Bi0.5TiO3 crystals are mechanically robust, with the R3c-NBT phase exhibiting notable 

anisotropy in its elastic properties. The ferroelectric P4bm-NBT phase shows superior 

piezoelectric and dielectric coefficients compared to R3c-NBT. Our findings demonstrate 

that pressure has a more substantial impact on the Debye temperature than temperature 

itself. The thermoelectric properties of NBT crystals indicate impressive performance, with 

high electrical conductivity, a substantial figure of merit, and low thermal conductivity. 

Consequently, lead-free Na0.5Bi0.5TiO3 (NBT) perovskite emerges as a highly promising 

material for advanced piezoelectric devices and future green energy harvesting applications. 
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IV.1. Introduction 

The major advancements in numerical computation method, particularly the Full-

Potential Linearized Augmented Plane Wave (FP-LAPW) method within the framework of 

Density Functional Theory (DFT), play a crucial role in the accurate investigation and 

prediction of various semiconductor material properties. The discovery of new materials 

such as ScₓAl₁₋ₓN, CrₓAl₁₋ₓN, and YₓAl₁₋ₓN, which are formed by doping AlN with 

transition metals (TM = Sc, Cr, Y), presents significant opportunities to enhance 

optoelectronic and piezo-thermoelectric performance. These enhancements are particularly 

relevant for advanced optoelectronics, potentially extending the spectral range from the 

infrared-visible to the deep ultraviolet spectrum, as well as for the development of 

electroacoustic devices operating at high frequencies.  

In this chapter, we investigated the structural, electronic, thermodynamic, and 

thermoelectric properties of yttrium aluminum nitride, YxAl1xN, semiconductor alloys in the 

wurtzite structure for yttrium concentration ranging from 0 ≤ x ≤ 0.375, employing the 

powerful FP-LAPW method within DFT. These calculations were performed using various 

approaches such as the modern GGAPBEsol and nKTBmBJ approximations. We first 

calculated the structural properties to obtain information on the macroscopic and chemical 

structure of the materials. The knowledge of the structural properties then allowed us to 

predict other interesting properties such as electronic, thermoelectric, piezoelectric, etc. 

IV.2. Methodological Details 

The structural and electronic characteristics of wurtzite YxAl1xN alloys have been 

demonstrated using ab initio calculations based on a Full Potential Linear Augmented Plane 

Wave (FPLAPW) method [1] within DFT theory [2] as incorporated in the WIEN2K 

package [3]. To optimize the structural parameters, the new Perdew-Berke-Ernzerhof for 

solids (PBEsol) approach [4] based on generalized gradient approximation (GGA) was used 

to treat the exchange-correlation potential, which is known for its efficiency in the 

prediction of structural parameters and agrees well with experiments [5]. To examine the 
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electronic structure, such as band structure, density of states, and charge density, the 

modified semi-local Becke-Johnson exchange potential recently established by Koller-Tran-

Blaha (nKTBmBJ) [6] was used. This modern approach is actually considered one of the 

best tools to obtain energy bandgaps with high accuracy for various types of semiconductors 

and insulators, in better agreement with experiments and comparable to those of high-cost 

hybrid functionals and GW methods [7,8]. In addition, for elastic constants calculations, we 

applied the Ultrasoft Vanderbilt pseudopotential [9] and PBEsol-GGA [4] as implemented in 

the Cambridge Serial Total Energy Package (CASTEP) [10]. The piezoelectric response of 

the considered alloys was determined using density functional perturbation theory (DFPT) 

[11] with the Plane-Wave Pseudopotential method and PBEsol for the exchange-correlation 

term.  

In the WIEN2K package, the interstitial region, the basis function is expanded up to 

RMT×Kmax = 7, where RMT is the middle radius of the spheres muffin-tin and Kmax is the highest 

value of the vector wave. The charge density, potential, and wave functions inside the muffin-

tin spheres are expanded with an angular momentum up to lmax = 10. The RMT values of 1.9, 

1.85, and 1.64 a.u. are chosen for Y, Al, and N, respectively. The states [Kr] 4d1 5s2, [Ne] 3s2 

3p1, and 1s2 2s2 2p3 for Y, Al, and N, respectively, are treated as the valence states. In the 

CASTEP code, a self-consistent field (SCF) tolerance of 5.0 × 10⁻⁶ eV/atom was employed, 

with the residual force minimized to below 0.01 eV/Å, the residual bulk stress reduced to 

less than 0.02 GPa, and atomic displacements constrained to within 0.001 Å. The plane-wave 

cutoff energy was set to 520 eV to ensure the convergence of calculations. In the irreducible 

wedge of the Brillouin zone, we use Monkhorst-Pack [12] meshes of 40 (a grid of 8 × 8 × 8) 

special k-points for undoped Al and 16 (a grid of 4 × 4 × 2) for doped YxAl1xN alloys. 

Along this study, we consider YxAl1xN crystals (with x up to 0.375) to crystalize in 

the hexagonal wurtzite structure, consistent to previous works [13,14]. To model theses 

crystals, we adopt 32-atom super-cells (YnAl1−nN16) based on a (2 × 2 × 2) conventional 

hexagonal wurtzite unit cell.  
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In Figure-IV.1, we display the crystallographic structures for hexagonal wurtzite 

YxAl1xN for x = 0, 0.062, 0.125, 0.25, and 0.375. The atomic configurations shown in Figure-

IV.1 are the most energetically stable [15]. To achieve structural stability, all doped material 

structures were fully relaxed, and consequently, the atoms were positioned in their 

equilibrium positions by minimizing the forces on the atoms using a self-consistent FP-LAPW 

calculation via the MIN program implemented in the WIEN2K code. 

 
Figure-IV.1. Crystallographic structures of wurtzite YxAl1xN alloys 
for x= 0 (a) (unit cell), 0.062 (b), 0.125 (c), 0.25 (d), and 0.375 (e) 
(2a×2b×2c supercell). 
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IV.3. Structural Properties and Lattice Stabilities   

A. Ground-State Structural Parameters 

In the first step of this study, we have optimized and determined the ground-state 

structural parameters of YxAl1xN alloys in their equilibrium hexagonal wurtzite phase using 

the GGA-PBEsol functional within FPLAPW method for yttrium concentrations (x) of 0, 

0.062, 0.125, 0.25, and 0.375. Recent experimental studies have demonstrated that YₓAl₁₋ₓN 

thin films can be grown with yttrium concentrations up to 11.6% [16] and 22% [17]. 

The results for the lattice parameters (a0, c0), c0/a0 ratio, volume (V0), and bulk 

modulus (B0) at T = 0 K and P = 0 GPa are presented in Table 1, along with comparative 

computational values and experimental data. A good agreement was achieved between the 

present values and those obtained experimentally for the binary AlN compound, with lattice 

parameters of 3.11 Å, 4.98 Å, and a c₀/a₀ ratio of 1.601 [14,18]. The calculated values of a₀ = 

3.204 Å and c₀ = 5.06 Å within GGA-PBEsol for the Y0.125Al0.875N alloy are in close 

agreement with the measured values of 3.20 Å and 5.04 Å reported at x = 0.13 [14]. In 

contrast, previous calculations using standard approaches like GGA-PBE have overestimated 

these lattice parameters, as reported by Montes et al. [13] and Xie et al. [15]. It is well 

known that conventional GGA-PBE within DFT theory typically overestimates lattice 

parameters [19,20]. This underscores the advantage of using the GGA-PBEsol functional for 

more accurate calculations. As shown in Table IV-1, the bulk modulus decreases from 200.4 

GPa at x = 0 to 163.2 GPa at x = 0.375. This indicates that YxAl1xN crystal becomes less 

resistant to compressibility as Y substitutes for the Al atom.  
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Table IV.1: Calculated equilibrium lattices parameters (Å), c0/a0 ratio, volume (Å3), bulk 
modulus, and formation energy (Ef) (eV) for wurtzite YxAl1xN alloys with yttrium contents 
(0≤ x ≤0.375). 

Figure IV.2 represent the variation of the lattice parameters (a0 and c0) of YxAl1xN 

alloys as a function of yttrium concentration. It is observed that a0 increases approximately 

linearly with increasing x, exhibiting a slight upward bowing with a parameter of −0.08597 Å. 

In contrast, c0 deviates significantly from the linear Vegard’s rule [22], showing a substantial 

bowing of −0.5715 Å. These bowing effects can be primarily attributed to the lattice 

mismatch between the parent binaries AlN and YN, as well as the relaxation influences on 

the Al–Y and N–Y bond lengths. The increase in lattice parameters with Y content is due to 

the larger ionic radius of Y+3 (1.019 Å) compared to that of Al+3 (0.535 Å) [23].  

In addition, as observed in Figure IV.2(a) and IV.2(b), the evolution of lattice 

parameters in YxAl1xN is in better agreement with experimental results [14,16,17] 

compared to those from other classical DFT calculations [13,14,15,16]. A similar trend in 

lattice parameters (a₀, c₀) with varying Sc content has recently been observed in ScxAl1xN 

films, as reported in the experimental work by Dinh et al. [24]. Figure IV.3 clearly shows that 

the total energy decreases as yttrium content increases, signifying an enhancement in the 

energetic stability of the YₓAl₁₋ₓN systems. 

Y-contents   a0 (Å) c0 (Å) c0/a0 V0 (Å3) B0 (GPa) Ef (eV) 

AlN PBEsol 3.113 4.983 1.600 335.49 200.4 - 
 Expt. [14,18,21] 3.11 4.98 1.601    

 
Theo. PP-PBE [15] 

FP-PBE [13] 
3.13 
3.138 

5.02 
5.027 

1.603 
1.602 

340.564 
21.435 

  

Y0.0625Al0.9375N PBEsol 3.155 5.031 1.594 348.59 193.0 ‒3.966 
 Theo. PP-PBE [15] 3.17 5.08 1.602 354.321   

Y0.125Al0.875N PBEsol 3.204 5.060 1.579 361.98 186.3 ‒4.027 
 Theo. PP-PBE [15] 3.22 5.10 1.584 367.823   

Y0.25Al0.750N PBEsol 3.290 5.141 1.577 385.30 174.9 ‒4.062 

 
Theo. PP-PBE [15] 

FP-PBE [13] 
3.33 
3.352 

5.19 
5.346 

1.559 
1.595 

392.358 
26.012 

  

Y0.375Al 0.625N PBEsol 3.375 5.256 1.557 411.52 163.2 ‒4.092 
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Figure IV.2. Variation of lattice parameters a0 (a) and c0 (b) 
as a function of yttrium composition for wurtzite YxAl1xN 
alloys. 

 

Figure IV.3. Variation of total energy as a function of 
volume for wurtzite YxAl1xN alloys with x values of 0, 0.062, 
0.125, 0.25, and 0.375. The solid lines denote the fit of 
Murnaghan’s equation of state to the data. 
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B. Lattice Stability  

To ensure structural stability, the thermodynamic and dynamical stabilities of doped 

wurtzite YₓAl₁₋ₓN alloys were examined through formation energy and phonon frequency 

calculations [25,26]. 

 Firstly, we computed the formation energy (Ef) of doping YAlN alloys using 

the flowing relationship [27] : 

 ii
parent
AlN

dop
YAlNf mEEE   (1) 

Where YAlNE and AlNE  are the total energy of doping YAlN and the pure AlN, respectively. 

mi denotes the number of atoms related to pure AlN, and µi are the chemical potentials of 

the corresponding atoms in their bulk phases.  

As shown in Table IV-1, the obtained values of Ef are ‒3.966, ‒4.027, ‒4.062, 

‒4.092 eV for x= 0.062, 0.125, 0.25, and 0.375, respectively. These negative values signify the 

thermodynamic stability of YₓAl₁₋ₓN systems across the full range of yttrium concentrations. 

It is also observed that Ef decreases as yttrium content increases, indicating that YₓAl₁₋ₓN 

crystals can be grown more easily experimentally, consistent with previous experimental 

work [16,17]. Consequently, yttrium doping enhances the thermodynamic stability of 

YₓAl₁₋ₓN crystals. 

Secondly, to evaluate dynamical stability, we calculated the phonon frequencies of 

YₓAl₁₋ₓN alloys with x = 0, 0.125, 0.25, and 0.375 using density functional perturbation 

theory (DFPT) [28] and the local density approximation (LDA). LDA is a more efficient tool 

for computing phonon frequencies and generally provides better agreement with 

experimental results [29]. The absence of imaginary phonon frequencies indicates that the 

crystal is dynamically stable [30]. In contrast, negative values correspond to imaginary 

frequencies, which are associated with unstable modes. The computed phonon dispersion 

spectra along high-symmetry directions are displayed in Figure IV.4. The absence of 

imaginary phonon frequencies in the curves suggests dynamic stability of YₓAl₁₋ₓN crystals 

across the entire yttrium concentration range of 0 to 0.375.  
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Figure IV.4. Computed phonon dispersions for wurtzite YxAl1xN alloys with 

concentrations x = 0, 0.125, 0.25, and 0.375 along high-symmetry directions. 

IV.4. Electronic Structure  

A.  Bandgap 

Understanding the electronic structure of materials is crucial for determining their 

suitability for applications in photonic devices. In this section, we investigate the electronic 

structure of wurtzite YxAl1xN compounds with varying yttrium concentrations (0≤ x 

≤0.375). This study includes an analysis of the bandgap, density of states, and bonding charge 

density. The calculations were performed using self-consistent scalar relativistic FP-LAPW 

methods, with the exchange and correlation effects treated using the newly developed 

nKTBmBJ exchange potential. 

Table IV-2 summarizes the bandgap results along with previous DFT calculations and 

experimental data. The direct bandgap (EΓ‒Γ) of pure AlN was calculated to be 6.104 eV, 

which is in close agreement with the measured value of 6.2 eV reported by Sedrine et al. 

[17] and Adachi [21]. This result obtained using nKTBmBJ is an improvement over the 
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5.385 eV value obtained using the original TBmBJ functional [13], and significantly better 

than the previous values of 4.028 eV [15], 4.11 eV [31], 3.98 eV [32], and 4.1 eV [33] derived 

from the standard PBE (GGA) approach. Our calculated bandgaps using the nKTBmBJ 

approach for YxAl1xN compounds (see Table IV-2) are overestimated than those reported in 

previous studies using the TB-mBJ (López-Pérez et al. [13]) and PBE (GGA) (Xie et al. [15]) 

methods. The nKTBmBJ functional is nowadays considered one of the most accurate 

schemes for predicting bandgaps across a wide range of materials, including semiconductors 

and insulators, with performance comparable to more expensive methods such as GW and 

hybrid functionals [3]. Both the nKTBmBJ functional and its origin the TBmBJ have been 

successfully employed to explore the characteristics of emergence optoelectronic materials, 

such as III‒V bismides semiconductors {InSbBi [34], GaPBi [35], InAsBi [36], InPBi [37], 

BTlGaN [38], BGaAsBi [39], BInGaN [40]}, and perovskites crystals {BaSrTiO3 [7], 

Na2AgAsX6 (X = Cl, Br) [8]}. 

Table IV-2: Calculated direct {E−} and indirect {EM−, EK−} bandgaps for wurtzite YxAl1xN 
alloys with yttrium contents (0≤ x ≤0.375) using nKTBmBJ functional. 

 

 

 

 

 

 

 

 

 

 
Y-contents 

   Bandgaps   
   nKTB‒mBJ Theor. values Exp. 

AlN  EΓ‒Γ 6.104 5.385a - 4.028b - 4.11c 6.2d,e 
  EM‒Γ 6.288 5.961a  
  EK‒Γ 6.427   
Y0.062Al0.937N  EΓ‒Γ 5.441 3.421b  
  EM‒Γ 5.195   
  EK‒Γ 5.215   
Y0.125Al0.875N  EΓ‒Γ 5.219 3.091b  
  EM‒Γ 4.946   
  EK‒Γ 4.941   
Y0.25Al0.75N  EΓ‒Γ 4.672 4.231a - 2.712b  
  EM‒Γ 4.505 3.885a  
  EK‒Γ 4.449   
Y0.375Al 0.625N  EΓ‒Γ 3.850   
  EM‒Γ 4.171   
  EK‒Γ 4.159   
aRef.(TB‒mBJ) [13], bRef. (PBE) [15], cRef. (PBE) [31], dRef. (Exp.) [17], eRef. (Exp.) [21]. 
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 Figure IV.5 shows the calculated band structures of wurtzite YxAl1xN alloys with 

concentrations x = 0, 0.125, 0.25, and 0.375 along high-symmetry directions of the Brillouin 

zone (BZ) using nKTBmBJ functional. As seen in Figure IV.5 (a) and IV.5 (d), for pure AlN 

and Y0.375Al0.625N alloy, the valence band maximum (VBmax) and the conduction band minimum 

(CBmin) are both located at the Γ point of the BZ, signifying that these materials exhibit a 

direct bandgap character. Analysis by spectroscopic ellipsometry (SE) of YxAl1xN at x = 0.22 

indicates that it is a direct bandgap semiconductor with an Eg of 4.5 eV [17]. It can be 

observed from Figure IV.5 (b) and IV.5 (c) that the bandgap becomes indirect for 

Y0.0625Al0.875N at M→Γ transition, and for Y0.125Al0.875N and Y0.25Al0.75N systems at K→Γ 

transition. Figure IV.6 shows the variation of direct (Γ→Γ) and indirect (M→Γ, K→Γ) 

bandgaps as a function of yttrium doping in wurtziteYxAl1xN compounds. A decrease in the 

direct bandgap (Γ→Γ) from 6.10 eV in AlN to 3.85 eV inY0.375Al0.625N is clearly observed, 

which is consistent with the experimental data showing a bandgap reduction from 6.2 eV (x 

= 0) to 4.5 eV (x = 0.22) [18]. Baeumler et al. [41] recently observed a similar reduction in 

bandgap for wurtzite Al1−xScxN, with Eg decreasing from 6.06 eV for AlN to 5.0 eV for 

Al0.75Sc0.25N. The bandgap in Al1−xScxN remains direct up to x = 0.23 [41] and x = 0.25 

[42,43]. Additionally, as shown in Figure IV.6, the curves indicate two bandgap transitions in 

wurtzite YxAl1xN: the first transition is from a direct (Γ→Γ) to an indirect (M→Γ) bandgap at 

a lower yttrium concentration of x = 0.029 (Eg = 5.78 eV), and the second transition is from 

an indirect (K→Γ) to a direct (Γ→Γ) bandgap at x = 0.29 (Eg = 4.38 eV). As a result, wurtzite 

YxAl1xN (x= 0‒0.375) exhibits a bandgap that corresponds to wavelengths ranging from 203 

to 322 nm, making it a potential material for promising applications in near and deep 

ultraviolet optoelectronics, such as LEDs [40,44]. 
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Figure IV.5. Calculated band structures for wurtzite YxAl1xN 
alloys with concentrations x = 0 (a), 0.125 (b), 0.25 (c), and 0.375 
(d) along high-symmetry directions using nKTBmBJ functional.  

 

Figure IV.6. Calculated direct E− and indirect EM−, EK− 
bandgaps as a function of yttrium composition for wurtzite YxAl1xN 
alloys using nKTBmBJ functional. The bandgap transitions from 
direct to indirect at x = 0.029 and then back to direct at x = 0.29. 
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B.  Density of States (DOS) 

 

In order to characterize the electronic band structures of wurtziteYxAl1xN alloys 

under study, we calculated the partial density of states (PDOS) and the total density of states 

(TDOS) using the nKTBmBJ functional for compositions x = 0.125, 0.25, and 0.375. The 

results are presented in Figure IV.7, for an energy range from ‒5.8 eV to +6.8 eV.  

The TDOS profiles in Figure IV.7(a), IV.7(b), and IV.7(c) show a similar overall pattern for 

the three compounds. We can distinguish two main energy groups: one localized in the 

valence band (VB) (below the Fermi level (EF)) and the other in the conduction band (CB) 

(above EF). In the valence band region, the TDOS exhibits two sub-bands. The lower sub-

band, arising in the energy range from ‒5.8 to ‒3.7 eV, is composed mainly of Al_3s states 

with a slight admixture of N_2p states. The higher sub-band, located between ‒3.7 eV and 0 

eV, is dominated by Al_3p states, with a significant contribution from N_2p and Y_4d 

orbitals near the Fermi level (EF), consistent with previous findings [15]. The conduction 

band (CB) is mainly formed by Y_4d states, with partial participation from Al_3p states. A 

shift in the CB to lower energies is clearly observed as yttrium is incorporated into YxAl1xN, 

which leads to a decrease in the bandgap energy. 
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Figure IV.7. Calculated partial density of states (PDOS) and 
total density of states (TDOS) for wurtzite YxAl1xN alloys with 
x = 0.125 (a), 0.25 (b), and 0.375 (c) using nKTBmBJ 
functional. 

Figure IV.8. Charge density maps in the (4-20) plane for 
wurtzite YxAl1xN alloys for compositions: (a) x= 0, (b) x= 
0.125, (c) x= 0.25, and (d) x= 0.375 from nKTBmBJ 
functional. 
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C. Electronic Charge Density  

The electron charge density is a useful tool that used for understanding the nature of 

chemical bonds between the different elements that constitute a solid. Using the nKTBmBJ 

functional, we calculated and plotted the 2D bonding charge density distributions projected 

onto the (4 -2 0) plane for wurtzite YxAl1xN alloys with yttrium compositions of 0, 0.125, 

0.25, and 0.375, as shown in Figure IV.8. In Figure IV.8(b), IV.8(c), and IV.8(d), the charge 

distribution around the Y atoms and their neighboring N atoms in the Y-125, Y-25, and Y-

375 alloys exhibits a circular form, indicating that the bonding between Y and N atoms is 

ionic in nature. In contrast, the charge distribution around the Al atoms and their 

neighboring N atoms deviates slightly from a circular shape, indicating a covalent bond 

character between the Al‒N ions. This may stem from the differences in Pauling 

electronegativity between the neighboring ions [7,34]. 

IV.5. Elastic and Mechanical Properties 

Here, we calculated the elastic constants (C11, C12, C13, C33 and C44) of wurtzite 

YxAl1xN alloys using PBEsol approximation within Ultrasoft Vanderbilt pseudopotential 

method. The procedure for extracting these constants is detailed by Boonchun et al. [45]. 

The resulting values are presented in Table IV-3 along with previous DFT calculations and 

available experimental data. For pure AlN, our values with the PBEsol approximation are C11 

= 372 GPa, C12 = 127 GPa, C13 = 98 GPa, C33 = 343 GPa, and C44 = 109 GPa. These values 

closely match the measurements reported by Tsubouchi et al. [46] and McNeil et al. [47], 

and are more accurate than those reported by Wright [48] and Kim et al. [49] using LDA 

approximation. In contrast, the Cij values for YxAl1xN compounds are found to be larger 

than those from recent PBE-GGA calculations by Manna et al. [50], which generally the Cij 

constants [51].  
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Table IV-3: Calculated elastic constants (Cij) in GPa, bulk modulus (B) in GPa, shear 
modulus (G) in GPa, Young's modulus (Y) in GPa, Poisson’s ratio (ν) and Frantesvich ratio 
(G/B0) for wurtzite YxAl1xN crystals (0≤ x ≤0.375) using PBEsol approximation. 

Y-contents  C11 C12 C13 C33 C44 B G Y ν G/B0 

AlN 

PBEsol 
Expt.  [46] 

[47] 
Theo. [48] 

[49] 

372 
345 
411 
396 
398 

127 
125 
149 
137 
140 

98 
120 
99 
108 
127 

343 
395 
389 
373 
382 

109 
118 
125 
116 
96 

192 
201 
210 
207 
218 

118 
 

295 
 

294 

0.24 
0.22 [21] 

0.61 

Y0.0625Al0.9375N PBEsol 329 122 104 320 95 180 100 255 0.26 0.55 

Y0.125Al0.875N 
PBEsol 

Theo. [48] 
299 126 107 

305 
232 

88 176 90 232 0.27 0.51 

Y0.25Al0.750N 
PBEsol 

Theo. [48] 
244 122 110 

263 
144 

75 156 70 183 0.30 0.44 

Y0.375Al 0.625N PBEsol 209 103 114 224 56 145 53 143 0.33 0.37 

  

Figure IV.9 illustrates the dependency of elastic constants on yttrium composition in 

YxAl1xN alloys within the x range of 0 to 0.375. A decrease in elastic constants is observed 

as the yttrium dopant concentration increases, with values decreasing from C₁₁ = 372 GPa, 

C₁₂ = 127 GPa, C₃₃ = 343 GPa, and C₄₄ = 109 GPa in pure AlN to 209 GPa, 103 GPa, 224 

GPa, and 56 GPa in Y₀.₃₇₅Al₀.₆₂₅N, respectively. This corresponds to reductions of 

approximately 43%, 18%, 34%, and 48% compared to pure AlN. In contrast, C13 increases by 

14% with the addition of yttrium, rising from 98 GPa at x = 0 to 114 GPa at x = 0.375. We 

conclude that wurtzite YxAl1xN alloys exhibit elastic behavior comparable to that 

demonstrated experimentally in ScxAl₁₋xN and YxIn₁₋xN crystals [47,50]. Similarly, a 

theoretical decrease in C₃₃ was reported for YxIn₁₋xN, reducing from 205 GPa (at x = 0) to 

94 GPa (at x = 0.5), corresponding to a reduction of approximately 54%. This decrease is 

higher than the 34% reduction observed in YₓAl₁₋ₓN at x = 0.375 in this work but lower 

than the 64% decrease reported in ScxAl₁₋xN, where C₃₃ decreases from 367 GPa (at x = 0) 

to 131 GPa (at x = 0.5). Additionally, Kurz et al. [52] recently observed experimentally that 

Cᵢⱼ values decrease with Sc doping in ScxAl1xN (for x up to 0.32), with reductions of 

approximately 26% for C₁₁, 43% for C₃₃, and 20% for C₄₄, while C₁₃ increases with x. 



 
 
Chapter IV: Exploring the Emergent Piezoelectric and Thermoelectric Properties of Novel YAlN Semiconductor 

Alloys 
 

 

136 | P a g e  

To assess mechanical stability, we analyzed the compliance of the elastic constants Cᵢⱼ 

of wurtzite YxAl1xN crystals with the Born mechanical stability criteria, given as [53]: 

 C11  0,   (C11 C12)  0,   C44  0,   (C11+ C12) C33  2C11
2 .  

Our calculated Cᵢⱼ values satisfy these mechanical stability criteria, indicating that 

YxAl1xN crystals are mechanically stable for across the full range of yttrium concentrations 

(0≤x≤0.375). 

 

Figure-IV.9. Dependency of elastic constants 
(Cij) on yttrium composition in YxAl1xN alloys. 

Additionally, using Voigt–Reuss theory [54,55], the calculated elastic constants (Cij) 

are then used to determine supplementary mechanical properties for YxAl1xN polycrystals, 

such as the bulk modulus (B), shear modulus (G), Young's modulus (Y), and Poisson’s ratio 

(ν). 

In a hexagonal crystal, the Voigt bulk modulus Bv and shear modulus Gv are expressed by  

                                 13331211 4)(2
9

1
ccccB 






                                                  (2) 
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The Reuss bulk modulus BR and shear modulus GR are given as: 
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where   2/121166 ccc  .
           

 

The bulk modulus B0 and shear modulus G are done by the VoigtReussHill scheme [56] as 

the arithmetic averages 

                                                  
2
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The Young's modulus (Y) and Poisson’s ratio (ν) are given by  

                                                      
GB

BG
Y




3

9

                                                                     
(8)
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



                                                               

(9)
 

Table 3 summarizes the results for the bulk modulus (B0), shear modulus (G), 

Young's modulus (Y), Poisson’s ratio (ν), and Frantesvich ratio (G/B0) for wurtzite YxAl1xN 

alloys. For pure AlN, the calculated values of the bulk modulus and Young's modulus are 

192.3 GPa and 294.5 GPa, respectively, which are in good agreement with the experimental 

results reported in [21,47]. 

The shear modulus (G) serves as a criterion for the hardness of a solid, the Young's 

modulus (Y) is associated with stiffness [57], and the bulk modulus (B) is linked to 
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compressibility. As shown in Table IV-3, YxAl1xN crystals exhibit reasonably high G and Y 

values, signifying significant hardness and stiffness. The value of B (with x up to 0.125) is also 

higher than that of steel (~160 GPa) [58]. Moreover, the mechanical properties, such as the 

shear modulus (G), Young's modulus, bulk modulus (B) in YxAl1xN, are found to decrease 

with increasing yttrium content, as shown in Table 4. This suggests that YxAl1xN tends to be 

less stiff and more compressible compared to pure AlN crystals, as revealed in Table IV-3. 

The Frantesvich G/B ratio is a measure a solid's brittleness or ductility [59]. A crystal 

is considered ductile when G/B < 0.571 and brittle when G/B > 0.571. Our results (see 

Table IV-3) indicate that the YxAl1xN crystal undergoes a transition from brittleness to 

ductility as x increases to approximately 0.04. 

The Poisson's ratio (ν) is a parameter often used for explain the nature of crystal's 

bonds. For ν values less than ~ 0.1, the crystal is typically covalent, whereas values close to 

0.25 are characteristic of ionic crystals [60]. The obtained values of ν (see Table 3) range 

from 0.24 to 0.33 for 0≤ x ≤0.375, indicating that YxAl1xN alloys exhibit a strong ionic bond 

character.  

To analyze the elastic anisotropy in YxAl1xN crystals, we plotted 3D anisotropic 

surfaces of the bulk modulus (B), shear modulus (G), and Young's modulus (Y) in Figure-

IV.10, using the equations described in [61]. The degree of elastic anisotropy can be defined 

by the extent to which the contours deviate from a spherical shape. The 3D surfaces of the 

bulk modulus that are typically spherical indicate lower directional dependence. However, 

the surfaces of Young’s modulus deviate significantly from a spherical form compared to 

those of the shear modulus, indicating that the Young's modulus exhibits high elastic 

anisotropy. Figure IV.10 also shows that the anisotropies of the shear and Young's moduli 

are only slightly affected by yttrium doping in YxAl1xN crystals. 
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Figure IV.10. 3D anisotropic surface plots of bulk modulus, 
shear modulus, and Young's modulus for wurtzite YxAl1xN 
alloys with compositions x = 0 (a), 0.125 (b), and (c) 0.375. 

Furthermore, using the calculated elastic moduli, additionally physical quantities, such 

as Debye temperature, density (ρ) and sound velocities (l, t, m) for wurtzite YxAl1xN 

crystals with varying yttrium contents were determined. 

The Debye temperature (D) is a significant factor often used to extract the thermal 

parameters of solids. It quantifies the maximum value of vibration energies. High-frequency 

modes contribute energy of approximately kBT, and these modes become 'frozen' at 

temperatures below D [62]. 
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Debye temperature (D) is calculated from acoustic wave velocity (vm) using the 

formula [63]: 

m
A υ

M
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π

n

k

h
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D 4
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where h is Plank’s constant, k is Boltzmann’s constant, ρ is the density, M is molecular weight 

in g/mol, NA is Avogadro number, and n is the number of atoms in the formula unit.  

The average of the acoustic wave velocity (vm) is expressed by  
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where l and t are the longitudinal and transversal acoustic wave velocities, respectively, 

which are obtained using Napier's equations [64]: 
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For pure AlN, the value of ρ is found to be 3.21 g/cm³ using the PBEsol functional, 

which is in close agreement with the measured values of 3.23 g/cm³ [52] and 3.26 g/cm³ [65], 

as well as the previously calculated value of 3.21 g/cm³ [52]. The calculated value of D is 

914 K, which is slightly smaller than the measured value of 988 K at 300 K [21]. Our values 

for the longitudinal and transverse sound velocities are 10454 m/s and 6084 m/s, 

respectively. These are in good agreement with the experimental results of 10900 m/s [21] 

(10880 m/s [66]) and 6070 m/s [21], respectively.  

Figure IV.11 shows the evolution of Debye temperature (D), density (ρ) and sound 

velocities (l, t, m) as a function of yttrium composition for wurtzite YxAl1xN crystals. The 

Debye temperature (D) can be also used to assess a material's hardness. A material is 

considered hard if it has a high Debye temperature [67]. As depicted in Figure IV.11(a), D 

ranges from 519 to 914 K for 0 ≤ x ≤ 0.375, indicating significant hardness. It decreases with 
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increasing yttrium content. Contrary, as observed in Figure IV.11(a), the density ρ increases 

to 3.74 g/cm3 for x = 0.375, due to a decrease in porosity in YxAl1xN crystals. A decrease in 

sound velocities with increasing x is also observed, as shown in Figure IV.11(b). For 

Y0.375Al0.625N, the velocities l, t and m are 7609 m/s, 3789 m/s and 4251 m/s, respectively. 

These values may influence sound propagation velocities in acoustic wave devices [68]. 

Although, a decrease in longitudinal wave velocity (l) has been experimentally observed in 

CrAlN, ScAlN, and MgZrAlN crystals with the incorporation of transition metal elements. 

Despite the decrease in velocity, these materials offer high electromechanical coupling, 

making them promising for advanced high-frequency electroacoustic devices [66,69]. We 

suggest that the decrease in Debye temperature in YxAl1xN is due to the reduction in 

acoustic wave velocities and the increase in atomic weights. 

Figure IV.11. Debye temperature (D), and density (ρ) (a), 
and sound velocities (l, t, m) (b), versus yttrium 
composition in wurtzite YxAl1xN alloys.  

 

IV.6. Piezoelectric Properties 
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The wurtzite symmetry for YxAl1xN systems is characterized by three independent 

piezoelectric coefficients: d15, d31 and d33, along with two independent dielectric tensor 

components: 11 and 33. 

We aim to calculate the piezoelectric stress tensors (eij) and static dielectric tensors 

(ij) using a self-consistent Density Functional Perturbation Theory (DFPT) [11] within the 

plane-wave pseudopotential framework, where the exchange potential is treated using the 

PBEsol approximation. 

The piezoelectric stress tensor eij (in units of C/m2) is expressed by the flowing 

formula [70]: 

                                                     Ti

jT
ij E

e
,






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






                                                  (14) 

where  denotes the stress tensor and E represents the electric filed.  

The piezoelectric strain tensor elements dij can then be extracted from the 

determined piezoelectric stress tensors eij and the elastic stiffness matrix Cij, using the 

following formula [71]: 

                                                  
kj

k
ikij Cde 

                                                      (15) 

Here, Cij represents the elastic constants at a constant electric field, and eij and dij are the 

piezoelectric tensors. 

The dij parameter is essential for evaluating the performance of materials in 

electroacoustic device applications [71]. 

Table IV-4 summarizes the results for piezoelectric strain tensors dij, the piezoelectric 

stress matrix eij, and the static relative dielectric tensor ij for wurtzite YxAl1xN alloys using 

the PBEsol approximation. Our PBEsol calculations for wz-AlN show better agreement with 

experimental results [72–74] compared to those obtained using the PBE-GGA [16,50,71] 

and LDA [51] methods. It is notable that the PBE-GGA approach generally underestimates 

the piezoelectric coefficients, particularly d31 and d33 [75,76]. The results for eij in wz-AlN are 
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e15 = 0.30 C/m2, e31 = 0.60 C/m2, and e33 = 1.52 C/m2, which are in good agreement with 

the PBEsol values of 0.30 ± 0.22 C/m2, 0.54 ± 0.05 C/m2, and 1.52 ± 0.43 C/m2, 

respectively, as recently reported by Kurz et al. [52]. The ij values in YxAl1xN are also found 

to be in better agreement with measured data [72]. These values increase slightly with 

yttrium content. This indicates that the PBEsol approach can accurately and effectively 

predict the piezoelectric properties of the materials under study. 

Table IV-4: Computed piezoelectric strain constants (dij) in pC/N, piezoelectric stress 
constants (eij) in C/m2, and static dielectric constants (ij) for wurtzite YxAl1xN crystals. 

Y-contents   d15 d31 d33 e15 e31 e33 11 33 

AlN PBEsol  2.74 2.33 5.76 0.30 0.60 1.52 3.79 5.10 

 

Expt. 
 
Theo. 

 

[72] 
[73,74] 

[16] 
[71] 

[50, 51] 

4.07 
3.6 
2.90 

2.65 
2.1 
2.1 

5.33 
5.6 
5.0 
5.4 
5.15 

0.48 0.58 
0.58 
0.64 

1.55 
1.46 
1.46 
1.8 

4.71 
 

4.93 
 

Y0.0625Al0.9375N PBEsol  4.37 3.09 7.49 0.42 0.62 1.68 3.98 5.18 

 Theo. [16]  2.90 6.7  0.59 1.54   

Y0.125Al0.875N PBEsol  4.94 3.60 8.35 0.44 0.64 1.78 4.41 5.26 

 
Theo. 

 
[16] 
[50] 

 3.70 7.8 
8.03 

 0.63 1.62 
1.53 

  

Y0.25Al 0.750N PBEsol  6.48 5.15 11.2 0.49 0.66 1.88 5.00 5.47 

 Theo. 
[16] 
[50] 

 6.80 15.2 
15.2 

 0.63 1.8 
1.7 

  

Y0.375Al 0.625N PBEsol  11.0 8.65 17.5 0.62 0.70 1.95 5.30 5.77 

 Theo. [16]  9.60 21.5  0.68 1.92   

 

 

The piezoelectric stress e33 and strain d33 coefficients dependency on yttrium 

composition is depicted in Figure IV.12. As shown in Figure IV.12(a) and Table IV-4, the 

piezoelectric stress tensors (eij) increase more significantly with the composition x compared 
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to other theoretical results [16,50]. The piezoelectric coefficients (dij) also show significant 

increases in Y0.375Al0.625N, d33= 17.5 pC/N, d15= 11.07 pC/N, and d31= 8.65 pC/N, as 

displayed in Figure IV.2(b). These values represent approximately 300%, 400%, and 370% 

higher, respectively, compared to those of pure AlN crystals. This enhancement in dij 

coefficients is principally due to a significant distortion of the wurtzite symmetry in YxAl1xN 

systems.  

A similar phenomenon was observed in Al1xScxN crystals, as reported by Zywitzki et 

al. [77]. This can also be explained by the fact that the piezoelectric stress elements (eij) 

increase while the elastic constants (Cij) decrease simultaneously with increasing Y content in 

YxAl1xN. Additionally, the value of d33 ≈ 17.5 pC/N in Y0.375Al0.625N is comparable to that 

reported for alternatives such as Sc0.33Al0.67N (≈ 23.6 pC/N) [77], Sc0.4Al0.6N (≈ 20.1 pC/N) 

[78], Sc0.42Al0.625N (≈ 19.0 pC/N) [79], Sc0.43Al0.57N (≈ 24.6 pC/N) [80], Sc0.5Al0.5N (≈ 26.13 

pC/N) [81], Y0.5In0.5N (≈ 23.31 pC/N) [82]. It is much higher than that reported for 

Ta0.051Al0.946N (≈ 8.2 pC/N) [83]. 

As a result, the dramatic improvement in piezoelectric coefficients for the novel 

YxAl1xN systems was demonstrated experimentally in [82,16]. This enhancement leads to a 

significant improvement in the electromechanical coupling coefficient, thereby boosting the 

performance of advanced MEMS (micro-electromechanical systems) components, such as 

sensors, actuators, resonators, and RF filters, particularly those based on surface acoustic 

wave (SAW) and bulk acoustic wave (BAW) devices [84]. 
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Figure IV.12. Piezoelectric stress constants (eij) (a), and 
piezoelectric strain constants (dij) as a function of yttrium 
content in wurtzite YxAl1xN alloys. 

IV.7. Thermodynamic Properties  

In this section, using Gibbs2 package [85] based on the Debye quasi-harmonic model, 

we analyzed the influence of pressure and temperature on thermodynamic properties of 

YxAl1−xN alloys with the composition x ranging from 0 to 0.375. The properties studied 

include volume (V0), compressibility modulus (B0), specific heat (Cv), thermal expansion (α), 

entropy (S) and Debye temperature (D). The Gibbs2 package is employed to understand 

the thermal characteristics of alloys across a temperature range of 0–1000 K, utilizing 

energy-volume data obtained from ab initio simulations within the PBEsol (GGA) framework. 

The thermodynamic parameters calculated at 300 K for YxAl1−xN crystals, at pressures of 0 

GPa, 20 GPa, and 50 GPa, and concentrations x ranging from 0 to 0.375, are listed in Table 

IV-5.  

The obtained bulk modulus (B0) for pure AlN at zero pressure and ambient 

temperature is approximately 194.83 GPa, which is in agreement with the value calculated by 

Ramírez-Montes et al. [13], approximately 195 GPa. In contrast, our result of the bulk 
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modulus Y0.25Al0.75N, which is 169.53 GPa at 300 K and 0 GPa, is slightly larger than the value 

of 150 GPa reported in [13]. A similar thermal behavior was in (YAlN) crystals with a rock-

salt structure [13,86]. Generally, an increase in volume results in a decrease in the bulk 

modulus because the crystal's size (volume) affects its compressibility. 

Figure IV.13 shows the dependence of the volume (V0) and compressibility modulus 

(B0) on temperature for wurtzite YxAl1−xN crystals with x ranging from 0 to 0.375. As 

depicted in Figure IV.13(a), V0 gradually increases with temperature. Conversely, Figure 

IV.13(b) illustrates that B0 decreases with rising temperature at zero pressure. This indicates 

that yttrium doping in YxAl1−xN crystals influences their resistance to deformation and 

compression. 

Table IV-5. Computed thermodynamic parameters—bulk modulus (B0, in GPa), heat 
capacity at constant volume (CV, in J·mol⁻¹·K⁻¹), entropy (S, in J·mol⁻1·K⁻1), Debye 

temperature (D, in K), and thermal expansion coefficient (α, in K⁻¹)—at 300 K and various 
pressures for YxAl1‒xN crystals. 

 

 

 

 

 

 

 

 

 

 

 

Y-contents   P=0 GPa  P=20 GPa  P=50 GPa 

AlN B0  194.832  272.199  388.353 

 
CV  531.100  465.978  389.888 

 
S  345.355  268.528  198.525 

 D    895.270  1044.23  1229.60 
 α  2.36608  1.62007  1.04144 

Y0.125Al0.875N B  181.108  258.401  374.465 
 CV  572.032  508.870  433.466 
 S  405.422  316.920  236.478 
 D  802.960  945.580  1121.34 
 α  2.53967  1.73599  1.12312 

Y0.25Al0.750N B  169.539  249.663  370.009 
 CV  604.236  541.286  465.312 
 S  461.818  359.291  267.835 
 D  729.570  872.300  1045.78 
 α  2.80078  1.87660  1.20068 

Y0.375Al 0.625N B  159.057  233.625  345.622 
 CV      629.254  573.061  503.520 
 S  513.154  407.084  310.446 
 D  671.330  800.630  957.750 
 α  2.69255  1.85077  1.22081 
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Figure IV.13. Dependence of volume (V0) (a), and 
compressibility modulus (B0) (b) on temperature under 
pressure for wurtzite YxAl1‒xN crystals. 

Figure IV.14 depicts the variation of the thermal capacity (CV), thermal expansion (α), 

entropy (S) and Debye temperature (D) as a function of temperature (at P = 0 GPa) for 

wurtzite YxAl1−xN crystals with 0≤ x ≤ 0.375. Figure IV.14(a) shows that CV increases with 

rising temperature and reaches the Dulong-Petit limit, approaching a maximum close to the 

3NKB constant, where N = 32 atoms in the YxAl1‒xN supercell. The CV value exceeds 780 

J·mol⁻1·K⁻1. The increase in CV at low temperatures can be attributed to an anharmonic 

approximation of the Debye model. In contrast, at higher temperatures, the capacitance 

approaching the Dulong-Petit limit is due to the diminishing anharmonic effects. Like in all 

solids, the thermal energy induces exciting all modes of phonons at high temperatures. Our 

calculated values for pure AlN using PBEsol are larger than those reported by Ramírez-

Montes et al. [13] using PBE, but lower than the values obtained by Fu et al. [87]. In YxAl1−xN 

alloys, the values of CV are found to be larger than the others of the ternary mixed 

NxAs1‒xGa, as demonstrated by Souheyla et al. [88]. Moreover, it can be observed in Figure 
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IV.14(a) that the capacitance (CV) increases slightly with yttrium doping in YxAl1−xN, 

indicating a modest influence.  

The thermal expansion curves (α) in Figure IV.14(b) show an increase with 

temperature, which is directly proportional to the yttrium content for temperatures up to 

300K. At high temperatures (T > 300 K), the highest α value is correspond to the 

Y0.25Al0.75N, approximately 3.81 × 10⁻5 K⁻1. Additionally, α is observed to decrease with 

pressure, as shown in Table IV-5.  The increase in α can be explained by the expansion of 

interatomic distances caused by increased heat transfer (higher kinetic energy of atoms), while 

its decrease is due to an increase in bond energy, which limits bond length expansion. For 

pure wz-AlN (T = 1000 K), the obtained α value is approximately 3.6 × 10⁻5 K⁻1, which is 

consistent with the α value of the AlN rock-salt phase reported by Noudjoud et al. [86]. The 

α values for YxAl1−xN at ambient temperature (T = 300 K, P = 0 GPa) are as follows (see 

Table IV-5): 2.36 × 10⁻5 K⁻1, 2.53 × 10⁻5 K⁻1, 2.80 × 10⁻5 K⁻1, 2.69 × 10⁻5 K⁻1 for x = 0, 

0.125, 0.25 and 0.375, respectively. We infer that Y0.25Al0.75N exhibits superior thermal 

expansion compared to the other alloys. 

Entropy (S) reflects the level of molecular disorder in a solid, with higher values 

signifying greater disorder. Figure IV.14(c) clearly shows an increase in entropy (S) with rising 

temperature at zero pressure in wurtzite YxAl1−xN alloys, displaying a nonlinear behavior. 

Entropy (S) also increases with yttrium doping in YxAl1−xN, leading to greater disorder in 

these alloys. Table IV-IV-5 shows that entropy (S) decreases with pressure at a given 

temperature. The values of S for YxAl1‒xN at T = 300 K and P = 0 GPa are 345.35 

J·mol⁻1·K⁻1, 405.42 J·mol⁻1·K⁻1, 461.81 J·mol⁻1·K⁻1, and 513.15 J·mol⁻1·K⁻1 for x = 0, 0.125, 

0.25, and 0.375, respectively. We observe that YxAl1‒xN has the highest S values and exhibits 

greater disorder during heating compared to similar III‒V materials, such as NxAs1‒xGa (S ≈ 

30–84 J·mol⁻1·K⁻1) [88] and AlxGa1‒xAs (100–170 J·mol⁻1·K⁻1) [89]. 

The Debye temperature (D) is a measure of the heat capacity in solids at low 

temperatures (T << D). As the temperature increases from absolute zero, the atoms in the 

solid gradually vibrate more intensely until they reach D, where they achieve their 
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maximum possible vibrational modes. Figure IV.14(d) shows a slight decrease in D for 

YxAl1‒xN with temperature in the range of 0‒1000 K. For wz-AlN, D decreases from 900.0 

K to 859.8 K as the temperature increases. Additionally, D is observed to decrease with 

increasing yttrium content (see Figure IV.14(d)), which impacts the hardness of YxAl1‒xN 

crystals. The predicted D values for YxAl1−xN are relatively high, approximately 895.27 K, 

802.96 K, 725.52 K, and 675 K for x = 0, 0.125, 0.25, and 0.375, respectively, which confirms 

the elastic hardness of crystals. These results are consistent with our earlier findings 

regarding the elastic constants. The D values for pure AlN and Y0.25Al0.75N are somewhat 

lower than those reported in [13]. Our resulting value for pure AlN of D = 900.0 K (at T = 

0 K) is much lower than the experimental data of 940 K reported by Bruls et al. [90] and the 

calculated value (LDA) of 804.13 K by Fu et al. [91]. We find that YxAl1‒xN is less hard 

compared to AlGaN [91], Cr0.9Al0.1N (845 K) [92], and Ti0.36Al0.64N (907 K) [92], but harder 

than AsGaN [88], which has D in the range of approximately 706.22–323.21 K at (x = 0–1). 

Grüneisen parameter (γ) is a dimensionless quantity that approximates the 

relationship between phonon frequency and volume, reflecting the anharmonic effects in 

crystals [93]. It can also associate mechanical and thermal properties through elasticity 

moduli and their pressure derivatives [94]. Therefore, there are various valid formulations of 

the Grüneisen parameter [94,95]. Figure IV.15 illustrates the dependence of γ on pressure 

(at 300 K) and temperature (at 0 GPa) for wurtzite YxAl1‒xN crystals. As shown in Figure 

IV.15(a) and IV.15 (b), γ remains constant and is unaffected by pressure and temperature 

variations. For pure AlN, γ varies from approximately 1.78033 to 1.78034, consistent with 

previous findings from Li et al. [96] (1.7) and Feng et al. [97] (1.5). For YxAl1‒xN, γ is less than 

2, ranging from 1.7 (for x = 0.375) to 1.85 (for x = 0.25). 
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Figure IV.14. Calculated thermal capacity (Cv) (a), thermal expansion 
(α) (b), entropy (S) (c), and Debye temperature (D) (d) as a function 
of temperature under pressure for wurtzite YxAl1‒xN alloys. 
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Figure IV.15. Calculated Grüneisen parameter (γ) as a function 
of pressure (a), and temperature (b) for wurtzite YxAl1‒xN crystals. 

IV.8. Thermoelectric Properties 

The thermoelectric (TE) properties of wurtzite YxAl1‒xN crystals, with varying Y 

concentrations (x) ranging from 0 to 0.375, were investigated using the Boltzmann transport 

theory as implemented in the BoltzTraP code [98]. These properties include Seebeck 

coefficient (S), electrical conductivity (σ/τ), electronic thermal conductivity (κel/τ), power 

factor (PF), and figure of merit (ZT). All calculations are performed using the constant 

relaxation time approximation (τ) for the charge carriers near the Fermi level, over a 

temperature range of 0–1000 K. The thermoelectric quantities dependency on temperature 

are plotted in Figure IV.16. The aims of this study is to enhance the performance of III‒V 

material-based thermoelectric devices, which currently have a limited capacity to convert 

waste heat into electrical energy due to their low figure of merit (ZT). 

The Seebeck coefficient (S) offers insights into the type of majority carriers (n-type 

or p-type) present in the valence/conduction bands of materials. It is strongly associated with 

the density of states (DOS) near the valence band maximum (VBM) and conduction band 
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minimum (CBM). A higher DOS near the VBM indicates a p-type material, whereas a higher 

DOS near the CBM suggests an n-type material. All alloys exhibit a sharp rise near the VBM 

as shown in Figure IV.7 of the electronic section, suggesting that YxAl1‒xN semiconductors 

may display p-type behavior. The Seebeck coefficient as a function of temperature for 

YxAl1‒xN alloys at x = 0, 0.125, 0.25, and 0.375 is presented in Figure IV.16(a). We observed 

that S is positive for all alloys, indicating that holes are the majority charge carriers in these 

materials, as previously mentioned. Figure IV.16(a) shows that S reaches a maximum value at 

high temperatures due to the bipolar effect, which arises from the electronic excitation from 

the valence band to the conduction band [99‒102]. 

Thermal excitation generally increases the concentration of minority carriers while 

the majority carrier concentration leaving largely unchanged. The Seebeck coefficients 

produced by these minority carriers oppose those of the majority carriers, leading to a 

decrease in the total Seebeck coefficient. This reduction is unfavorable for thermoelectric 

power generation [103]. To avoid the excitation of minority carriers, a material must 

possess both temperature stability and a wide bandgap. We found that YxAl1‒xN alloys meet 

these criteria, ensuring that the total Seebeck coefficient is not significantly affected by 

opposing Seebeck coefficients. The highest S values for YxAl1‒xN are as follows: 216 μV/K 

(1000K), 215 μV/K (200K), 214 μV/K (600K), and 200 μV/K (500K) for x = 0, 0.125, 0.25 and 

0.375 respectively. At ambient temperature, the values are 108 μV/K, 191 μV/K, 199 μV/K, 

and 209 μV/K for YxAl1‒xN for x equal to 0, 0.375, 0.25, and 0.125, respectively. Moreover, 

as observed (see Figure IV.16(a)), there is an enhancement in the Seebeck coefficient (S) with 

increasing Y concentration (x). The Y0.125Al0.875N alloy exhibits higher S values at low 

temperatures (100–300 K) but shows a decrease as the temperature rises (400–700 K). In 

contrast, Y0.125Al0.875N demonstrates a significant increase in S within the temperature range 

of 400–800 K. Also, S value shows the smallest increase in the Y0.375Al0.625N alloy compared 

to the other two concentrations, rising up to 400 K and then decreasing. At high 

temperatures (~1000 K), pure AlN exhibits a higher Seebeck coefficient (S) than the 

YxAl1‒xN alloys. 
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Figure IV.16(b) show that electrical conductivity (σ/τ) increases with temperature 

across the entire range of yttrium concentrations. Since the BoltzTraP package extracts the 

thermoelectric quantities with respect to τ, it is assumed to be constant in calculations. At 

ambient temperature, the obtained σ/τ values are are 1.34 × 1018 (Ω.m.s)–1, 2.84 × 1018 

(Ω.m.s)–1, 1.56 × 1018 (Ω.m.s)–1 and 1.73 × 1018 (Ω.m.s)–1 for x = 0, 0.125, 0.25, and 0.375, 

respectively. The Y0.125Al0.875N alloy exhibits the highest electrical conductivity among the 

alloys. Our σ/τ values for pure AlN are superior than those reported in the literature: 

Kusunose et al. [104] reported approximately 6 × 10¹ (Ω·m·s)⁻¹ at temperatures above 1000 

K, Zheng et al. [105] reported about 8 × 10⁻⁴ (Ω·m·s)⁻¹ at 300 K, and Liu et al. [106] 

reported around 2.7 × 10⁻² (Ω·m·s)⁻¹. 

The power factor (PF) is directly related to the electrical conductivity and Seebeck 

coefficient, as it is proportional to S²σ/τ. The results of S and σ/τ suggest that YxAl1‒xN 

exhibits significant power factor (PF) values, as presented in Figure IV.16(c). The calculated 

power factor values at room temperature for YxAl1‒xN alloys, with respect to τ, are 

7.67×1010 W·m⁻¹·K⁻²·s⁻¹, 1.24×1011 W·m⁻¹·K⁻²·s⁻¹, 5.38×1010 W·m⁻¹·K⁻²·s⁻¹, and 5.57×1010 

W·m⁻¹·K⁻²·s⁻¹ for x = 0, 0.125, 0.25, and 0.375, respectively. Based on these performance 

results, wurtzite YxAl1‒xN can be classified as an excellent thermoelectric material. 

Thermal conductivity (κ/τ) is attributed to charge carriers and is described by two 

components: electronic thermal conductivity (κel) and lattice thermal conductivity (κlatt), such 

that κ = κel + κlatt. It should be noted that the BoltzTraP code determines only the electronic 

part of thermal conductivity, expressed in terms of the relaxation time τ (κel/τ). The electron 

transport heat can be written as κel = LσT, where L is the Lorenz factor. Figure IV.16(d) 

depicts that κel/τ increases with temperature and decreases with increasing Y content. The 

lowest κel/τ value is exhibited by Y0.25Al0.75N in the temperature range of 100–600 K, and by 

Y0.25Al0.75N at temperatures ≥ 600 K. The obtained κel/τ values for YxAl1‒xN at T = 300 K are 

2.67 × 1013 W·m⁻¹·K⁻¹·s⁻¹, 5.09 × 1013 W·m⁻¹·K⁻¹·s⁻¹, 2.52 × 1013 W·m⁻¹·K⁻¹·s⁻¹, and 2.72 

× 1013 W·m⁻¹·K⁻¹·s⁻¹ for x = 0, 0.125, 0.25 and 0.375, respectively. Experimental data for 

the total thermal conductivity (κ) of pure AlN reported in the literature are as follows: Slack 
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et al. [107] measured 319 W·m⁻¹·K⁻¹·s⁻¹ at room temperature, Qiao et al. [108] reported 

41.56 W·m⁻¹·K⁻¹·s⁻¹, Duan et al. [109] found 155 W·m⁻¹·K⁻¹·s⁻¹, Lee et al. [110] also 

recorded 155 W·m⁻¹·K⁻¹·s⁻¹, and Watari et al. [111] obtained 220 W·m⁻¹·K⁻¹·s⁻¹ at 

temperatures above 1000 K. Our thermal conductivity (κel/τ) values for pure AlN show a 

similarity to those of other III-nitrides, such as InN (120 W·m⁻¹·K⁻¹·s⁻¹) [112] and GaN (177 

W·m⁻¹·K⁻¹·s⁻¹) [113]. Additionally, the κel/τ results for YxAl1‒xN crystals are comparable to 

those of other III‒V ternary compounds, such as TbxAl1‒xN [114], AlxGa1‒xN [115,116], 

InxGa1‒xN [116], InxAl1‒xN [116,117], and InxGa1‒xSb [118]. 

The dimensionless figure of merit, ZT, given as ZT = (S²σT)/κ (where T represents 

the absolute temperature), quantifies the performance of thermoelectric materials. As 

shown in Figure IV.16 (e), the ZT values of wurtzite YxAl1‒xN alloys range from 0.3 to 0.9 

over the temperature range of 100–1000 K. The maximum ZT value for these alloys remains 

below 1.  

The ZT values for YxAl1‒xN alloys under varying temperatures are quite close to the 

experimental results reported for similar ternary semiconductors, such as InxGa1‒xSb [119] 

(0.62 at 573K), InxGa1‒xN [120] (0.34 at 873K), and AlxIn1‒xN [117] (0.53 at 300K). 

Moreover, the ZT value for pure AlN, approximately 0.73 at 1000 K, is in good agreement 

with measured data for binary compounds, including InN (0.92 at 300K) [121], GaN (0.35 at 

900K) [116], and ZnSb (0.7), InSe (0.4), GeTe (0.9), PbSe (1.2), PbTe (1), PbS (0.7), and InSb 

(0.51) [122‒127]. Hoverer, the ZT value of approximately 0.72 at 900 K for AlN is much 

higher than the 0.15 value reported by Sztein et al. [116] at the same temperature.  

The most prominent commercially available thermoelectric materials today are based 

on bismuth telluride, with a figure of merit (ZT) of approximately 1.0 [128]. These alloys 

have maintained their prominence for the past two decades, and it is unlikely that significant 

improvements in thermoelectric efficiency will be achieved through alloys alone [129]. 

Nonetheless, the novel YxAl1‒xN ternary semiconductors alloys with specific compositions 

remain a promising alternative for applications in renewable energy systems, such as 

thermoelectric generators. 
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Figure IV.16. Dependence of Calculated Seebeck coefficient (S) 
(a), electrical conductivity (σ/τ) (b), electronic thermal conductivity 
(κel/τ) (c), power factor (PF) (d), and figure of merit (ZT) (e) as a 
function of temperature for wurtzite YxAl1‒xN crystals. 

IV.9. Conclusion  

In this chapter, the key characteristics of novel YxAl1−xN crystals (with 0 ≤ x ≤ 0.375) 

were explored, including their structural, electronic, elastic, piezoelectric, thermodynamic, 

and thermoelectric properties, using precise Ab Initio DFT calculations. By employing the 

newly proposed PBEsol approach, we obtained ground-state structural parameters for 

YxAl1−xN alloys that are in excellent agreement with experimental data. Formation energy 

and frequency dispersion calculations confirmed that these alloys exhibit both 

thermodynamic and dynamic stability across the full range of Y concentrations. The YxAl1−xN 

alloys are expected to have a direct bandgap energy that can be tuned from 6.10 eV (for x = 

0) down to 3.85 eV (for x = 0.375), covering wavelengths of approximately 203–322 nm in 

the ultraviolet spectrum. These crystals also demonstrate excellent thermoelectric 

performance, with a high figure of merit of 0.75, making them promising candidates for green 

energy conversion devices and UV optoelectronics. Furthermore, Y doping significantly 

enhances the piezoelectric coefficients of YxAl1−xN, indicating its potential for high-

performance MEMS applications, particularly in high-sensitivity sensing and future mobile 

telecommunications. 
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In this thesis, we have investigated the high-performance potential of two eco-friendly 

materials, ferroelectric Sodium Bismuth Titanate (Na₀.₅Bi₀.₅TiO₃, NBT) and non-ferroelectric 

Yttrium-doped Aluminum Nitride (YxAl₁₋ₓN) alloys, by evaluating their key electronic, elastic, 

piezoelectric, dielectric, thermodynamic, and thermoelectric properties to enhance their 

applicability in various innovative technological domains. The Full-Potential Linearized 

Augmented Plane Wave (FP-LAPW) method, based on Density Functional Theory (DFT), was 

employed using advanced approximation techniques such as GGA-PBEsol and nKTB-mBJ to 

determine and analyze the physical properties of NBT in rhombohedral (R3c), tetragonal 

(P4bm), and cubic (Pm3 ̅m) phases, as well as YxAl₁₋ₓN alloys in the wurtzite structure with 

Yttrium concentrations ranging from 0 to 37.5%. Our computational results exhibit good 

agreement with available experimental data and findings from other theoretical studies. 

In the case of the NBT perovskite, the R3c phase was found to be the most stable 

structure. Calculations of formation energy and phonon dispersion confirmed the 

thermodynamic and dynamic stability of NBT across all three phases. Additionally, the results 

indicate a sequence of ferroelectric phase transitions, starting from the rhombohedral phase 

and progressing to the tetragonal and cubic structures with increasing temperature. 

The analysis of the elastic properties obtained from plane wave pseudo-potential 

method and GGA-PBEsol exchange potential, including elastic constants (Cij) and elastic moduli 

(bulk modulus B, shear modulus G, and Young’s modulus Y), indicates that NBT crystals exhibit 

greater hardness and mechanical stability. Among the different phases, the rhombohedral R3c-

NBT crystal demonstrates stronger anisotropy in its elastic moduli compared to the other 

two NBT phases. Additionally, using a self-consistent density functional perturbation theory 

(DFPT) method with the GGA-PBEsol approximation, the results predict superior 

piezoelectric and dielectric properties for the tetragonal P4bm-NBT system, with a higher 

piezoelectric coefficient (d₃₃ = 81.1 pC/N) and dielectric constant (ϵ₃₃ = 163.5), in contrast to 

the rhombohedral R3c-NBT system, which shows lower values (d₃₃ = 21.2 pC/N and ϵ₃₃ = 

20.42). The thermodynamic calculations using the Gibbs2 code reveal that pressure has a more 

significant impact on the Debye temperature than temperature. Furthermore, BoltzTraP2 

computations show that NBT materials exhibit a high Seebeck coefficient, high electrical 
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conductivity, and a high figure of merit (ZT), coupled with low thermal conductivity. These 

properties make NBT crystals highly suitable for thermoelectric applications. 

In the case of YxAl1-xN semiconductor alloys, the GGA-PBEsol results show that the 

variation of the lattice parameter a0 increases almost linearly with increasing the Y content (x) 

with a marginal upward bowing parameter of b = ‒ 0.08597. As for the parameter c0, it deviates 

strongly from the linear Vegard’s rule, exhibiting a significant bowing of ‒ 0.5715, which is in 

good agreement with experimental results. Analysis of the formation energy, phonon 

dispersion, and elastic and mechanical properties demonstrates that the wurtzite YₓAl₁₋ₓN 

alloys (for 0 ≤ x ≤ 0.375) are dynamically, thermodynamically, elastically, and mechanically 

stable. Furthermore, the Debye temperature results obtained from Gibbs2 calculations 

indicate that the YₓAl₁₋ₓN alloys exhibit high elastic hardness. 

The results obtained using the newly developed modified Becke-Johnson (nKTB-mBJ) 

potential within the FP-LAPW method reveal a direct bandgap energy of 3.85 eV for Yttrium-

doped [YₓAl₁₋ₓN] alloys at x = 0.375. This bandgap corresponds to the ultraviolet spectrum 

range (~203–322 nm). The piezoelectric properties obtained using the DFPT and PBEsol 

methods predict an increase in the piezoelectric constant, with d₃₃ rising from 5.76 pC/N for 

binary AlN to 21.5 pC/N for the ternary Y₀.₃₇₅Al₀.₆₂₅N. Moreover, YₓAl₁₋ₓN crystals 

demonstrate excellent thermoelectric performance, featuring a high figure of merit (ZT ~ 0.76 

for x= 0.25) that makes them suitable for thermoelectric applications. They present a 

promising alternative to the widely used commercial material bismuth telluride (Bi₂Te₃) at 

elevated temperatures, as suggested by BoltzTraP calculations. 

In conclusion, the present ab initio calculations for Sodium Bismuth Titanate 

[Na₀.₅Bi₀.₅TiO₃] and Yttrium Aluminum Nitride [YₓAl₁₋ₓN] have yielded excellent results. 

These findings suggest that both materials are highly suitable candidates and could serve as 

effective alternatives to conventional materials currently used in the market. This potential 

positions them as exciting avenues for further research, motivating researchers to pursue both 

theoretical and experimental studies on these promising materials for green energy and high-

performance devices in the future. 

 



 
 

Recommendations for Future Works 

 
 

 

1. Based on the promising theoretical results obtained for the materials mentioned in this 

work (such as Na₀.₅Bi₀.₅TiO₃ (NBT) and YxAl₁₋ₓN alloys), experimental work is a 

possible next important step. 

 

2. In appendix A, we mentioned how to calculate the thermal conductivity κlattice and the 

relaxation time τ to calculate the exact value of ZT. Given the great interest of 

theoretical results in guiding and supporting experimental results, we propose to 

conduct a comparative study to calculate the exact value of figure of merit ZT for the 

two mentioned materials in this work (including Na₀.₅Bi₀.₅TiO₃ (NBT) and YxAl₁₋ₓN 

alloys). 

 

3. Explore the performance of new eco-friendly materials suited for enhancing the 

efficiency of energy conversion and storage systems, as well as thermoelectric 

generators, with the goal of optimizing their use in renewable energy technologies. 

This would involve assessing the potential of materials such as Na₀.₅Bi₀.₅TiO₃ (NBT) 

and YxAl₁₋ₓN alloys for high-efficiency applications in green energy systems. 

 

4. Integrate into local manufacturing efforts of materials such as Aluminum Nitride (AlN) 

and Zinc Oxide (ZnO), as well as microelectronic components, by leveraging 

sophisticated techniques available at the national level. This initiative aims to promote 

the development of advanced electronic and piezoelectric devices, contributing to the 

local microelectronics industry. 

 



          
 

APPENDIX A 

How to calculate the exact value of ZT ? 

 

The figure of merit, denoted as ZT, is a dimensionless parameter used to quantify the efficiency 

of thermoelectric materials. The efficiency of these materials lead to a good performance for 

the thermoelectric devices.  

As we know, it is defined by the following equation:             

                                                         𝑍𝑇 =  
ௌమఙ ்

఑
                                                       (1) 

Where: 

 S is the Seebeck Coefficient (V/K). 

 σ is the Electrical Conductivity (Ω/m). 

 T is the Absolute Temperature in kelvin (K). 

 κ is the Thermal Conductivity (W/m·K). 

1. Thermal Conductivity 

Thermal conductivity, κ is given by two terms, electronic κel and thermal κlatt as: 

                                                 𝜅 =  𝜅௘௟ +  𝜅௟௔௧௧                                                       (2) 

The BoltzTrap code can calculate only 𝜅௘௟ . Therfore, the code takes the value of  𝜅௅௔௧௧~ 0.  

In this case, we can say that the ZT calculated using the BoltzTrap code is incomplete and is 

expressed in terms of 𝜅௅௔௧௧ . 

To find the exact value of ZT, it must be calculated 𝜅௅௔௧௧ , we can use the Slack equation [1]:  

                                                    𝜅௅௔௧௧ = 𝐴
ெ ఏವ 

య ௏భ/య

ఊమ ் ௡మ/య
                                                  (3) 

Where: 

M: Average atomic mass; 

𝜃: Debye Temperature; 

V: Vomule; 



          
 

n: Atoms number; 

T: Temperature; 

𝛾: Gruneisen parameter; which given by : 

                                                    𝛾 =
ଽିଵଶ(

௩೟
௩೗

ൗ )మ

ଶାସ(
௩೟

௩೗
ൗ )మ

                                                                       (4) 

A: The constant calculated as follow:  

                                                   𝐴 =
ଶ.ସଷ×ଵ଴షఴ

ଵି
బ.ఱభర

ം
ା

బ.మమఴ

ംమ

                                                                      (5) 

Lattice thermal conductivity can be calculated by using ShengBTE code. [2]  

ShengBTE (Sheng Boltzmann Transport Equation) is a software package designed to solve 

the Boltzmann Transport Equation for phonons, primarily aimed at calculating the lattice 

contribution to the thermal conductivity in bulk crystalline solids. The latest update of this 

software ShengBTE v1.5.1 released in March, 2024 [2]. 

2. The Relaxation Time τ 

The BoltzTraP code facilitates the computation of transport properties by adopting a constant 

relaxation time (τ) approximation. While the Seebeck coefficient (S) remains unaffected by τ, 

the electrical conductivity (σ), thermal power (S²σ) and electronic thermal conductivity (κₑ) 

are represented as σ/τ , S²σ/τ and κₑ/τ, respectively. Consequently, temperature-dependent 

variations in τ for charges carries are considered to enhance the accuracy of thermoelectric 

property predictions. 

We can say in this case that the relaxation time τ is the second factor that must be taken into 

consideration to calculate the exact value of ZT. 

In the works done in this thesis, the usual constant value of relaxation time τ was taken, which 

it's about 10-14  s. 

The value of τ are calculated by utilizing the Bardeen and Shockley formula [3] given as follow:  
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Where ħ is the reduced Planck constant; Cii is the elastic constant; Ed is the deformation 

potential and 𝑚ௗ
∗  is the density of states (DOS) effective mass.  

The elastic constants Cii are computed by the quadratic polynomial fit of the total energy 

variation under strains as: 
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Where Vo is the equilibrium volume and E is the total energy of the system, 𝑎଴ is the 

equilibrium lattice parameter and 𝛥𝑎 = 𝑎 − 𝑎଴ is the lattice distortion.  

The deformation potential Ed  for holes and electrons is calculated based on the change in 

energy at the edge (Eedge) of the VBM and the CBM caused by uniaxial deformation defined by 

: 
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The band effective mass in both valence and conduction bands under the parabolic 

approximation is defined by the curvature of the band in k-space as: 
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The density of states (DOS) effective mass is calculated using the formula:  
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Where the band degeneracy 𝑁௩ =  ∑ 𝑁௕
௜ 𝑁଴

௜
௜   , and Nb is the number of bands contributing and 

No is the number of symmetry related pockets in the first Brillouin zone. 
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