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BOUNDARY VALUE PROBLEMS FOR FRACTIONAL
DIFFERENTIAL EQUATIONS

RAVI P. AGARWAL, MOUFFAK BENCHOHRA, AND SAMIRA HAMANI

Abstract. The sufficient conditions are established for the existence of so-
lutions for a class of boundary value problems for fractional differential equa-
tions involving the Caputo fractional derivative.

2000 Mathematics Subject Classification: 26A33.
Key words and phrases: Boundary value problem, Caputo fractional de-
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1. INTRODUCTION

This paper deals with the existence and uniqueness of solutions for boundary
value problems (BVP for short), for fractional order differential equations

°D%(t) = f(t,y), foreacht € J =1[0,T], 2<a<3, (1)

y(0) =wo. ¥ (0) =5 ¥'(T)=yr, (2)
where ¢D® is the Caputo fractional derivative, f : J x R — R is a continuous
function and o, y;, yr are real constants. Differential equations of fractional
order have been recently proved to be a valuable tool in the modeling of many
phenomena in various fields of science and engineering. Indeed, we can find
numerous applications in viscoelasticity, electrochemistry, control, porous me-
dia, electromagnetics, etc. (see [5, 11, 12, 14, 21, 22, 26]). There has been
a significant progress in the investigation of fractional differential and partial
differential equations in recent years; see the monographs of Kilbas et al [17],
Miller and Ross [23], Samko et al [30] and the papers of Delbosco and Rodino
[4], Diethelm et al [5, 6, 7], El-Sayed [8, 9, 10], Kaufmann and Mboumi [15],
Kilbas and Marzan [16], Mainardi [21], Momani and Hadid [24], Momani et al
25], Podlubny et al [29], Yu and Gao [31] and Zhang [32] and the references
therein. Very recently some basic theory for the initial boundary value problems
of fractional differential equations involving a Riemann—Liouville differential op-
erator of order 0 < @ < 1 has been discussed by Lakshmikantham and Vatsala
[18, 19, 20]. In a series of papers (see [1, 2, 3]) the authors considered some
classes of initial value problems for functional differential equations involving
Riemann—Liouville and Caputo fractional derivatives of order 0 < a < 1.

Applied problems require the definitions of fractional derivatives allowing
the utilization of physically interpretable initial conditions, which contain y(0),
y'(0), etc., the same requirements come from boundary conditions. Caputo’s
fractional derivative satisfies these demands. For more details concerning the
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geometric and physical interpretation of fractional derivatives of Riemann-—
Liouville and Caputo types see [28].

In this paper, we present the existence results for the problem (1)—(2). We
give three results, one based on the Banach fixed point theorem (Theorem 3.5),
and another one based on Schaefer’s fixed point theorem (Theorem 3.6) and
the third one on a Leray-Schauder type nonlinear alternative (Theorem 3.7).
Finally, we present an example illustrating the applicability of the imposed
conditions.

2. PRELIMINARIES

In this section, we introduce the notation, definitions, and preliminary facts
which are used throughout the paper. We denote by C'(.J,R) the Banach space
of all continuous functions from J into R with the norm

[Ylloo := sup{ly()] : t € J}.

Definition 2.1 ([17, 27]). The fractional (arbitrary) order integral of the
function h € L'([a,b], R, ) of order a € R is defined by
t
(t —s)o!
ITh(t) = | ——=——h(s)d
hit) = [ S hs)as.

a

where I' is the gamma function. When a = 0, we write Ih(t) = h(t) * pa(t),

a—1

()
a — 0, where 9 is the delta function.

where ¢, (t) = for t > 0, and ¢,(t) = 0 for t < 0, and ¢, — (1) as

Definition 2.2 ([17, 27]). For a function h given on the interval [a, b] the
ath Riemann-Liouville fractional-order derivative of h is defined by

Dz = o () / (t — 5" h(s)ds.

a

Here n = [a] + 1 and [a] denotes the integer part of a.

Definition 2.3 ([16]). For a function h given on the interval [a, b] the Caputo
fractional-order derivative of h is defined by
¢
‘DA R)(t) = ——— [ (t —8)" 7 A" (5)ds.
(DEM) = ey [ =) (5)ds

3. EXISTENCE OF SOLUTIONS
Let us start by defining what we mean by a solution of the problem (1)—(2

)-

Definition 3.1. A function y € C?(J,R) with its a-derivative existing on J

is said to be a solution of (1)—(2) if y satisfies the equation “D%y(t) = f(t,y(t))
on J and the conditions y(0) = yo, ¥'(0) =y, v"(T) = yr.
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For the existence of solutions for the problem (1)—(2), we need the following
lemmas:

Lemma 3.2 ([32]). Let o > 0, then the differential equation
‘DYh(t) =0
has solutions h(t) = co + cit + cot?> + -+t € R, i =0,1,2,...,n,n =
[a] + 1.
Lemma 3.3 ([32]). Let a > 0, then
I°°Dh(t) = h(t) + co + cit + cot® + -+ + ¢t
for somec; €R, i=0,1,2,...,n,n=[a]+ 1.

As a consequence of Lemmas 3.2 and 3.3 we have the following result which
is useful in what follows.

Lemma 3.4. Let 2 < a <3 and let h:J — R be continuous. A function y
s a solution of the fractional integral equation
t

1 a—1
y(t) = Tl /(t — 5)* " h(s)ds
0
T
[ se-n(s)a
- g | (T = o) by
0
+yo+ya‘t+g§t2 (3)
if and only if y is a solution of the fractional BVP
‘D%(t) = h(t), t e, (4)
y(0) =yo, ¥'(0)=w5, ¥v'(T)=yr. ()

Proof. Assume y satisfies (4), then Lemma 3.3 implies that
t

y(t) = co + cit + cot® + ﬁ /(t — 5)* 1 h(s)ds.

0

By (5), a simple calculation gives

ES
Co = Yo, €1 = Yy,

and
T

y'(T) = 2cy + I‘(a;—Q) /(T — 5)*3h(s)ds = yr.

0
Hence we get equation (3). Conversely, it is clear that if y satisfies equation
(3), then equations (4)—(5) hold. O

Our first result is based on the Banach fixed point theorem.
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Theorem 3.5. Assume that
(H1) There exists a constant k > 0 such that

|f(t,u) — f(t,7)] < klu—1|, for each t € J, and all u, T € R.

If
g ! 1 6
Tla+l) M(a-1] =" (©6)

then the BVP (1)—(2) has a unique solution on J.

Proof. Transform the problem (1)—(2) into a fixed point problem. Consider the
operator

F:C(J,R) — C(J,R)

defined by
D=7 [ / (s))ds
0
—t—/a’— "1 (s, y(s))d
o (a — 2) A
0
+ yo + Yot + %Tt?

Clearly, the fixed points of the operator F' are solutions of the problem (1)—(2).
We shall use the Banach contraction principle to prove that F" has a fixed point.
We shall show that F' is a contraction.

Let z,y € C(J,R). Then for each t € J we have

F(@)(t) — F(y)(t)] < % / (t— ) (5, 2()) — F(s,y(s))|ds

2T (o — 2) / —8)* 7| f(s,2(s)) — f(s,y(s))|ds

Fllz =yl [, iy,
SWO/“ )"

T

TQkHCU — Ylloo -1

0 JI T — ) *d

T a2 /( 8)*ds
0

1 1
< kT® — yl|ee.
= {r(a 1) Tl 1)} Iz =yl
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Thus

1 1
F(z)— F(y)|le < ET
Consequently, by (6) F'is a contraction. As a consequence of the Banach fixed
point theorem, we deduce that F' has a fixed point which is a solution of the
problem (1)—(2). O

12 = Ylloo-

The second result is based on Schaefer’s fixed point theorem.

Theorem 3.6. Assume that:

(H2) The function f:J xR — R is continuous.
(H3) There exists a constant M > 0 such that

|f(t,u)] < M for each t € J and all u € R.
Then the BVP (1)—(2) has at least one solution on J.

Proof. We shall use Schaefer’s fixed point theorem to prove that F' has a fixed
point. The proof will be given in several steps.

Step 1: F is continuous.

Let {y,} be a sequence such that y,, — y in C(J,R). Then for each t € J

t

[E(yn)(t) = F(y) ()] < ﬁ O/(t = 5)* 7 (5, yn(5)) — f(s,(s))lds

T

+ g | ) ~ Fe)lds

Since f is a continuous function, we have

|E(yn) — F(y)|loo = 0 as n — oo.

Step 2: F' maps the bounded sets into the bounded sets in C'(J,R).

Indeed, it is enough to show that for any n* > 0 there exists a positive
constant ¢ such that for each y € B, = {y € C(J,R) : [Jylloc < n*} we have
|1E(y)||oo < €. By (H3) we have for each t € J,

t

1

00| < 7oy / (t — )" f (5, y(s))|ds

T2 r a—3
T / (T — )% £ (s, y(s))|ds

* Yr
+ lyol + |yo|T+%|T2
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t T
M

§m/(t—s)a_1ds+ a—2/ )" 3ds

0 0
| |yT|T2
+ lyol + Iy |7+ 27
M M yrl o
< T® 7@ T
STla+) Tla=1 * Iyol + ol T+ =~

Thus

M

M lyr| o
F < —— T+ —T¢ T+ =—T° = /.

Step 3: F' maps the bounded sets into the equicontinuous sets of C(J,R).

Let t1,to € J, t; < ty, By« be a bounded set of C(J,R) like in Step 2, and
let y € B,-. Then

t1

F)(a) = F)(0)] = [ [l =977 = (0= 1o

0

% / (t2 = 5)° 7 f (s, y(5))ds

t1

+

Yy
+ [yol + |yo|(ta — t1) + %(b —1)°

t1

M a—l_ _Sa—ls
Smoﬂ(“‘s) (ty — 5)°)d

+orc—g) [ = s s+ o

t1

s — 1)+ 20, — 2
M M
< - _ « a g o _ a

* Y
ool + Il — ) + 27y 1y

As t; — to, the right-hand side of the above inequality tends to zero. As
consequence of Steps 1 to 3 together with the Arzela—Ascoli theorem, we can
conclude that F': C(J,R) — C(J,R) is completely continuous.

Step 4: A priori bounds.
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Now it remains to show that the set
E={yeC(J,R):y=AF(y) for some 0 <\ <1}
is bounded.

Let y € &, then y = AF(y) for some 0 < A\ < 1. Thus for each ¢ € J we have
t

y(t) = ﬁ / (t = )" f(s,y(s))ds

a—2

/T $)* 2 f(s,y(s))ds

This implies by (H3) that for each ¢t € J we have
t

M a—1
y(t)| < m/(m) s

T
. a 3d T |yT|T2
b om0 = s ul + T + 2
0
M M yr| o
< ——T" s o| T + —T
~ al'(«) * (a0 —2)(a—2) * lyol + Iyl T + 2

Thus for every t € J we have

M M lyrl, o
o < T T ‘|74 ZHT2 .= R
I9llee < T(a+1) * T(a—1) Iyl + Il T+ 5

This shows that the set £ is bounded. As a consequence of Schaefer’s fixed

point theorem, we deduce that F' has a fixed point which is a solution of the
problem (1)—(2). O

In the following theorem we shall give an existence result for the problem (1)
(2) by means of an application of a Leray—Schauder type nonlinear alternative,
where the condition (H3) is weakened.

Theorem 3.7. Assume that (H2) and the following conditions hold.

(H4) There exist ¢y € L'(J,RT) and continuous and nondecreasing 1 :

[0,00) — (0,00) such that
|f(t,u)| < dp(t)(|u]) for each t € J and all u € R.

(H5) There exists a number M > 0 such that

M 1)

1120 ¢ || 1o (M) + T2 (T072¢ ) (T (M) + |yol + |yg| T + |y—2T|T2
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Then the BVP (1)—~(2) has at least one solution on J.

Proof. Consider the operator F' defined in Theorems 3.5 and 3.6. It can be
easily shown that F' is continuous and completely continuous. For A € [0, 1] let
y be such that for each t € J we have y(t) = A(Fy)(t). Then from (H4)-(H5)

we have for each t € J
¢

y(0)] < ﬁ/(t —5)* o (s)v(ly(s))ds

0

sy [ =9t

* Y
+ lyol + 19517 + ‘TT|T2
t
1
swmm»——/u—@aw<ww
I(o) ’
T
Hlylllgre—g [T =9 ouls)as
0
* Y
+ [0l + w17 + |7T|T2
Thus
o/l -
_ |yT\ '
Dl 265l + 5 (T207) )0 llo) + ool + 5517 + 2

Then, by condition (7), there exists M such that ||yl # M.
Let
U={yeCJR): [yl < M}.
The operator F' : U — C(J,R) is continuous and completely continuous. By
the choice of U, there exists no y € OU such that y = AF(y) for some A € (0, 1).
As a consequence of the nonlinear alternative of Leray—Schauder type [13], we
deduce that F has a fixed point y in U, which is a solution of the problem
(1)-(2). This completes the proof. O

4. AN EXAMPLE

In this section we give an example to illustrate the usefulness of our main
results. Let us consider the following fractional BVP

ey (1) _ e 'ly(t)] _
D y<t>_(9+et)(1+|y(t)|)’ teJ:=[0,1], 2<a<3, (8)

y(0) =0, y(0) =1, y'(1) = 0. (9)
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Set .
etz
t.x) =
f(t,2) Ote(1+a)
Let z,y € [0,00) and t € J. Then we have

F(ta) - flty)] = ——

(t,z) € J x [0, 00).

e r Y
O+e)ll+x 1+y
ez —yl
O+e)(1+2)(1+vy)

—t

< |y

S
=10 Y
1
Hence the condition (H1) holds with k = 1o We shall check that condition

(6) is satisfied with 7" = 1. Indeed,
1 1 1 1

M resn T ey ' Tary "oy <10 (0
We have ) . .
6 = [Na+1) ) (11)
and
ot . (12)
2 Ma—1) °

for an appropriately chosen constant ¢ that will be specified. (10)—(12) imply
that

S SR ST (13)
Ta+1) 2M(a—1) 2 =

thus from (13) the positive constant ¢ must satisfy

<19
c< —.
2

From (12) we get
1
D(a—1) > 7 = 0.0526, (14)
which is satisfied for some a € (2, 3]. Then by Theorem 3.5 the problem (8)—(9)
has a unique solution on [0, 1] for the values of « satisfying (14).
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